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PREFACE TO VOLUME III 


present volume continues the theory of series begun in Volume II, 
and then proceeds to the theory of measurement. Geometry we have 
found it necessary to reserve for a separate final volume. 

In the theory of well-ordered series and compact series, we have followed 
Cantor closely, except in dealing with Zermelo*s theorem (*257 — 8), and in 
cases where Cantor's work tacitly assumes the m»dtipUcative axiom. Thus 
what novelty there is, is in the main negative. In particular, the multi- 
plicative axiom is required in all known proofs of the fundamental proposition 
that the limit of a progression of ordinals of the second class (i.e. applicable 
to series whose fields have No terms) is an ordinal of the second class (cf. *265). 
In consequence of this fact, a very large part of the recognized theory of 
transfinite ordinals must be considered doubtful. 

Part VI, on the theory of ratio, and measurement, on the other hand, 
is new, though it is a development of the method initiated in Euclid Book V 
and continued by Burali-Forti* Among other points in our treatment of 
quantity to which we wish to draw attention we may mention the following. 
(1) We regard our quantities as in a generalized sense “vectors,” and 
therefore we regard ratios as holding between relations. (2) The hypothesis 
that the vectors concerned in any context form a group, which has generally 
been made prominent in such investigations, sinks with us into a very 
subordinate position, being sometimes not verified at all, and at othpr times 
a consequence of other more fruitful hypotheses. (3) We have developed 
a theory of ratios and real numbers which is prior to our theory of measure- 
ment, and yet is not purely arithmetical, i.e, does not treat ratios as mere 
couples of integers, but as relations between actual quantities such as two 
distances or two periods of time. (4) In our theory of “vector families,” 
which are families of the kind to which some form of measurement is 

• Cf. Peano’8 Formulaire, i. (1896;, pp. 28—67. 
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applicable, we have been able to develop a very large part of their properties 
before introducing numbers; thus the theory of measurement results from 
the combination of two other theories, one a pure arithmetic of ratios and 
real numbers without reference to vectors, the other a pure theory of vectors 
without reference to ratios or real numbers. (5) With a view to geometrical 
applications, we have devoted a special Section to cyclic families, such as the 
angles about a given point in a given plane. 

Ihe theory of measurement developed in Part VI will be required in the 
next volume for the introduction of coordinates in Geometry. 

We have to thank various friends for their kindness in bringing to our 
notice mistakes and misprints noted in the Errata, both in this and in 
previous volumes. 


A. N. W. 

B. R. 


15 F*'.hruary 1913 
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SECTION D. 


WELL-ORDERED SERIES. 

Summary of Section D. 

A " well-ordered ” series is one which is such that every existent class 
contained in it has a first term, or, what comes to the same thing, one which 
is such that every class which has successors has a sequent. We will call a 
relation in general well-ordered if every existent ch\ss contained in its field 
has one or more minima. Then a well-ordered series is a series which is a 
well-ordered relation. 

Well-ordered series have many important properties not possessed by 
series in general. A well-ordered series is Dedekindian, except for the fact 
that it may have no last term ; i.e. every section having a last term is 
Dedekindian. A well-ordered series which is not null has a first term, and 
every term of the series (except the last, if there is one) has an immediate 
successor. A very important property of well-ordered series is that they 
obey an extended form of mathematical induction, which we shall call 
“ transfinite induction,” namely the following : If o- is a class such that the 
sequent (if any) of any class contained in <r and in the series is a member of 
tr, then the whole series is contained in cr. (It will be observed that A is 
contained in <r, and therefore, by ♦206*14, B*P is a member of <r.) This 
differs from ordinary mathematical induction by the fact that, instead of 
dealing with the successors of single terms, it deals with the successors 
of classes. A closely analogous property, which holds for all well-ordered 
relations, whether serial or not, is the following . If o* is a class such that. 

whenever C a, where x is any member of C*P, x itself belongs to o-, then 
C‘P Ctr. If P is well-ordered, this property holds for all o-’s ; and conversely, 
if this property holds for all <r% P is well-ordered. Hence this property 
is equivalent to well-orderedness. 

If P is a well-ordered series, minp selects one term out of each member 
of Clex'C'P. Hence (7‘P, which is minp“CI ex‘(7?P, is a member of the 
multiplicative class of Cl ex'C'P ; hence the multiplicative class of Cl ex*C*P 
exists, and therefore the multiplicative class of any class contained in 
Cl ex'C'P exists (by ♦88*22). It follows that if 8*k can be well-ordered, and 
A e K, the multiplicative class of k exists ; and that, if every class can be 

It & W. IIL 
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well-ordered, the multiplicative axiom holds. The converse of this latter 
proposition also holds, as has been proved by Zermelo (cf. *258). 

Another important set of properties of well-ordered series results from 

*208 41 ff. Two ordinally similar well-ordered series can only be correlated 

in one way ; and no proper section of a well-ordered series is ordinally 

similar to the whole series. (A “proper” section is a section not the 
whole.) 


From the uniqueness of the correlator of two similar well-ordered series. 
It follows that all the uses of the multiplicative axiom in *164 can be avoided 
if the fields of the relations concerned consist of well-ordered series, le. 
taking *164-45, which is the fundamental proposition in this subject, we 
have, without assuming the multiplicative axiom, 

P, Q € Rel* excl . D : g ! P smor Q n Rl'smor . = . P smor smor Q, 

whenever C'P and C*Q consist of well-ordered aeries. Hence, under this 
hypothesis, the multiplicative axiom disappears from the hypotheses of all 
the consequences of *164'45. 

Ordinal numbers (*251) are defined as the relation-numbers of well- 
ordered series. (This definition is in accordance with usage: otherwise, there 
would be no special reason against defining “ordinal numbers” as the 
relation-numbers of series in general. The relation-numbers of series will 
be called serial numbers.) Sums of an ordinal number of ordinal numbers 
are ordinal numbers, but products of an ordinal number of ordinal numbers 
are not in general ordinal numbers. The product of an ordinal number of 
serial numbers is a serial number, and the product of an ordinal number (not 
zero) of ordinal numbers other than zero is not zero, i.e. a product of ordinal 
numbers, in which the number of factors is an ordinal number, does not 
vanish unless one of the factors vanishes. (For relations in general, the 
corresponding proposition requires the multiplicative axiom.) If v is an 
ordinal number, and /i is any serial number, /iexprV {i.e. fV' as it would 
naturally be called) is a serial number; but if /*>!, ^exp,.i/ is not an 
ordinal number unless v is finite. 

The theory of sections and segments (*252, *253) is much simplified for 
well-ordered series, owing to the fact that every proper section has a sequent. 
Proper ^sections are identical with proper segments, and both are identical 

with P^C'P . The series of sections, s'P^(^, is ~Ptp-^C‘P. The series of 

segmenU, s'P, is PJP or PJP-^C'P according as there is or is not a last 

term of G*P, The series of sectional relations, P,, is PfJ^PJPt Q'P-f*P; 

its domain is Pl**P**C*P, and its field is PC^P^C'P w i‘P. If 

ajeC'P, PpP^a: is never similar to P. 
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The theory of greater and less among well-ordered series and ordinal 
numbers is dealt with in *254 and *255, Cantor has proved, by means of 
segments, that of any two different ordinal numbers one must be the greater. 
This is proved by showing that <if any two well-ordered series which are not 
similar, one must be similar to a segment of the other. We define an 
ordinal number a as l£ss than another if series P and Q can be found such 
that P is an a and Q is a ^ and P is similar to some lelation contained in Q, 
but not to Q. It can be proved that all the ordinals less than Nr*Q belong, 
one each, to the proper segments of Q. Hence to say that the ordinal 
number of P is less than that ol Q is equivalent to saying that there is a 
proper segment of Q to which P is similar. 

When two series have the same ordinal, they also have the same cardinal, 
in virtue of *15118, but the converse does not hold. When the cardinal 
number of one series is greater than that of the other, so is the ordinal 
number. When two classes can be well-ordered, any well-ordering will make 
the one class similar to a part of the other, or the other similar to a part of 
the one, in virtue of the properties of segments of well-ordered series. Hence 
of two different cardinals each of which is applicable to classes which can be 
well-ordered, one must be the greater — a property which cannot be proved 
concerning cardinals in general. 

In *256 we deal with the series of ordinals in order of magnitude. We 
show that this is a well-ordered series, and that the series of all ordinals of 
a given type has an ordinal number which is greater than any of the ordinals 
of the given type. This constitutes the solution of Burali-Forti’s paradox 
concerning the greatest ordinal : there is no greatest ordinal in any one 
type, and all the ordinals of a given type are surpassed by ordinals of higher 
types. 

*267, *258 and *259 deal with “ transfinite induction " and its appli- 
cations, of which the most important is Zerraelo’s theorem, namely, 

*268'34. ei'Cl ex'/i . = . 

(gP) . P € n . C*P — ^,S= min;> Cl ex‘/i 

where Cl is the class of well-ordered series. This proposition leads to the 
following : 

*268-36. hifie u 1 . = . g ! e^'Cl exV 

l.e. a class can be well-ordered or is a unit class when, and only when, a 
selection can be made from its existent sub-classes. Hence we arrive at 

*268-37. h : Mult ax . = . C^*Cl u 1 = Cla 

/.e. the multiplicative axiom is equivalent to the assumption that every class 
can be well-ordered or consists of a single member. 

The proof of Zermelo’s theorem uses an extension to transfinite induction 
of the ideas of *90 and *91. which is explained in *257. 



*260. ELEMENTARY PROPERTIES OF WELL-ORDERED SERIES. 
Summary of *250. 

A relation is called " well-ordered ” when every existent sub-class ol' its 
field has one or more minima. A well-ordered series is defined as a well- 
ordered relation which is a series. We shall denote the class of well-ordered 
relations by *' Bord," which is an abbreviation for " bene ordiuata “ or *' bien 
ordonn^e.” The class of well-ordered series will be denoted by H. Thus 
our definitions are 

Bord = P (Cl ex‘C‘P C a'min,) Df, 
n = Ser A Bord Df. 

Well-ordered relations other than series will be seldom referred to after the 
present number. 

By applying the definition of " Bord " to unit classes, it appears that a 
well-ordered relation must be contained in diversity (*250104). A well- 

ordered relation is one whose existent upper sections all have minima 
(*250*102). Hence by *21117, 

♦260 103. I- : c Bord . = . /*po e Bord 
Hence by *250*104, 

*260106. \-:P€ Bord 

By considering couples, it can be shown (*250*111) that a well-ordered 
relation in which no class has more than one minimum is connected ; hence 
by *204*16 and *250*106, it is a series. Thus we have 

*260*125. h : P € n . = . E II min/'Cl ex'C'P, 

I.e. a well-ordered series is a relation such that every existent sub-class 

of the field has a unique minimum. This might have been taken as the 
definition of fl. 

By the definition of fl we have 

*260121. h:.P€n. = :PeSer:oCC'P.a!a.3..E!minp"a; 

= : P < Ser ; a I a A C*P . 3, . E ! minp'a 
Applying this to C*P we have 
*26ai3. I- : Pvn- t'A . D . E IP^P 

\ 
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We have also 

*260141. hiPen.D.Ptaen 

*25017. h P, Q € ft — i*A . D : P smor Q . = . P ^ Q‘P smor Q p Q‘Q 

This proposition justifies the subtraction of i from the beginning, and is 
useful in the theory of segments of well-ordered series. 

We have next (*250 2 — 243) an important set of propositions on P, when 
P e ft. The most useful of these is 

*260 21. 1- : P € ft . D . D‘P == D‘P. 

I.e. in a well-ordered series every term except the last (if any) has an 
immediate successor. (It is not in general the case that every term except 
the first has an immediate predecessor.) Another useful proposition is 

*260242. hiPfft.D.P-P.oP.jP 

The next set of propositions (*250'3— 362) is concerned with " trans- 
finite induction.” We have 

*260-33. h . ft = connex a P (a C C'P n o- . X . s'^p'a C o- : . C'P C a) 

I.e. a well-ordered series is a connected relation P such that the whole field 
of P is contained in every class <r which is such that the sequent (if any) of 
every sub-class of C‘P n o- is a member of cr. 

*260 36. h . Bord = P [xe C^P ,lP*x C a .0^, x e <r . C^P C <r\ 

I.e. a well-ordered relation is a relation P whose field is contained in every 
class <7 which contains every member of C‘P whose predecessors are all 
contained in <r. We may say that a property is *' transfinitely hereditary” 
in P if it belongs to the sequents of all classes composed of members of C‘P 
which possess the property. In virtue of *250-33, if P is well-ordered, 
every transfinitely hereditary property belongs to every member of C‘P, and 
conversely. 

Our next set of propositions (*250-4 — 44) is concerned with A and 

couples. We prove that A eft (*2504) and that a:=|=y.D.a:iv€ft 
(*250-41). 

*250*5 — '54 are concerned with selections. We have 

*260-6. l-:Peft .3. 

minp |^CIex‘C‘Pe 64 ‘Clex‘C‘P , t‘(7‘P= Prod'Cl ex‘C‘P 

whence 

*260 61. h : a e C“ft . D . g ! e^'Cl exV 

Observe that C^ft is the class of those classes that can be well-ordered. 
From *250’51 we deduce 

*260-64. 1- : C“ft w 1 = CIs . D . Mult ax 

The converse, which is Zerinelo s theorem, is proved in *258. 
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*250*6 — *67 are concerneJ with consequences of *208. We show that 
two well-ordered series cannot have more than one correlator (*250*6) ; that 
if P is a well-ordered series, and is contained in a proper section of P, 
P^^ is not similar to P (*250*65); and that if P is any well-ordered 
relation, and a is any class such that there are terms in C‘P which are later 
than any member of an C‘P, then P is not similar to Pf a (*250*67). 


*260 01. Bord = P (Cl ex*C‘P C a'minp) Df 

*260*02. n = Ser n Bord Df 

*260*1. h : P e Bord . = . Cl ex‘C'P C Q^min/. [(*250 01)] 

*260*101. 1- P e Bord . = : a ! a n C'P . D. . g ! mfnp'o [*250*1 . *205*15] 

*260 102. I- : P c Bord . = . sect‘P - C 
Dem. 


H . *250*1 . D h : Pe Bord . D . sect'P- C Q'min/. (1) 

H . *205*19 . D h , min (Ppo)‘a = mm 

1*205*68] = miDf‘P^(^“a (2) 

h .*90*331 .*211-13. D h:al an C'P. D . P*“a € sect'P - I'A (3) 

H . (3) . D I- sect'P - i‘A C a'rnin^ . 3 : g I a n C‘P . D. . g I iimi/(P*"o) . 


[(2)] 

[*205*26] 

[*250*101] 

l“.(l).(4).Dh.Prop 


D : P f Bord 


D. . g I min (Ppo)'a . 
. g ! minp'a : 

(4) 


*260-103. I - 1 P c Bord . H . PpocBord [*250*102 . *211*17] 

*260*104. h.BordCRPJ 
Dem. 

. *250*1 . D h : P € Bord , x e C*P , ^ ,x e . 

[*205*194] 3 .•^{xPx) Oh. Prop 

*260 106. h : P € Bord .O.Pj^CJ [*250*103 104] 

*260 11. h :: P € connex . D P e Bord . = : g I a n C7‘P . D. . E I min^'a : 

= : a C C*P . g I a . D, . E I miD/.*a 

[*250-1 101 .*205*32] 

*250*111. h P c Bord . D : P e connex . = . miop « 1 — ♦ Cls 
Dem. 

h. *250*1. *71-1 . D 

h ::Pe Bord.minpe I -*Cl3 . D .r,i/fC*P, D : (i‘x%j I'y) - P“(i‘d: w t'y) c 1 : 
[#54*4] D : f‘a: w t'y - P^\i*x w t'y) = I'a: . V . 

w — P‘*(t‘:c w f'y) = (1) 
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Cls C*P . X y . D : 

y € u i*y) . V . X € P**{i*x w i*y) : 

^ : xPy . V . yPx (2) 

min/, e 1 — ► Cls . D . P econnex (3) 


1- .(1) . D h P c Bord . minp c 1 
[*250104] 

h , (2) . *202103 . 3 h : P € Bord 
h . (3) . *205-31 Prop 

*260112. H : P c connex ^ Bord . = . E !! minp^Cl eK*C^P 
Deni. 

h.*250‘Mll .D 

1“ : P e connex a Bord . = . min^ c 1 — > Cls . Cl ex‘C‘P C G^miop . 
[*71*16] = . E !! min/.“Q‘minp . Cl ex‘C‘P C Q'minp . 

[*2051516] = . E !! niinp^Cl ex'C'P : D f- . Prop 

*250*113. h . connex A Bord = n 
Deni. 

h . *204*1 . (*250 02) . D h . n C connex a Bord 
h . *250105 . D h ; P € connex a Bord . D . P c connex 
[*20416] D.PcSer 

h . (2) . (*250*02) . D h : P € connex a Bord . D . P c fl 
l-.(l).(3).Dl- .Prop 


PpoGJ. 


( 1 ) 

( 2 ) 

(3) 


*260*12. h : P 6 n . s . P € Ser a Bord [(*250*02)] 

*260*121. I- : , P e n . = : P c Ser : a C C*P . g ! a . 3. . E ! min p‘a : 

= : P cSer : g ! a a C*P . . E ! minp'a [*250*1211] 

*260*122. K:,Pcn. = :Pc Ser : g ! C‘P a p*P*‘(a a C‘P) . D. . E ! seqp'a 
Dent. 

1*. *206*13. *250*121 .D 


1- P € n . D : P c Ser : g ! C‘P a p‘P“(a a C‘P) . Da • E ! seqp‘o (1) 
h . *204*62 . D 


h : P c Ser . g ! a A C‘P . D . g ! C‘P A j3'P‘‘p‘P‘‘(a a C‘P) . 

[*40*62] D . g ! C‘P a;j‘P“IC‘P a;?‘P»(oaC'‘P)1 

H . (2) . *10*1 . D 

h P € Ser : g ! C*P f\p*P*\a a C*P) . D. . E ! sefjp'a : D : 

g ! a A C‘P . Da . E ! seqp'JC'P a p^'p**(a a C‘P)1 . 
[*206’131*54] Da-Elminp'a: 

[*250121] D: Pen 
H.(l).(3).Dh.Prop 


( 2 ) 


( 3 > 
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*260123. h P f n — (‘A . = : PeSer : g lp‘P“(a n C‘P ) . 3. . E ! seq^'o 
Dem. 

I-.»250122.D 

I- :.P€Ser : a I p‘ P“(a n C‘ P) . 0. . E ! seqPo : D . Pe fl 
h . »40-6 . *24-52 . D 


( 1 ) 


D . E 1 seq;.‘A . 

3.a!^ 


3 ! p'P“(a n C‘P) . D. . E ! seqp'a 
[*20618] 

(-.*250-122. *4062. 3 

(- :. P € n . 3 : P f Ser : a 1 a n C‘P . a lp‘*P“{a n C‘P ) . 3. . E ! seq/a 

(■ . *206-14 . 3 (■ : a r, C'P = A . 3 . s^/a = 'B'P 
[•205-12] =i^np‘C‘P 

I- . *33-24 . *250 121 . 3 I- : P e n - i‘A . 3 . E ! niin/C'P 
I- . (4) . (5) . 3 (• : P f n - i‘A . a n C‘P = A . 3 . E ! seq,‘a 
(-.(3). (6). 3 

I- :. P 6 n - t‘A . 3 : P « Sei- : a ! p‘P“(a n C‘P) . 3. . E I seq/a 
l-.(l).(2).(7). 3 I-. Prop 


( 2 ) 


( 3 ) 


( 4 ) 

( 5 ) 

( 6 ) 


( 7 ) 


•260 124, (- : P € n . = . P f Ser . sect'P - t'C'P C Q'seq, 

Dem. 

h .*250122 .*211-703. D I- : P€n .3. PeSer .aect'/^-t'C'PCa'seq/. (1) 

‘■•*2117. D h P c Ser , secfc'P - t'C'P C Q'seqp . D : 

^ € sect'P - 1 ' A . Dfl . E I seqp'(C'P - fi ) . 

[*211-723] 

[*250-102*12] D:P«n (2) 

l■.(l).( 2 ).^^.P^op 

*260125. h:Pcn. = . E!I min/'Cl ex'C'P [*2501 12113] 

The above proposition might be demonstrated, independently of 
*250*112'113, as follows: 

(a) If E I! minp"Cl ex'C'P, it follows that :r c C'P . D . E I min/»'t'ir, 
whence x eC^P ,^(xPx), whence PQJ. 

(b) If E !! miD;>"a ex'C'P, it follows that 

x,yeC^P . y - 3 . E ! minp'(i'a: w t‘ 3 /). 
whence it follows that 

xPy . iyPx) . V . yPx . (a:Py). 

Hence P c connex ,P*(lJ. 

(c) If E !I minP'Cl ex'C'P, it follows that 

• yPi . D . E ! min;.'(t'a- w I'y u l*t\ 
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whence xPy , yPz . D . {zPx), 

and by P^dJ (which has just been proved) 

xPy . yPz . D ,x^z. 

Hence, since, by (6), P e connex, we must have 

xPy . yPz . D . xPz, i.e. P e trans. 
Hence E !! min^'^Ci ex.*C*P . 3 . PeSer. 

Hence the above proposition is obvious 


*250126. h ; P e n . E ! maxp‘a . E ! seqp‘a . 0 . B^P e a . B*P - maxp‘a 
Dem. 

h . *250' 123 . Transp . D h : Hp . D . 3 ! p‘P‘*(a r» C'P) . 

[*205 65] D . ! P'maxp'a , 

[*33'4] D . maxp'a e D*P . 

[*93103] 0 . niaxp*a e P‘P . 

[*202 52] D . max p*a = B*P Oh. Prop 


*250 13. h : P € n - PA O . E ! P‘P 


Dem. 

h . *33-24 O f- : Hp . D . 3 ! C*P . 

[*250121] D . E ! minp‘C‘P . 

[*205-12] D . E ! P‘P Oh. Prop 


*250 131. h:.PeHO: 3 !P. = .E! P‘P 
Dem. 

h . *93-102 , *33-24 O h : E I B'P . D . 3 I P (1) 

h . (1) . *25013 . D h . Prop 


*250-14. h : P 6 Bord . D , RPP C Bord 
Dem. 

h. *250-1. *205-26 0 

h : Pe Bord . Q G P . D . Cl ex*C*P C Q'minp . min^ f“Cl ex‘C‘Q G ming . (1) 

[*60’42.*3.V64] D . Cl ex'C'Q C Cl ex'C'P . G^minp n Cl ex‘C‘Q C Q'ming (2) 
h . (1) . (2) . *22 44-621 . D h : P e Bord . Q G P . D . Cl ex'O'Q C a‘ming . 
[*2501] D . Q € Bord Oh. Prop 

*260 141. hiPcn.^.Ptaen [*25014 . *204 4] 

*260142. h : P e Bord . D . RPP a connex C O 
Dem. 

h , *25014 Oh: Hp . D . R1*P a connex C Bord a connex 
[*250-113] CHiDh.Prop 


2 
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[part V 


*26016. h ; Pf n . E ! . 3 . P € Ded 

Dem. 

I- . *250101 . D f* Hp . D : 3 ! a n C‘P . D. . 3 I min^'a 
I- . *20614 . D h Hp . D : a a C^P= A . . 3 ! precp'a 

H . (1) . (2) . D h : Hp • 3 . (a) , g I (minp'a w precp'a) . 
[*2141] D.PcDed . 

[*2141 4] D . P € Ded : D h . Prop 


* 260 - 161 . f- : PcH.xeQ'P.D.Pt P*'a:€Ded 

Dem. 

h . *250141 . D h : Hp . D . Pt'p*‘a:fn 
h . *205-41 . D h : Hp . D . P*Cnv‘(P f P^^^x) = maxp‘P#‘a; 


[*205197] = i 

[*53 3] D . E I P‘Cnv‘(P f 

I-. (1). (2). *250-15. Dh. Prop 


*260-162. h . n C semi Ded [*214 7 . *250124] 

*26016. h : P € n . g I a A C‘P . D . ^‘minp'a = p‘P«(a a C‘P) 

[*205-65. *250*121] 


0 ) 

( 2 ) 


( 1 ) 

(2) 


#260-17. H P,Q c fl - t'A . D : Psmor Q. = . P f Q'Psmor Q [Q'P 

[*204-47 ,*250-13] 

This proposition is useful in connection with the series of segmental 
relations in a well-ordered series, for the series of proper segmental relations 
in a well-ordered series is (a<^ will be proved later) 

PtJPJPCa'P, 

and this is ordinally similar to P [ Q‘P. Hence, by the above proposition, 
two well-ordered series which are not null are ordinally similar when, and 
only when, the series of their segmental relations are ordinally similar. 


*260 2. h : P f Bord . ^ . D‘ P = D‘(P.i. P* ) 

Dem. 

I- . *33-4 . D h : a: € D'P . = , g I (1) 

h - *2.501 , «205'16 . D H Pe Bord . 0 : g I P*x . = , g ! minp'P'a: . 
[*205-251] =.a:«D*(P-:.P») (2) 

K.(l).(2).DI-.Prop 
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*260-21. h : P e n . D . = D*P, [*201-63 . *250 2] 

In virtue of this proposition, every term of a well-ordered series (except 
the last, if any) has an immediate successor. 

*260-22. 1- : P e Sern Ded . D^P = D‘P, . D . P e H - t'A 

Dem. 

h . *214101 . D h : Hp . E ! max^^a . D . E ! seqp‘a (1) 

h . *206 45 . 3 h : Hp . maxPa € D‘P . D . E ! seqPmaxPa . 

[*206 46] D . E I seqf'a (2) 

K . (1) , (2) . D I- Hp . D : ^(maxp'a = P‘P) . D, . E ! seq/o : 

[*931 18] 3 : ^{B^P ea) . D,, . E ! seq/a : 

[*202*5 11. *21 4-5] Dig \p^P*\a a C‘P) . . E ! seq/>‘a : 

[*250*123] D : P € n — A D h . Prop 

*260*23. t- : P € n . E ! P‘P . = . P e Ser A Ded . D‘P = D'P, 

Dem. 

V . *250*22 .*214*5 . D h : P € Ser a Ded . D‘P = D‘P, . D . P € H . E ! P‘P (1 ) 
I- . *250-15*21 . D h : P € a . E ! P‘P . 3 . P € Ser A Ded . D^P = D'P, (2) 
l‘.(l).(2).Dh.Prop 


*260*24. l-:Pen.D.P“iP. = PCI>‘^ 

Dem. 

h . *201*1 . *13*12 . D h Hp . xP'^z . D : yPx . D . yP'^z : y = x . D . yP'^z : 

[Transp] D : ~ (yP^-s) • 3 iyP^) • y + ^ i 

[*201-63.*202103] D : yP^z . D . xPy (1) 

y . (1) . *201*63 . D h : Hp . xP ^2 . zP^y . D . xPy . x,y e D‘P (2) 

h - *250*21 , D H : Hp . x, y e D*P . xPy . 3 . (g^) . yP,^ . 

[*201*63] D . (g^) . yP^ . ^Ply , 

[*34-1] D.x(P>iP0y (3) 

H.(2).(3).DI-.Prop 


*260*241. h : P e n . D . Pi I P> = (Q'Pi) 1 P [Proof as in *250*24] 

*260*242. h:Pfn.D.P = P,oP,lP 
Dem. 

H . *201*63 . 3 I- :: Hp . D xPy . = : xP,y . v . xP*y : 

[*250:21] = : xPiy . v . (g^) . xP^z . xP’y': 

[*250*241] ^ : xP,y . v . (g«) . xP,z . zPy :: D h . Prop 
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[part V 


*260-243. I- : P e n . D , P t ) 1 (P, u P | P, ) 

[Proof as in *250-24'2] 

The following propositioos deal with the extended form of mathematical 
induction which is characteristic of well-ordered series. 


*260-3. h P € Bord : a C a <r . D. . seqPa Ca:0 , C^P C a 
Dem. 

V . *250-101 . D h : P c Bord . g ! C‘P - a . D . g ! n^P(C‘P - a) . 

[*205 U] D . (ga:) . a: e C‘P - <r . P'a: C (r . 

[*206'4.*250 lOl-] D , (gx) . x € 6'*P — a . P‘x C cr . x aec^p (P'x) . 

[*13195] D . (gx,a) . a = P'.r , a C 6'‘P a a . xeseqp*a - a . 

[*10-24] D . (ga) , a C (7*P a o- . g ! seq^'a -a ( 1 ) 

h . (1) . Transp . D h . Prop 

*250'301. h : P 6 connex . '^g 1 min/>‘T . a = C‘P — P“t. a C a .0 . seqPa C a 
Devi. 


h .*205-122 .*202-501 
[*40-67] 

l-.t206-134.DI-:Hp 

[*40-16] 

[(!)] 

[*37-462] 

[*206 18.Hp] 


D h : Hp . D . <7 C p*P**T . 

D . T C p*P'*a 
xseqp a . D . P‘x C — p*P^*a 

C — p*P**IT 
C-T. 


( 1 ) 


'^€P“t. 


D.X 

D . X e <7 O h . Prop 


*260-31. l-::P€Connex:.aC C*P A <7.D..seqp‘a C . C^PCtr D . PcO 
Devi. 

h . *260-301 . D 


h P€ connex .g ! C‘P a t . ^g ! minp'r . <r= C*P 

a C cr . . seq/.‘a C a : g 1 f7'P - cr 

l-,(l). *10-28. D 

I- Pc connex Kgr) .g I C'P a t . ^g ! min/.‘T : D : 

(g<r) : a C c7 . D, . seqPa C <r : g ! C"P - a 
1“ . (2) . Transp . D 

h :: Pc connex aC <7 . D. . seqp‘a C cr . G*PC cr D : 

g ! G*P A T . D, . g ! minp'r : 

[*250101] D: Pc Bord 
I- .(3). *250-113. D I-. Prop 


( 1 ) 


(2) 


(3) 
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*260 32. h P € coonex . D P 6 Bord , = 

a C C* P A <7 . Da . seqp‘a C c : . 6*‘P C <7 [*250’3'31] 

*260-33. h . n = connex n P ja C C‘P a o- . Da . seqp'a C c : D, . C‘P C o-j 

[*250-32 113] 

*260-34. h Pe Bord ixeC^P . P‘a; C cr . Dx - ^ e o' : D . C‘P C a 
Bern. 

I- . *25011 . D I- : P 6 Bord . g ! C‘P - cr . D . a ! initip‘(C‘P “ ^ 

[*20514] D.(aj:).^€C‘P-o-.P‘xCo' (1) 

1“ . (1) . Transp . D h . Prop 


*260-341. h :: a; € C*P . P‘a; C o- . D* - a: e o- : D, . 0‘P C o- D . P € Box-d 
Pern. 

I-. *205-122. *37 -4620 
^ ■ 3 • ^*P A T . ^ ~ 0*P — P‘*T . .T 6 C^P * P*3i; C O' * D . 

a: 6 P“t . a ! C*P — O' . 

[Hp] D.a:€o-.a!C‘P-o- 

I- . (1) . *10-28 . D h (gr) . a ! P‘P a t . a ^ minp^r . D : 

(ao-) : X e C*P . P‘a: C o' . D* . x e o- : a ^ ^*P o' 
I- . (2) , Transp , D H Hp . D : a ! C*P a t . D. . a ! minp'r : 
[*250101] D : Pe Bord D h , Prop 


( 1 ) 


( 2 ) 


«260'35. H . Bord - P\x€ C*P . P*x Co-. D* . x e tr : D, . C*P C o-j 

[*250-34-341] 

w 

*260 36. h r.PcftiXCo-.a*^^ • seq^'X C o- : D . P“o- C o' 

Bern. 

I- . *250-121 . D H : P € n . a ! - <7 . D . E ! minp‘(P“<r - a) (1) 

1-. *205-14. *37-46. D 

t“ : X = rainp'(P“o' — o') . D . a ■ ^ {P‘*a — o-) = A . 

[*24-311] D . a • O' A P‘x . P‘x — O' C — P“o- (2) 

(2). *202-501 .D 

y i P e Ser , x = minp‘(P“o' — o-) . D . a ^ o' a P‘x , P‘x — a Cp*P**(a a C*P) . 
[*401 6] D . a ! P'^c • P'^ - O' Cp‘P«(o- A P*x) . 

[*40-61] D . P'x - o- C P»(a A P‘x) (3) 

H . (3) . D I- : Hp (3) . D . P'x C (o- A P'x) w P“(o- A ’P'x) . 
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[part V 


[#206171] 

[( 2 )] 

[#10-24] 


D . j; = seqf.‘(<7- f> P*x) . 


D , a ! <r ^ P*x . <r rs P*x C <t . ~ (8eqp'(<r o P*x) C a] 
^ • (3^) •X.Co’.al^^ C*P . (seqp*X C 


(4) 


I- . (4) . Transp . D h : Hp . D . 'v* E ! minp‘(P“a - a ) . 
[(1 ).Transp] D . P“o- - <r = A : D h . Prop 


#260 361. l“:.Pcn.P»aC<r:XC<r.a!(VAC'‘P).D, .limaxp‘\C<r:D. 


ii 


Dein. 


a C<r 


^ ■ #206’46‘43 • D H ! Hp * X C c . E ! niaxp*X ■ D • seqp*X = P,*maxp*X . 
[Hp] 


( 1 ) 


D . seqp'X C <r 

h . #207‘4.D h : Hp. X C o-.a ! ^ C*P). E ! niaxp'X . D.seqp'X = limaxp*X. 

[Hp] D.^qp'XCff (2) 

^ ■ (2) . D H !. Hp .D:XC<7'.al(XA C*P) • • seqp*X C <r : 

[#250'36] D : P**a- C a D F . Prop 


#260-362. f-:.P€n.P,'VCff:XCo-.a!XAC‘P.Dx.liminp‘XC<rO. 

P»aC<r 


L 


#250-361 i .#121 


•26 j 


*260-4. I- . A e n 

Dem. 

h . #60-33 . D 1- . Cl ex'C'A C Q'min (A) (1) 

t-.(l).#2501 .Dh, Ac Bold (2) 

I-. (2). #204-24. Dh. Prop 


#260'41. + 

Dem. 

1-. #60-39. ^ I- ■ Cl ex*C'‘(a:iy) = i*£'ir wt'l'y w i<(iV w t‘y) (1) 

H. #205 18. ^ 1" I Hp . Ps=a:^y , 3 , minp‘£‘j: = j:, minp*t'y = y (2) 

f- . *20518 1 . D I- : Hp(2) . D , minp‘(£‘ir w t'^) j*x (3) 

I- . (1) . (2) . (3) . D t- : Hp (2) . D . Cl ex‘C-(x i y) C Q'minp . 

[#2501] D.xiyeBord (4) 

I-. (4). #204-25. 3 h. Prop 
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4 ^ 26042 . 

Dein. 


H P 6 n - t‘A . D . E ! . 2,=P.‘S‘P.'P‘2p=t‘B‘P . P C P‘ 2 p= A 




h . •12113 .Dh:a: = 2p. = .j; = P,‘B‘7’ 

(1) 

1- . *25013 . D t- : Hp . D . E 1 B‘P . 


[*250-21.*204 7] D.E!P,‘B‘P 

(2) 

K(1).(2).DI- :Hp.D.E!2f.2p = P.‘P‘P 

(3) 

[#204'71] 2 • P‘2^ i‘B‘P 

(4) 

[•200-35] D.PCP‘2f = A 

(5) 

1 - . ( 3 ) . (4) . (5) . 3 1- . Prop 



•26043. l-.0^ = n^^C“0 
Dem. 

y . •56104 .Dl-:PeO, . = .P = A. 

[#2504.*33-241 ] =. P e a . C‘JP = A . 

[•71'37.*541] = . P e n C“0 : J H . Prop 

•26044. h.2, = nnC“2 
Devi. 

h . *5611 . D h . = : (gx, y) . x + y . P = t 4 y : 

[*250-41] = :Pcn :(a^,y).x + y .P = x4y : 

[*56-ll*38] = : P 6 n C“2 . P A P = A : 

[*20414] = : Pe fin C“2 D I- . Prop 

*260-6. 1- : P e n . D . min/.Y Cl cx'C'P € ca'CI ex‘C‘P . 

(‘a‘P = Prod‘Clex‘C'‘P [#205-33 . *250-1 .*11517] 

This proposition is of great importance, since it gives the existence- 
theorem for selections from any class of existent classes whose sum can be 
well-ordered (cf. *250*53, below). Observe that "oeC“n’’ means " a is a 
class which can be well-ordered.” 

*260-61. b : a e C^fl . D . g ! €^‘C\ ex*a [*250-5] 

*260-62. h : a e . p C a . D . g ! €i'Cl ex‘/3 [*88-22*2 . *250-51] 

*260'63. h : s‘« c C7“fl . A e « . 3 . g ! e^/c 

Devi. 

I- . *60-23-57 . D b : Hp . D . « C Cl ex‘5‘« . 

[*88-22.*250*51] 3 g ! ca'* Ob, Prop 

*260 64. b : C“n u 1 = Cls . D . Mult ax 
Dem. 


b ■ *250-53 , *83-4 O b Hp O : A ~ e « 0« . g ! : 

r*88*371 ^ ax :0 b . Prop 
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The above proposition states that if every class which is not a unit class 
is the field of some well-ordered series, then the multiplicative axiom holds. 
The converse of this proposition has been proved by Zermelo (cf. *25847). 


*260-6. I- : P.QeH.Psmor Q. D , Psmor Qel [*208-41 . *250'121] 

This proposition is very useful, since it enables us, when two similar 
senes of similar well-ordered series are given, to pick out the correlators of 
all the pairs without assuming the multiplicative axiom. I.e. given 
P, QeRePexcl.SePsrnory.SCsmor, if NeC^Q, the correlator of S*N 


and N will be i\S^N)^x N if S^N.NeQ. This enables us to dispense 
with the multiplicative axiom in the hypotheses of *164*44 aud its con- 
sequences. whenever the relations concerned have fields whose members are 
well-ordered series. 


*26061. 

*250*62. 

*260 63. 


I- : P € n . D . /^ sliw P = 1*(I [ c* P) 

t- : P e Bonl . S e nror'P .0.~ (gx) . (S‘x) Px 
f- : P € n n Cnv“n . D . RI‘P n Nr‘P = i‘P 


[*208-42] 

[*208-43] 

[*208-45] 


This propositioD will be useful in showing that a finite series is not 
similar to any proper part of itself, and is a series which is well-ordered and 
has a converse which is also well-ordered. 


*250 64. I- : P e Bord . S < cror'P . D . C‘P n p‘P“D‘iS = A [*208 46] 

In virtue of this proposition, a part of a well-ordered series can only be 
similar to the whole if the part extends to the end of the series. Thus e.g. 
no proper section of a well-ordered series can be similar to the whole. 


*260-66. h : P e n . a t sect'P - i<C‘P . C a . D . ~ (P smor Plff\ 
Dem. 


h. *40-16. 31-: Hp.D.p<P»C‘(Ppa)Cp‘W‘(P^;3) (1) 

h . * 21 1-1.33 . 3 h : Hp . a ~ « 1 . D . a = C‘(P [ a) . 

[*211-703] 3.a>P‘^“C‘(Ppa). 

[(!)] 3 • a !p‘-I'‘‘C‘(P t /3) (2) 

I- . (2) . *40-6-62 . D I- : Hp.a~cl.g!P.3.gi C‘P a p‘P“C‘(P f /9) . 

[*208-47] 3.~lPsmor(Pt/9)l (3) 

h .*211-1 . *24-13 . D I- : P = A . D . sect'P - (‘C‘P= A (4) 

h . (4) . Transp . D I- ; Hp . 3 . g I (6) 

h . *200 35 . *250-104 .3l-:Hp.g!P.ael.3.~[i> smor (P I ff)] (6) 
h . (3) * (5) . (6) . D h , Prop 

.. h : P < n . D , Nr'P a P ^“(sect'P - t‘C*P) =» A [•250*65] 
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*260652. h : P e Bord , Q d P , ^\C* P rs 7/P^‘C‘Q . D . (P smor Q) 


[* 208 - 47 ] 


*260 663. I- 

Dern. 


P € Bord , g ! C*P r\ p*P*\a n C*P ) . D . ~ (Psmor P [, a) 

h . *37-41 . D h . C%P t a) C a n C‘P . 

[*4016] D h ./j‘P“(o rx C‘P) C I a) 

I- . (1) . D h : Hp . D . a ! C‘P A p^^^C\P I a ) . 

[*250’652] D . [Psmor(P [ a)| : D h . Prop 


( 1 ) 


*250*66. h : P 6 fl . a esect^P.Psmor (P I a).0,ci=C*P [*2.50-05 . Transp] 


*260-67. I- : P 6 n . a: e C^P . D . ~ (P smor (P I P*x)\ 
Dem. 


t- , *2 1 1 302 . D h : Hp . D . P^w e sect'P 

h. *200-52. D h: Hp.D.'P'x + C^P 
h. (1). (2). *250-65. DI-. Prop 

*260-7. h P 6 n . = ixeC^P . . P [ P*‘xe n : P eSer 

Dem. 


(1) 

( 2 ) 


1- . *250-141 . D h Pc n . D : a:€ C‘P . . P t P^^x e O 

h. *250-121. D 


( 1 ) 


I- X e C*P . D, . P p P*‘x c fl : = : x e C*P . g ! a a C\P ^ Pj(t‘^') - ^z.« ■ 

E ! min (P ^ P^^xYa : 

[* 202 - 55 ] D : xeQ'P a a . , . E ! min (P ^ P^jf‘x)‘a : 

[*205-27] . . E ! minp'a : 

[*10 23] D : g ! Q'P a o . D, . E ! minp‘a (2) 

I- . *205-18 . *202-52 . D 1- : P e Ser .'a == P'P . D . E ! minp'a (3) 

l’.(2).(3). Dh :.xeC‘P. Dx.PDP*‘^€fl:PeSer: D : 

g ! a A C7‘P . . E ! min/.‘a : 

[*250-121] D :P€n (4) 

!• . (1) , (4) . D h . Prop 

This proposition is used in proving that the series of ordinals in order of 
magnitude is well-ordered (*256-3). We prove first that if P e fl, the 
ordinals up to and including Nr‘P are well-ordered; thence, by the above 
proposition, it follows that the whole series of ordinals is well-ordered. 


a. A w. III. 



*261. ORDINAL NUMBERS. 


Summary of *251. 

The name ordinal numbers” is commonly confined to the relation- 

numbers of well-ordered series, and will be so confined in what follows. The 

relation-numbers of series in general are commonly called “order-types*.” 

Thus or is an order-type if a e Nr“Ser, and a is an ordinal number if a /Nr“n. 

In the present number we shall be concerned with a few of the simpler 

properties of ordinal numbers and of the sums, products, and powers of well- 
ordered series. 

We put NO = Ni“n Df. 

» • 

where "NO ” stands for "ordinal number.” 

We prove in this number that any relation similar to a well-ordered 
relation is well-ordered (*251*11), and therefore any relation similar to a 
well-ordered series is a well-ordered series (#251111). We prove 

*261*132*142. I- : aeNO. = .a-pi €N0.= . i 4-acNO 

*2611516. h.O„2,6NO 

*251 24. l-:a.;9€NO.D.a-i-y9eNO 

* 

We prove that if P is a well-ordered series of mutually exclusive well- 
ordered series, VP is a well-ordered series (*251-21) ; that if P is a well- 
ordered series of series. ll'P is a series (#251-3) ; that if P is a series and Q 
is a well-ordered series, and P exp Q are series (*251-42) ; that if P, Q are 
well-ordered series, so is P x Q (*25T55), and therefore the product of two 
ordinal numbers is an ordinal number (#251-56). 

In virtue of the uniqueness of the correlator of two well-ordered series, 
we have 

*261*61. f- P, Q € Rel> excl . C'P C n . D : 

a ! (P smor Q) r\ Rl'smor . = . P smor snior Q 
whence, without assuming the multiplicative axiom. 


• We shall also apeak of them as ** serial numbers/* 
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¥251‘621. I- : C'P C n . 3 ! (7^ smor Q) n Rl^sinor . D . 

:i:Nr‘7-'= nNr‘p= oni-^q 

*261-66. 1- : a e NO - £‘A OP C a . D . 

S N i*P = /3 X a . n N r‘P — a ex p,. /3 

Finally, we have propositions (*251’7 71) showing that the existence of an 
existent ft in any type is equivalent to the existence of 2^ in that type, and 
therefore holds for every type of liomogeneous relations, except (possibly, so 
far as our primitive propositions can show) in tl>e type of relations of 
individuals to individuals. 


*26101. NO = Nr‘‘ft Df 


*2611. h : a e NO . - . (^7^) . 7^e ft . a = Nr‘7^ [(*25101 )] 

*26111. h : P e Bord . P sinor Q . D . Q e Bord 
Bern. 

V . *205-8 , *250 1 . *37-4:31 . D 

1- P 6 Bord . , 8 e 7^ smor Q. D : a C OP . g ! a . D. . g ! ming*S“a : 

[*37*63-431] D : /3 e ex‘C‘P . g ! ^ . . g ! min,//3 : 

[*71-491] D : ^ 6 Cl ex‘S» 6 '‘P . . g ! min^^yS : 

[*15M1131.*37‘25] D : e Cl ex^C^Q . Dp . g ! ming‘^ : 

[*250-1] OiQeBovdi.O h . Prop 

*261111. hzPfft.PsmorQ.D.Qeft [*251 11 . *20421] 

*26112. h : Pe Bord . D . Nr‘P C Bord [*25111] 

*261121. f-:Pe.ft.D.Nr‘PCft [*251111] 

*261122. hiaeNo'.D.aCft [*2511211] 

*261 13. h : P e Bord . ^ - e 0‘P . = . P-f* z € Bord 
Bern. 

. *205-83 , *250 1 . D I- : Hp .g ! OPr\ o , D . g ! min (7^ 4 * z)‘o (1) 

h .*205-831 . D h : Hp . 0{Pd*^) a a = . D , g ! min (P 4 >^)‘a (2) 

H . *16114 . D I- Hp .g ! O(Pd^z) a o , D j 

g ! OP A a . V . OP a a = A . g ! t ‘2 a a : 
[*101-14] D : g ! C'P A a . V . C‘(P-f> 2 ) a a = i^z (3) 

l“.(l).(2).(:3).D 

1- Hp . D : g ! 0{P-{^z} n a . D« . g ! min (P-f+ ^)‘o (4) 

I". (4) . *250101 . D h : 7^f Bord , ^ ^ e C‘7^ . D . 7^4* ^ e Bord (5) 

1-. *250 14-104 . *200-41-. D h : 7 * 4 * 2 e Bord . D . 7*e Bord . 2 ~ e C‘P ( 6 ') 

^ ■ (o) . (0) , D h . Prop 
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[part V 


*261131. I- : P e n , 0 ~ e OP . = ■ P-f> 2 e H [*204-51 . *25 11 3] 

*251132. h : ae NO . H . a-i- i 6 NO 

Dem. 

f-.*25Mll .*18112.DI-:P€n. = 4 A^JpPen. 

[*18111.(*18101),*251131J = , P4>x€ a . 

[*181-3.*2511] = . Nr‘P+ i e NO (1) 

H.(l).*2511 .Dh.Prop 

*261 14. h : P € Bord . ^ ~ e C'P . = . ^ ♦f P e Bord 
Dem. 


f-. *205*832, *161 12, D 

I- Hp . D : ^ ~ € a , D , min {z ♦f P)‘a = minp'a : 

[*250 101] D : g ! (a OP) . ^~€a . ^ . g ! min {z <-|- P)'a 
h. *205-833, *16112. D 


(1) 


l-iHp.^.a.glPO.g 

!min(2 4fP)‘a (2) 

I-:. Hp .a ! P.D:g \anC‘(z*\-P) . D. . a ! mm «f P/a : 

[*250101] 3:^*fP£Bord (3) 

h.*lCl'201. *250-4. DI-:P = A.3.z+f PeBord (4) 

l-.(3).(4). 3 I- : PeBord . a~eC‘P . D P« Bord (5) 

h .*25014104. *200-41 . D h : **4 Pe Bord . D . Pc Bord . cC‘P (0) 
h . (5) . ( 6 ) . D h . Prop 

*261-141. [- :Pcn.z~cC‘P. = ,^«f Pen 
*261142. t-:aeNO. = .i + acNO 
*261-16. I- . 0, c NO 

t-. 2,eNO 


*26116. 

*261-17. 


[*204-51 .*251-14] 
[Proof as in *251-132] 
[*250-4. *153-11] 
[*250-41 .*153-211] 


••:® + y.® + ^.y + «.D.xJ,y4»2en [*251 131 . *25041] 


*261-171. t-.2,+ ieNO 


[*251-16-132] 


*261-2. H : P e Eel* excl n Bord . C‘P C Bord . D . VP c Bord 
Dem. 

V . *162-23 . D h : a I a C‘VP . D . a I « « F"C‘P . 
[*37-264] D . a I C"P n ^‘0 

l-.*37-46.*33-5.Dl-:QcP“a.D.a!an C'Q 

H.(1).(2).*250-101.3 

I- :. Hp . 3 : a ! a n P‘VP . 3 . (sQ) . Q miop P“a . a ! min^'a 
[*205-85] 3 . 3 ! min {VP)‘a 

y . (3) . *250-101 .31-. Prop 


( 1 ) 

( 2 ) 


( 3 ) 
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*261-21. h : P€ Rel^excl n H . C^P C H . D . 2'P e H [*204-52 . *251*2] 
*261-211. h : Nr‘P e NO . Nr^O^P C NO . D . S Ni ‘P e NO 
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Dem. 


h. *18210-162. 


DI-:!lp.D. Nr‘j,»PeNO.i’Pe Rel- excl 


1- .*18205 11 .*151-65. D h: Hp . D . Nr“C‘ i »P C NO 

•I 

I- . (1) . (2) . *251 122 . D 1- : Hp . D . i :P 6 Rel'‘ excl r^O. .C‘\’P Ca . 


[*251 21] 

[*251-1. (*18301)] 


D.S'jSPen. 

D . S Nr‘P e NO : D I- . Prop 


( 1 ) 

( 2 ) 


*261 22. t- : P, Q 6 Bord . C‘P a C‘Q = A . D . P:t^Q e Bord 
Dem. 

y . *162-3 . *163-42 . 3 I- : Hp . ~ (P = A . Q = A) . D . 

PiQe Bord . C‘(P i Q) C Bord . P J, Q e ReP excl . 
2‘(P4(3)=P4^Q. 

[*251-2] D.P4L(2eBord (1) 

I- . *160-21 . *250-4 .Dh:P = A.Q=A.D.P4.Q6 Bord (2) 

^■.(l).(2).DI-.Prop 

*261-23. l-:P,Q€n.C‘PnC‘Q = A.D.P4.Q«n [*204-5 . *251 2-2] 

*261-24. l-:a,/3eNO.D.o + PcNO 
Dem. 

I-. *251-111 .*180-12-11.3 

8 : P, y e n . 3 . 4 (A A C‘Q)h’P e fi . (A a C‘P) ih’QeD. 

C‘ 4 (A A C‘Q)h’P A C‘(A A C‘P) 4 h’Q = A . 
[*251-23.(*181-01)] 3 . P + Q e n . 

[*180-3.*251-1] 3.Nr‘P + Nr‘Q£N0 (1) 

h . (1) . *251-1 . 3 t- . Prop 

*261-26. f-:P.^.Qcn. = .P, Qen.C‘PAC'‘Q = A 
Dem. 

I-. *204-5. 3h:P4.Q6n.3.P,QeSer.O‘PAC‘Q = A (1) 

!• .(1) .*205-84 . 3 h :. P^QeCl. 3 : g.! C‘P a a . 3. . g ! min/a : 
[*250-11] 3:P£Bord (2) 

I- .(1). *205-841 .3l-:.P:f.Q£n.3: 

g ! a - O'P A C‘(P4.Q) . 3. . g ! iim.«‘(a - C‘P ) : 
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[part V 

[*16014.(1)] D : 3 ! a C‘Q . D. . 3 ! 

min^'(a- C'P) . 


[*•205 15.(1)] 3,.g! 

miiiy'a : 


[*250 101] D:QeBor() 


(3) 

K(l). 

. (2) . (3) . 3 h : P4: Q e n . 3 . P. Q e n 

.C'‘PnP‘Q = A 

(4) 


. *251-23 .31-. Prop 


*26126. 

l-:a,/9eNO-('A. = .a + /9tNO-( 

‘A [*251-25] 


*2613. 

l-:Pcn.C‘PCSer.3.n‘PeScr 

[*20P57 .*250-1] 


*261-31. 

1- : E !! P“(7‘P . D . fi C e Fi,‘C‘P 


> 

Dem. 




h, 

. *71-571 . D f- : Hp . 3 . S C C‘P e 1 -♦ ( 

CIs.a‘(PpC‘P) = C‘P 

(1) 

h, 

. *93-103 . D 1- . B C P 

(2) 

h 

.(l).(2).*8014.Dh.Prop 


*26132. 

1- : E 1! B“C‘P . 3 ! P . 3 . B t- C‘P = B'H'P 


Dem. 





h . *172-102 . 3 h ; Hp . 3 = B 




[*82-21] 

'(PfC‘P)!3l-.Prop 


*26133. 

i-:C'Pcn-pA.a!P.3.ain‘P 

.pra'P=P'n‘P 



[*250-13 .*251-32] 



*261-34. 

1- : P e ReP excl . C'P C n - t‘A . D . g I €i‘C“C‘P 


Dem. 





H . #2ol-33 . *17316 . 3 (• : Hp . g I P . 

3 . a I Prod'P . 



[•173-161] 

3 . a I Prod'C^C'P 



[•1151] 

3 . a 1 eA*C**C*P 

(1) 


H . •8315 . D h ! P= A . D . g I u‘C“C‘P 

(2) 


l■.(l).(2).Dl-.Prop 



*261-36. 

I- :: P« n . D 




aP.,B.H:a,/9fCl‘C'P:(gx). 

z c a — y9 . a n P*z ^ a P 

> 

'z 

Dem. 


K. *170*2. D 



h a, ^ e Cl'C'P : (gz) . z e a - ^ . a n P'z » y9 

aP'zO.oP.,^ 

(1) 

h. *170-231. *260*121.3 


z 

h::Hp.D:,aP,,;9.D:a,^eCWP:(az).Z( 

E a-y9 , a A P^z = A P*z 

(2) 


. (2) . 3 h . Prop 
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*251-361. I- :: P eH . D aP^,^ . = : 

a, p eCi‘P*P : (g^) . ^ e /3 — a . a a P ‘2 ~ jB r\ P*z [*25r35 . *1701 01] 

#261-36. h: Pen .D . P,,eSev 
Dem. 

I-. *17017 .D1-,P„GJ 
h . *251*35 . D h :: Hp . D - ^Pci7 ■ ^ ' 

{'^z,w) , z ea- ^ . w € 0 — y ^ a n P^z = 0 r^ P^z . 0 n P^w = 7 a P*w (2) 

h .*201-14. D 


( 1 ) 


f- Hp , z ca — 0 .w e 0 — y , af\ P‘z = 0 a P*z . 0 a P*w = 7 a P‘(y . D : 

2 Pu^ .D. 2 ea — 7 .aA P ‘2 = 7 /A P ‘2 (3) 

h . *201*14 . D h Hp(3) . D : wPz €0 — 7.00 P^xv~y a P‘/y (4) 

l-.(2).(3).(4).*202104.*251’35.Dh:.Hp.D:aP,iye.^Pei7-^-a^ci7 (5) 
i-, *250-121. D 

I- : Hp . o.peCl'C'P . o 4=^9 . . ( 32 ).^ = minp‘j(o- *j (^ — o)) . 

[*205-14] D . (g^) . 2 e ((a - P) w(/9 - o)) .0 a P ‘2 = /? a P ‘2 . 

[*251-.35] D.a(Pe,oPe,)/9 ( 6 ) 

h , (1) . (5) . ( 6 ) . D h . Prop 


*261-361. f- : P € n . D . P,e € Ser [*251-36 . *170101] 

*261-37. I- : P 6 a . D . Pa == Pdf [*251-35 . *171-2] 

*261-371. I- : P e n . D . P„ = Pm [*251*37 . *170101 . *171 lOl] 

*261-4. VxPe ReP arithm a Bord . G*P C Bord . C^VP C Bord . D . 

2‘S‘PeBord 

Dem. 

f- . *251-2 . D : Hp . D . 2‘P € ReP excl a Bord . O'S'P C Bord . 
[*251-2] D . S‘S‘P € Bord Oh. Prop 

*261-41. h : P € ReP arithm a a . C‘P C H . C^VP COO. X'S'P e Q 

[*204-54. *251-4] 

*261-42. h : P e Ser . Q e n . D . P«, (P exp Q) € Ser [*204-59 . *2501] 

*261*43. h : o e NR . a C Ser . ^ € NO . D . (o expr/9) e NR . (o exp^/?) C Ser 

[*186-13. *251-42] 

*261-44. h : a e NO - t'O^ . 0 e NO - e‘0r O . o expr^S + 0, 

Dem. 

h . *165-27 . D 

l-:Hp.Pe’a.Qe/3.D.PJj!Qen-t‘A.C'‘Pi;QCn-t'A. 

[*261-33.*1761] D.a!(PexpQ) 

I-. (1). *18613. Dh. Prop 


(1) 
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[part V 

*261-6. 

: a ! P . Q e Bord . D . P J, SQ e Bord 

•f 

[*165-25. *251-11] 

*251-51. 

i-:a!P.Q€n.3.pj,:Qen 

[*165-25. *204-21 .*251 5] 

*251-52. 

f-:PeBord.3.e‘P;;QCBord 

[*105-26 .*231-12] 

*26153. 

t-:Ptn.3.C‘Pi;Qen 

[*105-26 . *204 22 . *251 52] 

*251-54. 

Dem. 

y 1 PyQe BiPi'd . D . 7* X Q 6 Bord 



I-.*1 65-21 .*251 o-52.D 

I- : Hp . a ! . 3 . (? i e Rel> excl n Bord .C‘Qy<PC Bord . 

[*251-2.*160 1]D . P X QeBord 
I- . *106-13 . *250-4 .Dt-:Q = A.D.PxQ£ Bord 
h.(l).(2). D h . Prop 

*26165. \-:P,Qen.O.PxQen [*25154 . *-204-55] 

*26156. l-:e.,^6NOO.aX;9£NO [*18413 . *251-5.5 1] 

*261 6. \-:P,Qe ReP excl . C'P C n . 8’e P smof Q r^ Rl'smor . 


Devi. 


M = X l(aP') . iVe C'Q . X = (S‘N)-mor A') . 3 . 
1 r ^ ^4 V • f P srnor smor Q 


^■.*250-6.*251-lll .Dt-:Hp.3.^Cl . 

[*83-43] 3 . i f/ie (1) 

[*164-13] 3.i‘T‘VePs-i5or8lilorQ (2) 

f- . (1) . (2) . 3 I- . Prop 

*261 61. h P, g c Rel’ excl . C‘P C n , 3 : 

a l {P smor Q) a R1 ‘smor . = ,P smor smor Q 

Dem. 

I" - *251‘6 . D h : Hp . g ! (P smor Q) n Rl'smor . D . Psmor smor Q (1) 
l-.(l). *16417. DH. Prop 


*261 62. h : Hp*251*61 . g I P smor Q n RI‘smor ■ D . 

S'Psmori'Q. n'PsmorlT'Q. 
SNr‘P==2Nr‘Q. nNr‘P= HNVQ 

Deni. 

y . *164-151 . *251-61 . D h ; Hp . D . S'Psmor VQ (1) 

H. *172-44^ *251-61 . D h : Hp . D . H'Psmor H'Q (2) 

h . (1) . *183-13 . D h : Hp . D . SNr‘P= i;Nr‘Q (3) 

I- . (2) . *185-1 . D h : Hp . D . n Nr‘P = H Nr‘Q (4) 

1-.(1).(2).(3).(4). Dh.Prop 
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In the above proposition, the hypothesis “ P, Q e Rel-excl ” is unnecessary 
for SNr*P = SNr‘Q and 11 Nr‘P = II Nr‘Q, as appears from *183 14 and^ 
*185'12. Thus we have 


*261'621. h : 0‘P C n . a ! ( P s“mbr Q) a Rl'smor . D . 

SNPP=^Nr‘r2. nNi‘P= nNr‘Q 


Dein. 

h. *15 1*65. *18205 162 . 3 I- . i rC'Pel i JPt^mbr P a Rl'smor (1) 

•I 

I- .(1) . *151 162 . D : Hp . D . y! 1( I '>P)smoi( I nRl'smor (2) 

I- .(1).*2511 n .*182 16. D I- : Hp. D. C‘ I !PC!2 . i JP, i ’Qe Rel^pxcl (3) 
h . (2) . (3) . *25 1-62 . *183 14 . *185 1 2 . D h . Prop 


*251 63. 1- : a e NO - i‘A . /3 6 NR . P e Rol- excl . P « . C‘P C a . D . 

N‘Pe/3Xa.2Nr‘P = /3xa 

Dem. 

1-. *164-47 . *165-27-21.D 

I- : Hp . Q e a . a + 0,. . D . Q i 5P e /3 . C'Q i !P C a . i', Q i U' t Rel- excl . 
[♦164-47] 3 • a ! (Qi ;P) smor P n RPsnior . P, Q i JPe Rel- excl . 

[*2.51-61] 0 .(Qy’P) -smor smor P . 

[*164-151.*166-1] D . (P X Q) smor l‘P . 

[*184-13] D.2‘Pe/3xa (1) 

l-.(l).3l-:Hp.a4=0,.3.2‘P€/3xa (2) 

I- . *162 42 . Transp .31-: Hp . a = 0,. . D . ^‘P = A . 

[*184-16] 3.2‘Pe^Xa (3) 

l-.(2).(3).3l-: Hp.3.2‘Pe/3>:a (4) 

[*18313] 3.2Nr‘P = /3xa (5) 

I- . (4) . (5) .31-. Prop 


*261-64. I- : Hp *25163 . 3 . ll‘P c (a exp,^) . H Nr‘P = a exp, /3 

[Proof as in *251-63] 

*261-66. t-:aeNO-i‘A./3£NR.P6/3.C‘PCa.3. 

2Nr‘P = /3xa. 11 N.-‘P = a exp, /3 

Dem. 

I- . *182-16 . *183-231 . 3 

^•:Hp.Qea.3.iiPe ReP excl .I’Pe Ni ‘P . C‘ i JP C .Nr‘Q . ( I ) 

* ^ ^ •! 


3 
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[part V 


[*251-63] 3.2Nr‘I:i’ = Nr‘P)^Nr‘Q. 

[*18314] D.SNr‘P = Nr‘PxNr<Q 
[*152-45] =0xa 

1- . (2) . *10-5:3 . Dh:Hp.D.2Nr‘P = /8;<a 

1- . (1 ) . *251-64 . D h : Hp . Q e a . D . n Nr‘ I :p = (Nr'Q) exp, (Nr‘P) . 

[*1 85- 1-12] D . n Nr'P = (Nr'Q) exp, (Nr‘P) 

[*15245] =aexp, /9 

H. (4). *10-23. Dh:Hp.D.nNr‘P = aexprff 
l“.(3).(5).DI-.Prop 

In virtue of the above proposition, the usual relations of addition to 
multiplication, and of multiplication to exponentiation, when the summands 
or the factors are all equal, can be established without the multiplicative 
axiom, provided the summands, or the factors, are ordinal numbers. 

*251 7. b : a ! n - t‘A n . = . a ! 2 , Ca . = . a ! 2 A . = . a ! 2 . 

Dem. 

(-.*64-55. 3l-:a!n-i<An<„‘a. = .(3P).P(n-f‘A.C‘PCCa (1) 
f- . *200 12.DI-:P€ft — t‘A . D . (aar, y) , x,y e C*P ,x^y, 

[*1 53-201 .*55-3] 3 . a ! 2, n R1‘P (2) 

l-.(l).(2).D(-:ain-i‘An<„‘«.3.(a^).C‘PCCa.aI2r«Rl‘P. 


[*33 265] 3 . (aQ) . Q t 2, . C‘Q C <,‘a . 

[♦64-55] 3 . a ! 2, n <„‘a (3) 

I- . *251-16-122 . 3 I- : a ! 2, n <„,‘a . 3 . a ! n - i‘A n Ca (4) 

(■ . (3) . (4) . 3 I- : a ! n - t‘A n «„‘o . = . a ! 2, n <„‘o (5) 

(• . *64-55 . 3 (• : a ! 2, n t^'a . = . (ax, y)‘X^y ,x, ye t^a . 

[*63-62] = . (gx. y) . x^y . i’x\J Py e t'a , 

[•54-26] = . a ! 2 n <‘a (6) 

I-. (5). (6). (*65-01). 3 h. Prop 


*261-71. 1- . a I n - «‘A r. c'Cls . a I n - t‘A n cRei 

[*251-7. *101-42-43] 


( 2 ) 

(3) 


(4) 

(5) 



*252. SEGMENTS OF WELL-ORDERED SERIES. 


Summaiy of *2.")2. 

The properties of sections and segments arc greatly simplified in the case 
of series which are well-ordered, owing to the fact that every proper section 

has a sequent, whence it follows that the class of proper sections is 

and this is also the class of proper segments. Hence also the series of proper 

sections or of proper segments is the series (*252'37). The series of all 

sections is (*252-38) ; hence (*252-381) 

The most useful propositions in this number are (apart from the above) 

*26212. h : P 6 n . D . 

sect'P - L‘C*P = D‘P« - t‘C'*P = P“C‘P . sect‘P = ^“C'P u PC'P 
*26217. hiPen-i'A.D . sect'P— = P“CI‘P ^ i*C*P 

*252171. h;Pen.D . sect*P — PA — PC*P = P“Q'P 


*252-372. h P e n . D : 5‘P e n : E ! P‘P . 3 . NPs‘P = Nr‘P : 

E ! P‘P . D . NP?‘P = Nr^P-i- i 




*252-4. ^ : P f n . \ C sect'P . g ! X . D . ;>‘X e \ 


*252-1. h : P e n . a e sect'P — t'C'P . 3 . E ! se(|,>'c£ [*250-1 24] 

*252-11. h ; P e n . D . sect'P - I'C'P = sect'P r, Q'seq;. 

Dem. 

I- . *206-18-2 . D I- . C'P~ea'seqp (1) 

I- . (1) . *252-1 . D t- . Prop 
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[part V 


*25212. htPen.D. 




seci*P - (‘C*P= . sect‘P=~P‘*C*P\j t‘C*P 


H. *21 1’24. *252 11 . Dh: Hp . a e sect‘P- . D . a t D'P, (1) 

h . *21 Mo . D I- : Hp . a f D‘P, - PC*P. D . a e sect'P - PC*P (2) 

• (1) • (2) . :> h : Hp . D . seot‘/^- (3) 

h . *211-302. *252 11 . D f- : Hp . D . sect*/* - (4) 

H. (3). (4). *211-26. Dh. Prop 

In dealing with sections and segments of well-ordered series, it is necessary 
to distinguish series with a last term from such as have no last term. If 
a series has no last term, C^P = P‘‘C‘P, so that C^PeD^Pt. But if a 

series has a last term, C^P^eD^Pt , in this case, D‘/*< = ^“C‘P. Thus 

D‘P< is either P**C*P or sect'P, according as there is or is not a last 
term. In either case, 


sect'P = P**C*P w PC*P, 
as ha.s been already proved in *252*12. 

*262 13. H : P e n . E ! P‘P . D . sect'P - PC'*P = r)*P, =7“C'* P . 


Pern. 


s€ct‘P= D*P, w PC*P = P**(7*P o t‘C*P 


f- ,*250 21 .*211-36 .D h : Hp. D.sect'P- D*P, = e‘C'*P. 
[*24-492.*21 M 5] D . sect'P - /‘C*P = D‘P< 

[*252-12] =?“C‘P 

l-.(l).(2).*21l-26.DI-.Prop 

*262*14. I- ! Pen .'^E ! P‘P. D .sect‘P= D'P, = P w PC‘P 

[*250 21 .*211-361 .*252*12] 

*262*16. h : P e n . D . D‘P* = 7“‘D‘P u t‘D‘P 
Dem. 

I- . *252 13 . D h : Hp . E ! P‘P . D . D‘P« = ?“D‘P w 
[*202-524] = P‘*D‘P w i*D‘P 

l-.*252 14.DI-: H’p.--E!P‘P.D.I)*Pe='P‘*D‘PwPD‘P 

h.(l).(2). 3 h.Prop 

*262 16, h : P 6 n - 2,. . D . D* P, == sect‘(P I D* P) 

Dem. 

h .*204-271 . Df- : Hp. D. D'P^c 1 . 

[*202-55] D . C‘( P t D‘P) = D‘P . 

[*250-141 .*252- 12] D . sect‘(P [ D‘P) = P^D^^D^P u t'D'P 

[*37 42 42 1 ] Spai^tp yj ,rD</> 

[*252-15] =D*P,01-.Prop 


( 1 ) 

( 2 ) 


( 1 ) 

( 2 ) 



SECTION d] 


SEGMENTS OF WELL-ORDERED SERIES 


29 


*262 17. h : 7^ e n - <‘A . D . secl'P - (‘A = f “Q'P u i‘C‘P 
Dem. 

1- .*252 12 . 3 I- : Hp . D . sect'P- i‘A = ('P“C‘P - CA) u I'OP 
[*33-41] = P“Q‘P vj : D t- . Prop 

*262-171. P : P e n . D . secl'P - i‘A - |•C‘P = P“a‘P 
Devi. 

P .*252-12.3 P : Hp . 3 . (sect'P - (‘C‘P) - (‘A = P“C‘P-i>i\ 
[*33-41] =~P“a‘P : 3 P . Prop 

*262-3. P: P€n.3.D‘?‘P*=?“C‘P [*212-171 . *252 12] 

*262 31. P:Pen.5[!P.3. C‘s‘ P^ =~P‘‘C‘ P ui‘C‘P 

[*212-172. *252-12] 

*262-311. P:Pen.a!P.3. Q's'P# = P“a‘P u i'C‘P 

[*212-171 .*252-17] 

*262-32. P:Pen.3.D‘s‘P = ?“D‘P [*212 132 . *252 15] 

*262-33. P : P e n - i‘A . 3 . C‘s‘P = P“D‘P u (‘D‘P 

[*212-133 . *252-15] 

*262-34. P : P e n . E ! B‘P . 3 . C‘?‘P = P‘<C‘P 
Dent. 

P . *202-524 . 3 P : Hp . 3 . P‘B‘P = D‘P . 

[*252-33] 3.CVP = P“C'‘P:3P.Prop 

*262 36. P : P e n - t‘A . ~ E ! B‘P . 3 . C‘s‘P = P“C‘P u PC'P 

[*212-133 . *252-14] 


*26236. P:P«n.E!B‘P. 3.9‘P = P!P 

Dem. 

P . *212-25 . *252-34 . 3 P : Hp . 3 . PJP = (9‘P) C (C‘<;‘P) 

[*36-33] = ^‘P •• 3 1' • Prop 

*262 37. P : P e n . 3 . (s‘P) D (- i-‘C‘P) = P : P 
Dem. 

P . *36-3 . 3 P . (s‘P) t (- PP‘P) = C - PC‘Pi 

[*212-133-134] =(9‘P)C(D‘P,- i‘C‘P) (1) 

P . (1) . *252-12 . 3 P : Hp . 3 . (s‘P) t (" ‘‘C‘P) - (9‘P) I (P“C‘P) 

[*212-25] = P’P : 3 P . Prop 
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*262 371. h : P c n . ~ E ! B‘P . D . s‘P = PU'-{*C‘P 

Bern. 


H. *212-25. »252-32. 

I-. *212133. 

I- . *252’32 . 

[*200 12.*204-34] 

I. (1). (2). (3). *204-461 
t-. *21 2-134. *161-2. 

1- . (4) . (5) . D h . Plop 


D f- : Hp . 3 . p:p = ( 9 ‘P) I (D‘s‘P) 

3 I- : Hp . a ! P . D . C>p = P‘Cnv‘s‘P 

3 1- : Hp . D . D‘9‘P = 1p‘‘C‘P . 

D.D‘s‘P~el 

3 f- : Hp . a ! P . 3 .~P>P-i*C‘P = 9 ‘P 
3l-:Hp.P = A.3.9‘P = A.P:P 4 *C‘P 


( 1 ) 

( 2 ) 


(3) 

(4) 
A (5) 


*262 372. I- :. Pffi . D : <s‘Pen : E ! fi‘P . D . Nr‘s‘P = Ni‘7^ : 

~ E ! P‘P . D . Nr‘s<P = Nr‘P + i 

Dem. 

h . *252 36 . *204-35 . D h : Hp . E I D . <;*P amor P . 

[*251 lll.*152 321] D . n . Nr‘s‘P = 

f- . *252-371 . *204-35 . *200*52 , D 

1 “ : Hp . E ! B^P . D . Nr's'P = Nr'P -i- 1 . 

[*251-.132] 

t-.(l).(2).(3).Dh.Prop 


= Nr‘P (1) 


( 2 ) 

(3) 


*262 38. I- : P e n . D . s'P* = PJP-f+C'P 

Devi. 

I- .*252 12. *212-24. D 

I- :: Hp . D :. a (9 ‘P,) ^ ; a, ^ e P<.C<p u /9 . a + /9 : 

[*37-6.*200-52] 

= : (a*. Jf) . y £ C‘P ._a = P«x . /9 = P‘y . ~P‘x C P<y . P‘x + !P‘y . V 
(a®) • ® € C*P , a = P'a: , ^ - C"P : 

[*204 33-34] = : (go:, y) . xPy , a = ~P*x . =1^'^ . y . 

(aa:) •X€C*P . a = PV 

[*150-522] s :a{P;P);9. v.acC?'P;p.^ = C‘P; 

[*16111] = ia(PfP^C*P)B :0 h . Prop 

*262-381. h : P e ft , D . ^ XI . Nr's'P^ = Nr' P 4- 1 

[*252-.38 . *200 52 . *204-35 . *25 1 131] 
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* 252 * 4 . 

Dem. 


* 262 - 41 . 

* 252 - 42 . 

* 26243 . 

Dem. 


h : P 6 fl . \ C sect'P . g ! X . D . ^‘X e X 


h. *211-441 .D h:Hp. 

P = A.D 



[*53-01] 


€ X 

(1) 

h. *212-172. DI-:Hp. 


X C . g ! X . 


[*252-381.*250-121] 

D. 

E ! min (s‘P^jf)‘X . 


[*210-222.*21 1-67-66] 


p^X € X 

(2) 

f- . (1) . f2) . D 1- . Prop 





h : P e n , X C sect'P . g ! X , ^ . 8*\ e X [Proof as in *252*4] 

F P e ft , (Cnv‘9‘Pj(t),“<x C a : 

X. C <7 . a ! \ r. C's'P* . D* . s‘(\ n C‘?‘P*) € <7 : D . 

(Cnv‘s‘P,f)“o- C <7 

[•250'361 . »252-381 . *212-322] 

I- P e n . (s‘Pj),),“<7 C <7 : 

X. C <7 . a ! ^ C‘s‘Pj|f . D* . ;»‘(X n C‘'s‘P^) e <7 : D . (?‘Pjjt)“<7 C <7 

h. *212-181. D t- . (Cnv't'Pjf) smor ( 5 ‘Pj,t) (1) 

h . (1) . *252-381 . D I- : Hp . 3 . Cdv‘?‘P* e fl (2) 

I- . (2) . *212-34 . *250-362 .31-. Prop 



*253. SECTIONAL relations OF WELL-ORDERED SERIES. 


Sumnutt'y of *253. 

In the present number we shall consider tl»e properties of the relation 
■ Pt (defined in *213) when P ( Cl. The relation Pj has great importance in 
this case, owing to the fact (to be proved later) that Nr“D‘P, is the class of 
all ordinals less than Nr‘P, and that, if P, Q are any two well-ordered series, 
either P is similar to a member of C*Qt, or Q is similar to a member of 
C‘P I- whence it follows that of any two unequal ordinals one must be the 
greater. 

The present number consists merely of. the more elementary properties of 
Pf when P € a. The interesting properties connected with greater and less 
will be treated in the following number. 

The most useful propositions of the present number are the following; 

*263 13. h : P c n . D . D'P* = 7* ^ “^‘*a‘P = P I P 

*263 18. h : P c fl . D . C*P, C P ^ u PP , C‘P, C Cl 

Instead of C'P* C P ^ “P“Q‘P w t‘p we shall have equality, unless 
P = A (*253 15). 

*253 2. h : P € n - 2, . D . Nr'P, = Nr*(p I i[*P) ^ i 

The case when Pe 2,. has to be excluded, because then Pta‘P = A. 
*253-21. H : P e n . D , i -i- Nr'P, = Nr'P -i- i 

This proposition involves Ni‘P^ = Nr‘P when P is finite, but when P is 
infinite it involves Nr'P, = Nr'P -f i (cf. *261*38). 

*253 22. h : P c n . D , P, t D'P, smor P f Q'P 

*26324. htPcn.D.P.^n 

*263 4. h : P e fi - t' A . D . 

= Q KaP) . p = <2 4- p . V . (a:r) . p - 

*263421. h:Pen.Q€D‘P,.D.^fQsmorP) 

*25344. l■:a.)9eNO-^'A.y9 + 0,..^.a^-/9+o 
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This proposition marks a difference between ordinals and cardinals. An 
ordinal is always increased by the addition of anything at the end, whereas 
this is (often if not always) not the case with a cardinal if it is reflexive 
and greater than the adilendum. The above proposition ceases to be true 
if we add /9 at the beginning instead of the end: ^ + 0 = 0 will be true if o is 
infinite and is not greater than ou (For the definition of co, cf. *263.) 

*253*45. h : a e NO - t‘ A — 1 * 0 ^ . D . a -i- i 4 ^ 

Similar remarks apply to this proposition as to *253 44. 

*263*46. h : P € O . Q. ie e . Q smor R.O.Q^R 

I.e. no two different sections of a well-ordered series are similar. 

It follows from *253*46. that the series of the ordinals of proper sections 
of a well-ordered series P is similar to the series of proper sections, and 
therefore, by *263 22, to the series P witli its first term omitted (*253*463). 

We have next a set of propositions (*253 5 — *574) on the circumstances 
under which Nr‘Pj = Ni ‘P and those under which Nr'P* = Nr‘P -i- 1. As 
a matter of fact, the former holds when P is finite, the latter when P is 
infinite. But the distinction of finite and infinite will not be introduced till 
the next section. In the present number, we prove that (assuming PeH) 

Nr‘P, = Nr‘P if Q'P, = Q'P . E ! B*P, and if not. then Nr‘P, = Nr‘P -i- i 
(*253*56). This is proved by using P, as a correlator. (P, as a correlator 
moves every term one place down, except the first, which disappears.) For, 
if Pen, we have P|SP = PtD‘P(*253*5); heuce we prove Pt<^I‘P,smorPtD'P 
(*253*502), and hence. ifa‘P,=a‘P, we obtain Pta*P3morPtD‘P(*253*503). 
Hence by *253*2 (with special consideration of the case when P62,.) we have 
the two propositions 

*263*61. I- : P 6 n . a‘P, = a‘P . E ! P‘P . D . Nr'Pt = Nr‘P 

*263*611. h : P e n . Q'Pi = a*P . E ! P‘P . D . 

Ni'Pt = Nr‘P -i- i . Nr‘Pta'P= Nr‘P 

But if there is a term, say x, belonging to Q‘P — Q‘Pi, use P, as a correlator 
for the predecessors of x\ we thus find that, in this case, PsmorP^O'P. 
Hence, by *253*2, Nr'P, = Nr‘P -i- i. 

The hypothesis Q'Pi = Q'P . E ! P‘P means that there is a last term, and 
every other term has an immediate successor. This, as we shall prove later, 
and as is indeed obvious, is equivalent to the assumption tliat P is finite but 
not null. 

From the above propositions it results immediately that 

*263 673. I- P € n . D : Q'P. = Q'P . E ! P‘P . = . i -i- Nr‘P 4 = Nr‘P 

Hence it will follow that finite ordinals other than 0^ are those which are 
increased by the addition of 1 at the beginning. We have also 

R.<fcw. Ill 
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*263-674. h P 6 n - t‘A . D : Q'P, = Q'P . E ! P'P . h . 1 -f Nr‘P - Nr'P -i - 1 

Whence it will follow that finite ordinals' are those for which the addition 
of 1 is commutative. 


*2631. 


Bern. 


l-:.P6n.D:QP,iJ. = . 

(aa,i3).a,/9eP‘‘a‘Pui‘C‘P.a !j9-a.g = Pta.P = Pt/3 


h . *2131 . *25217 . 3 h Hp . a I P . 3 : QPtR . = . 

(aa./3).a,^€P“a‘Pu/‘C‘P.a!/3-a.Q = Pta.P = Pt/3 (1) 

f . *33 241 . 3 I- P = A . 3 : P“a‘P w i‘C‘P = t'A : 


( 1 ) 

( 2 ) 


[*24 53] 3 : ~ (aa, /8) . a, /8 e P“Q‘P u I'C'P . a I /9 — a : 

[*213-3]3:QP,P.= . 

(aa./3).a,/SeP‘‘a‘Pwi'C‘P.a!y9-a.Q = Pta.P = Pt>3 (2) 

(• . (1) . (2) . 3 h . Prop 

*26311. h!;Pen.3:.QP,P. = : 

(a®, y) . ® e a‘P . ®Py . Q = P ^ P‘x . P = P t P‘y , V . 
(a®).a:«a‘P.Q=PtP‘a:.P = P 

Dem. 

I- . *33162 . 3 1- : a = C‘P . /9 e P“a‘P‘w i‘C‘P . 3 . ~ a I /9 - a 

H . *200 62 . (1) . 3 h : Hp . a e~P"(l‘P . R = C‘P . 3 . a ! /9 - a 

I- . (1) . (2) . *2.531 . 3 1- :: Hp . 3 QP.P . = ! 

(aa,P).a,/3eP“a‘P.a!/8-a.Q = Pta.P = Pt/3.v. 

(aa.P).aeP“a‘P./9=C'‘P.Q = pra.P = prp: 
[*37-6.*36-33] ^ t 

= :(a®.y).*,yea‘P.aIP‘y-P‘a:.Q = PtP«a:.P = PpP‘y.v, 

(a®) .a:ea‘P . Q = P t P‘« . P= P : 

[*211-61.*2101] 

= :(a®.y).*,y«a‘P.P‘a:CP'y.P‘x=)=P‘y,g = ppp<a:.P = PCP‘y''' 

(a*).®ea‘P.g = Pt^a:.P = P: 

[*204 33-34] = : (a®, y) . ®, y e Q'P , xPy . Q = P [ P‘® . P = P f P‘y . v . 

(a<c).««a‘p.g=ppp‘*.p=p (3) 

I- . (3) . *33-14 . 3 h . Prop 


*263 12. l-:P«n.P~«2,.3.P, = (pp;p;pf a‘P)4» P 

Dem. 

h.*204*272.Dh!Hp.D.a‘P*^el. 

[*202*66.*213151] D . P » C‘P f 5P#P f Q'P 


( 1 ) 
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h .(1) . *253'11 . D I- :: Hp , D QP^R . = : 

Q (p C ; p: p C a‘P) R.y.Qe c‘{P t ;p:p t (i‘P) ■R = p- 

[*16Vin = : Q 1(P I ! p:p I a‘P)-f»Pl P :: 3 h . Prop 

*263121. h :P€n.D.P~6C‘PD!?!^DCI‘^ 

Dem. 

I- . *200-52 . D I- : Hp . 3 . C‘P ~ e P“a‘P . 

[*36-25] D . P ~ € C‘P 1 5 P C Q'P : 3 I- • Prop 


•263 13. t- : P e ft . D . D‘P, = P C“P“a‘P = P l“P“C‘P 
Dem. 

I- . *213-141 . *252 171 . D t- : Hp . D . D‘P, = P C“P“a‘P 
y . *37-22 . *250-13 . D 

1- : Hp . a 1 P . D . P t“P“C‘P = P C“P“a‘P yj i‘P IP‘B‘P 
[*33-41 .Transp] = P t ‘^“a‘P u A 

t- . *250 42 .Dt-iHp.ai-P-^-Ac P_t“P“a‘-P ^ 
l-.(2).(3). Dh:Hp.a!P.D.PD“P“C‘P = PC‘;P“a‘P 

P . *33-241 . D P ; P = A . 3 . P t“P“C‘P = A^P t‘‘P»a‘P = A 

P . (4) . (5) . D P : Hp . D . P t‘‘P“C'‘P = P C“P“a‘P 
P.(l).(6). 3 P. Prop 


( 1 ) 


( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 


*26314. 


Dem. 


PiPeft.D. 

a‘P, = (P C“P“a‘P o i‘P) 

P . *213-162 . D P : Hp , D . Q'P, 
[*25212.*36-33] 

[*25313] 

P . (1) . (2) . 3 P . Prop 


- i‘A = (P t“P“C‘P u t‘P) - i‘A 


P t“8ect‘P - t‘A 
(P l‘‘P“C‘P l‘P) - t‘A 
(P t“P"a‘P u i‘P) - t‘A 


( 1 ) 

( 2 ) 


*26316. P : P e ft - l‘A . D . C‘P, = P t“P“a‘P w t‘P = P C»P“C‘P « i‘P 

[*26313-14] 

*263-16. P:Peft-i‘A.3.P‘P. = A.P‘P. = P [*213155158 . *25013] 
*263-17. P: Pfft.D.P,CD‘P, = PC'P5-PCa‘-P 

Dent. 

*25311 .D 

P :: Hp . 3 QP,P . = ; Q(P t»P>PC (I‘P)P • V • • ■B = -P " 

[*253-121] D Q (P, t D‘P,) P . = . Q (P C ^P’P C d'-P) P :: 3 I- ■ Prop 
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*26318. h : e n . D,, C'P, C P u t‘P . C'P, C n 

Dem. 

I-. *253 11 


v.Q = P: 


( 1 ) 

(2) 


H :: Hp . D :. Q € C‘P, . D : (gj) . x e Q'P .Q = PlP<x 

[*37 6J 0:Q(Pl“'p‘‘a‘P^i‘P 

t- . (1) . *250 141 . D h : Hp . D . C‘P, C n 
l-.(l).(2).Dl-.Prop 

*253 181. I- : Pe n . D . C‘P, C D‘P, u i‘P [*2531813] 

*263-2. 1- : P e n - 2, . D , Nr‘P, = Nr‘(P C Q'P) + 1 

Dem. 

H . *253*12*121 . D h : Hp . D . Nr'Pj = Nr'P ^ t'pt p ^ Q'P + i 

[*213*151 ,*252*171] = Nr*Pi P ^ (I* P 4- i 

[*204-34] = N r‘(P p Q'P) + 1 : D 1- . Prop 

*26321. l■:Pr^^.D.l + Nr‘P,= Nr'P+^ 

Dem. 

I- .*253-2. 31- : Hp . P~ e 2, . 3 . i + Nr‘P, = 1 -(- Nr'^P ^ a‘P)-i- 1 
[*204-46-272] =Nr‘P + t (l) 

1- . *213 32 .3t-:P«2,.3.i-i. Nr‘P, = i + 2, 

[*161-211] ^2, + l 

[Hp] =Nr*P.i-i (2) 

t-.(l).(2)..3l-.Prop 

It w^ild be an error to infer from the above proposition that 
^ ~ ' since addition of ordinals is not in general commutative. 

When P £ n, Nr‘P, = Nr‘P holds when C‘P is hnite, but not otherwise. 
When C'Pis not 6nite, 1 +Nr‘P, = Nr‘P,. so that Nr‘P, = Nr‘P + i ; but 

Nr‘P4=NPP+l. 

I- ; P e ft . 3 . P, t D‘P, smor P [ Q'P 
[*263-17 . *213-161 . *252171 . *204-34] 

*263-23. h:.Peft.3;NPP = Nt‘Q . = , Nr'P, = Nr‘Q, : 

P smor Q . = , P, smor Q. 


Dem. 


h . *181-33 .31-: Nr‘P= Nr‘Q . = . Nr'P -i- 1 = Nr'Q-}- 1 
h . (1) . *253-21 . 3 

h;. Hp.3:Nr‘P = Nr‘Q.s.l + Nr‘P,= i-J-NPQ,. 

[•181-33] = . Nr'P, = Nr'g, :. 3 h . Prop 


( 1 ) 
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#263*24. f-:P€n.D.P,€n 
Dem. 

h . *253-2 . *250 141 . *251 132 . D h : Hp . e 2, . D . NPP* € NO (1) 
I- . *213-32 . *251-16 . D f- : P € 2, . D . NPP^ e NO ( 2 ) 

h . (1) . (2) . D h : Hp . D . NPP, 6 NO . 

[*2ol l22] D . P, 6 n : D h . Prop 

*263*25. h P, Q € n — t‘A . D : P* [ D*Pf sinor Qi ^ D‘Qi . = . P smor Q 

[*253-22. *25017J 

*263*3. h : P € n . 3 . P,‘P = P t “?‘(I‘P = P t“P“C‘P = D‘P, 

[*213*243. *253*13] 

*263*31. H :. P e n . D : QP*P .^.ReP u i‘P . Q e P 

Dem. 

*213 245. *253 13. D 

I- :. Hp . D : QP,P . = . P e C'P, . Q r P [“P^'C^P . 

[*33*24.*213-3] = . P e C‘P» . 3 ! P . Q € P C“P“C‘P . 

[*253-15] = . P € P t“P“C‘P w i‘P . a ! P . Q 6 P t“P“C"P 

^ . *37*29 . *33-24 . D h : Q e P [“"P^C'P . D . 3 ! P : 

[*13*12] D h : Q e P . P = P . D . 3 ! P 


‘ ^ ^ q: p ■ 


Dh:P€Pt“P“C‘P.D.a!P 


( 1 ) 

( 2 ) 

(3) 

(4) 


H - (3) . (4) . D h : P c P t“P“0‘P u i‘P . Q e P t“P“C‘P . D . 3 IP (5) 

^ - O) . (5) , D I- . Prop 


*263*32. hiPeil.Re C'P, . 0 . P.'P = P t“P‘‘C'P = D‘P, 

[*213-246. *253-13] 

*263-33. hi.Pen.D: Q(PstD‘P,)P. = .PePC«P»(7‘P.QePD“P“(7‘P 

[*213*247 .*253 13] 

If a is any ordinal number, and Pea, the ordinal numbers of the 
sectional relations of P are all those ordinals which can be made equal 
to o by being added to, i.e. all ordinals ^ such that, for a suitable 7 , 
® = /S + 7 . (Here 7 mii.st be an ordinal or i.) Further, in virtue of *250*67, 
no member of D‘P? is similar to P; hence, if a is an ordinal, and a = /9 + 7 , 
where 7 + O,., it follows that 04 = /3. (Observe that 0^7 does not follow from 
^ + 0 ^.o = ) 34 - 7 .) These and kindred propositions, which are important in 
the theory of ordinals, are now to be proved. 

*2634. f-:Pen-i‘A.D.C'P. = 0!(a-R)--f^ = Q4-^-v.(3x).P = Q4>x) 

[*213-41 .*250*13] 
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(3) 


( 4 ) 


*263-401, yiPen.O. 

p 1“'P“C‘P yji‘p=Q ((afl) . p = Q . V . (ax) . p = 

Bern. 

l-.*253-4-150l-:Hp.alP.D. 

p i“P“C‘P « t‘P = Q ((aP) . p p . V . (ax) . p = Q-f>xi (1) 
I-. •37-29. 3l-:P = A.D.Pp“?“C‘Put‘P = t‘A (2) 

l-.*160-14.*33-241.DI-:.P = A.3:P = Q4tP. = ,Q = A.P = A: 

:>:(^R).p=Q^r. = .q^\ 

y . «16M3 . •.33-241 . D h :. P = A . D : P = Q4»x . = . Q = A : 

[•10-24-23] 3:(a->')--P=Q-t+ic. = . Q = A 

I- . (3) . (4) . D h :: P= A . D :. (aP) . P = Q4.il . V . (ax) . P = Q4 »x: = . (2=A. 

s.QePl“'p“C‘PyJl‘P (5) 

^.(l).(51.D(-.Prop 
•263 402. I- : P € n - {‘A . D . 

i^‘-P« = 0((aii).p+A.p=Q4P.v.(ax).p=Q-f»x| 

Bern. 

h.*25316-4.D 

l-::Hp.D:.QeD‘P,. = : Q + P : (aP) . P= Q4 P . v . (a*) . P = Q+»x ( 1 ) 

•-.•lei-U. •200-41. Dh:Hp.P = Q4>x.D.X6(7‘P.x~fC‘Q. 

[•13-14] 3.Q + P (2) 

l-.•160-21.DI-:(^ + P.P = (^4i^.^.g,iJ 

I-. •leo-u. •200-4. D 

f-:Hp.P = Q4P.a!P.D.a!(7‘PnC'P.~a!C'‘Qr.C'P. 

[•13-14] 3.P + Q (4) 

l-.(3).(4).D 

t-::Hp.D:.Q=t=P:(aii).p=Q4ie. = .(gjj)_^^^_p^g^^ . 

I- . (1) . (2) . (5) . D h :: Hp . D :. Q t D‘P, . = : 

(aP).P + A.P = Q4P.v.(ax).P=.Q+»x::Dh.Prop 
•263-41. l-:.Pen.QeC'‘P,.D: 

(ga) . o e NO . Nr‘P = Nr'Q + a . v . Nr'P - Nr'Q + 1 

Bern. 

h ■ *213‘3 ■ 3 h :« Hp • D ! A ! 

[•253-4] D ! (ail) . P = Q 4 ii , V . (ax) . P = Q4 »x : 

[•211-283.^200-41] 

3:(aP).P=Q4P,C‘QnC‘P = A. v.(ax). P = g+»x.x~e(7‘Q: 
[•180-32.^181-32]D:(aP),Nr'P = Nr‘Q4- Nr'P. v.Nr‘P = Nr‘Q+ 1 : 

[•251-26] D : (aa) . a « NO . Nr'P = Nr'Q + a . v . Nr'P = Nr'Q + 1 :. 3 I- . Prop 
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*263-42. (-:P6n.D.Nr‘Pr.D‘/>, = A [*250-651 . #213-141] 

*263-421. 1- : P € n . Q e D'P, . D . ~ (Q smor P) [*253 42] 

*263-43. P e Cl . x,y e Q‘P . D : P f P‘x smor P [ P‘y . = .x = y 
Dem. 


y . *253-11 . D h : Hp . a:Py . D . (P t P‘x}P, (P t P‘y) . 

[*213 245] D . P t P‘a; 6 D‘(P t P‘ I/), . 

[*253-421] D . ~ 1(P lP‘x) smor (P I P‘y)\ 

Similarly I- : Hp . yPx . D . ~ ((P ^ P‘x) smor (P ^ P‘y)) 
l-.(l).(2).D t- :.Hp.D:(PtP‘®)8mor(PtP‘y).D.~(a:Py) 

[*202-103] 3 . ^ = y 

(3). #151-13.31-. Prop 

*263-431. h:P4LQen.a!Q.D. Nr‘P + Nr‘(P Q) 

Dem. 


( 1 ) 

( 2 ) 




{yPx ) . 


(3) 


h . *253 402 . 3 I- : Hp . 3 . P € D‘(P^.Q), (1) 

1- . (1) . *253-421 . 3 1- . Prop 

*263-432. h : P^+ae n . g ! P . 3 . Nr‘P4= Nr‘(P-f*x) [*253-402 421] 


*263-44. I- : a, /3 e NO — t‘A ./9=[=0, .3.a4-/3 + a 
Dem. 

I-. *251-1. *155-34. 3 

H : Hp . 3 . (gP.Q) .P.QeCl . a= N„r‘P . /3= N.r'Q . g ! Q. 

[*180-3] 

3.(a-P.Q).P.0en.a = N.r‘P.i3 = N.r‘Q.glQ.a-t-/9 = Nr‘(P-t-Q) (1) 

I- . *180-12 . *253-431 . (*180 01) . 3 
t-:P,Qen.g!Q.3. Nr‘(P -p Q) + Nr‘P . 

[*155-16] 3 . Nr‘(P + Q) + N,r‘P (2) 

^••(l).(2).3 

l-:Hp.3.(gP,Q).P,Q6n.a = N„r‘P./9 = N„r‘Q.a-i-/9=|=N.r'P. 

[*13-195] 3.a-i-/S.[=a:31-. Prop 

*263-46. l-:aeNO-l‘A-t‘0...3.a-(-i+a 

[Proof as in *253-44, using *253-432- instead of *253-431] 

*263-46. I- : P e n . Q, P c 0‘P, . Q smor P . 3 . Q = P 
Dem. 

I-. *253-421-16. 3l-:Hp.Q = P.3.P = Q (1) 

H . *253-16 .3l-:Hp.Q + P.P + -P-3-Q-^« D‘P, . 

[*253-13] 3 . (g®. y).x>.ye H'P . Q = P [ . P = P C P‘y . 

[*253-43.Hp] 3.Q = P 
I- . (1) . (2) .31-. Prop 


(2) 
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#263 461. H : P C n . 3 . Nr r C'‘Pr c 1 ->1 

Dem, 

I- . »253-46 . D I- : Hp . Q, ft e C‘P , . Nr‘Q = Nr'fl . D . Q = ft : D h . Prop 
*263 462. t-:Pen.D. 

Nr (PC) PrCI‘-f'fl-»l-Nr:PC:p;PCa‘PsmorPCa‘P 
[*2.53'43] 

*263 463. I- : P e n . D . 

Nr! (P, C U<p,) smor P, C D‘P, . Nri(P, D‘P ) smor P C Q'P 
[*2o3-4(i217'22] 

*263 47. I- : P 6 n - j'A . D . 

Nr“C‘P, = a 1 ( 3 / 8 ) . 0 + 8 = Nr‘P . v . o + i = Ni'P) [*253'4] 
*263 471. h ! P e n . D . 

Nr“(D‘P, w i‘P) = a (( 38 ) . a + 8 = Ni <P . v . o + 1 = Nr'P) 
[*253-401 13] 

The following propositions are concerned in proving that Nr'Pj is either 
Nr'P or Nr'P-i-l. This is proved bv using P, as a correlator. The 
methods employed anticipate the discussion of finite^ and infinite series ; 
in fact, when P is finite, Xr'Pi = Ni‘P, and when P is infinite, 
Nr‘P, = Ni‘P + i. But it is important at this stage to know that Nr'P, is 
either equal to or greater than Nr'P, and the propositions are therefore 
inserted here. 

*263:6. l-:Pen.3.P.:p = PCD'P 

Dem. 

h . *201-63 . •25-411 . D 1- :: Hp . D P = P. o P* 

[*150-11] D i, x(P,’P)w . = : ( 3 y, e) : xP,y : yP,x . v .yP’z : wP,e: 

[*204-7] = : ( 3 a) . »P,w . ivP,z , v , ( 3 ^, i) . xP,y . yP'e . wP^z : 

[*250-21-24] = : xP, w . w e D'P . v . ( 3 y) . xP,y .y,we D'P . yPw : 

[*33-14.*34-l] = :x(P, a P,jP)w. we D'P : 

[*33-14.*250-242] = :x.we D'P . xPw :: D I- . Prop 

*263601. l-:P€n.D.P,iP = PCa'P, 

Dem. 

I- . *250-242 . D h : Hp . D . P, I P = P, I P. o P, I P, I P 
[*71-191. ♦204-7] = 7 [■ a'P, o (a'P,) ] P . 

[*150-l.*50-6.5] 3.P,:P =(a'P .)1 P, o (G'P.) 1 P I P. 

[*250-243] = p C a'P. Oh. Prop 
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*263-502. H : P 6 n . D . P t P I D‘P 

Dem. 

1- . *253-5 . *150-36 . D h : Hp . D . P t D‘/"= (P C ^PPi) 0 ) 
h . *151-21 . *204-7 . D H : Hp . D . P.; (P C Q^P.) smor P I (Pl\ (2) 
h . ( I ) , (2) . D f- , Prop 

*253-603. h : P € n . Q^P, = a‘P . D , P t Q'P smor P I D‘P [*253-.'>02] 

This proposition shows that if P is a well-ordered series in which every 
term except the first has an immediate predecessor, the series obtained by 
omitting the last term (if any) is similar to that obtained by omitting the 
first term. The converse also holds, as will be shown later. The hypothesis 
Pefl .(I‘P, = Q‘P is equivalent to the hypothesis that P is finite or a pro- 
gression. (Here a progression is not what was defined as “ Prog " in *121, but 
what Cantor calls co; i.e. if P e Prog. is a progression in onr present sense.) 

*263 51. h : P e n . Q'P, = a‘P . E ! P*P . D . XPP* = Nr‘P 
Dem. 

V . *253-2 . D h : Hp.P^e 2, . D . Nr‘7^ = Nr‘(P C Q^P) -p 1 
[*253-503] = Xr‘(PC D‘P)-i- 1 

[*204-461-272] = Nr‘7^ (1) 

h . *2 1 3-32 . D 1- : P e 2, . D . Nr‘P* = Nr‘P (2) 

1- . (1) . (2) . D h . Prop 

*263 611. h : P 6 H . Q^P. = Q'P . E ! P‘P . D . 

Nr‘Pi = Nr‘P -i- i . Nr‘P I Q^P = Nr‘P 


Dem. 


* 25352 . 


Dem. 


h , *93-103 . *202-52 . D h : Hp . D , P ^ D‘P = P . 

[*253-503] D . NPP C a‘P = Nr‘P . ( 1 ) 

[*253-2] D . Nr‘P, = Nr‘P -i- i (2) 

l-.(l),(2),DI-,Prop 

h i P € fl .X = m\ap‘{Q*P — . D , 

a‘P r^~P‘x c a*p , . . p,“7^‘x = - 1 * B‘P 


h. *205 14, DI-:Hp.D.a‘PnP‘j:Ca‘P, 

h . *250-242 . D h : Hp . D . ='p/x w P,‘‘?x 

[*33-41. Hp] =P,»7^‘x. 

[*72-501 .*204-7] D . P/‘7“x = P'x a G^P, 

h . (1) . D f- : Hp . D . G'P n P'x = G'V^ a7‘.c a G'P, 

[*121-305] =a‘P, A P‘x 

I- . (3) . (4) . D I- : Hp . D . P,“7‘x= a G'P 

[*3315.*202*52] =7‘x - P 

h.(l).(2).(5).Dl-.Prop 


( 1 ) 


( 2 ) 

(3) 


(4) 


(5) 


4 
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*263-621. H : P C n . a: e Q'P - Q'P. . D . P‘a:, Q'P ~ f. 1 . 

Dem. 

h . *201*66 . D I- : i>f n .'P'a:e 1 . D . a:e Q'P; 

H .(1). Transp . D I- : Hp . D , P'a;~€ 1 
V , *201-662 . D h : Hp . D . e 1 
I" . (2) . (3) . D h . Prop 


( 1 ) 

( 2 ) 

( 3 ) 


*263 622. t- : P € n . X = min/(a‘P - a'P.) . .ST = P, f P‘x c; / . 3 . 

Sy(Pia^P) = P 

Dem. 

J-.*34*25*26.*50-6*51 .D 

h : Hp . D . s;(P t a‘P) = (P. r p‘®);p c a-p « (/ r p,‘x)!p «/ 

(p. r P‘x) I p I / r / r I I 1 ^ . 

r*50-6-61.*150-36.*35-452] = (P, |‘?‘x)>Pc; P f P„‘x a P. f P‘x | P ('X'x v» 

[*74-Ul.*253-52.*200-381]=(P. [‘?‘x):P o P P !^‘x ta P'xl P. | P pH'® 
[*250-242. Hp] 

[*150-36] 

[*253-5-52] 

[*35-413.*200-381] 

[* 202 - 101 ] 


= (P. \ P‘x)!P k; P P P*‘x o P‘x 1 P P P*‘x 
= (P, !P) P P.“P‘x o P p P*‘x c; P‘x 1 P P P*‘x 
= P P P‘x a P p P*‘x k; P‘x 1 P p P#‘x 
= P P (P‘x w P*‘x) 

= P : D [- . Prop 

*263 63 . h : P « n . X = min,‘(a‘P - Q'P,) . D . 

P, P P‘x a / p P,‘x e (P slnof (P P Q'P)) 


Dem. 


I- . *204-7 . *200-381 . D h : Hp . D . P. p P'x c; / P P*‘x e 1- 

I- . *253-52 . *50 6-62 . D 

I- : Hp . D . a‘(P, p P‘x a / p ^*‘x) = (P‘x - t'P'P) w P*‘® 
[*202-101] =C‘P-l‘B‘P 

[*93-103] = Q'P 

[*202-55.*253 621] = O'pP^a'P) 

h . *263-622 . 3 h : Hp . i . (P. p P‘x c 7 pP*‘*);(P P Q'P) 
H . (1) . (2) . (3) . *161-11 .31-. Prop 


( 1 ) 


( 2 ) 

( 3 ) 


*263-64. H:Pen.aia‘P-a‘P..3.P8morPpa‘P 

Dem. 

h . *260 121 . 3 I- ; Hp . 3 . E I rain,‘(a‘P - H'P.) (1) 

l-.(l). *2.53-63. 3 H. Prop 
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*263 66. I- : P e n . a I G'P - Q'P, . D . Nr‘P, = Nr‘P -i- 1 
Dem. 

V . *253-521 . #204-272 . D 1- : Hp , D . P - e 2, (1 ) 

h.(l). *253-54-2.31-, Prop 


*263*66. h !, P e n . 3 : a‘P| = Q'P . E ! P‘P . 3 . Nr‘P, = Nr*P : 

(Q'P, = Q'P . E I P‘P) . 3 . Nr'P, = Nr‘P + i 
[*253‘51-511*55] 

#263*67. h : P c a . G'P, = Q'P . E ! P‘P . 3 . 

i -i- Nr‘P = Nr‘P + i . i -i- Nr‘P =(= Nr‘P 

Dem. 

I- . *253*51 .31-: Hp . 3 . Nr‘Pr = Nr‘P . 

[*253*21] 3.i-i-Nr'P = Nr‘P-i-i . (1) 

[*253*45] 3 . i -i- NPP + Nr‘P (2) 

h . (1) . (2) . 3 h . Prop 

*263*671 h : P 6 a . ~ (Q'P, = Q^P . E ! P‘P) . 3 . 1 -i- Nr‘P - N r‘P 
Dem.. 

*253*56 . 3 I- : Hp . 3 . Nr*P, = Nr‘P-i- 1 . 

[*253-21] 3 . 1 -i- Nr'P + 1 = Nr‘P + i . 

[*181*33] 3 . i -i- Nr‘P = Nr'P : 3 f . Prop 

*263*672. h : P € a - 1 ' A . ~ (Q'P, = Q'P . E I P‘P) . 3 . i Nr'P + Nr‘P -i- i 

[*253*671*45] 


*263*673. h P e a . 3 : = Q'P . E ! P'P . = . 1 + Nr^P =}= Nr'P 

[*253*57*671] 

*263*674. h P^a — I'A . 3 : a*P, = H'P . E I P'P. = . i -i-Nr‘P = Nr‘P-i-1 

[*263*67*672] 



*264. GREATER AND LESS AMONG WELL-ORDERED SERIES. 
Summary of #254. 

In the present number we have to prove that of any two well-ordered 
senes one must be sitnilar to a sectional relation of the other. From this it 
will follow that of any two unequal ordinals one must be the greater. The 
propositions of the present number are due to Cantor*. 

Our procedure is as follows. We define a relation meaning 

" li is a proper section of P, and is similar to Q,” i.e, 

H . ii € D‘P, , R smor Q. 

In virtue of *253-46, if P, Q c fl. P.^el^C\s (#254-22) and 
^Hin I—*I (#254*222). Thus if S is any proper section of Q which 

IS similar to some proper section of P,.the proper section of P to which 
it is similar is P,^*S. It is easy to prove that P,^:Q, p D'Q, is a section of 

/ , and if D*Pt C i.e. if every proper section of P is similar to some 

proper section of Q, we shall have (*254-261) 

Hence it follows (#254 27) that if. further, D‘Q, C we shall have 

Pt t J^*Pt smor Q, I D‘Q,, 
i.e. by #253-25, PsmorQ (#254-31). 

Thus (A) if every proper section of P is similar to some proper section of Q, 
and vice versa, then P is similar to Q. 

Consider next the case in which every proper section of P is similar 
to a proper section of Q (i.e, D‘/*i C Q'Q.n,), but not vice versa, so that 
3 1 H'Qt - It is easy to prove that, under this hypothesis, if 

- iVP then D'Pi C (#254*32). But if S is the minimum 

(in the order Q,) of the class then Hence, 

by (A), 

S smor P (#254*321 ). 

Thus (B) if every proper section of P is similar to a proper section of Q, but 
not vice versa, then P is similar to a proper section of Q (#254*33). 

• Math. AnnaUn, Vol. 49. 
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From (B), by transposition, we find that if every proper section of P is 
similar to a proper section of Q, but P itself is not similar to any proper 
section of Q, then every proper section ol Q is similar to a proper section 
of P, whence, by (A), P is similar to Q (*254*34). Hence, if there are 
proper sections of P which are not similar to any proper section of Q, the 
smallest of such sections (say P') must be similar to Q, since it is not itself 
similar to any proper section of Q. but all its proper sections are similar to 
proper sections of Q. Hence (C) if there are proper sections of P which are 
not similar to any proper section of Q, then there is a proper section of P 
which is similar to'‘ 0 . i.e. 

h : P, Q e n . a ! D'P, - . D . Q € a'P,„, (*254*35). 

Thus either ( 1 ) 3 ! D‘P, - in which case QeG^P^^, or 

(2) in which case PeQ^Q,,^, or (3) D‘P, C and 

r>‘Q, CG'Pa^, in which case, by (A), PsmorQ. Thus (D) if P and Q are 
any two well-ordered series, either they are similar or one is similar to a 
proper section of the other (*254*37). 

We now proceed to define one well-ordered series P as less than another 
well-ordered series Q if P is similar to a part of Q, but not to Q, i.e. we put 

less=PQ{P,Qefi . g ! R 1 ‘Q n Nr‘P . ~(Psmor (^)| Df. 

(Observe that we have R1‘Q in this definition, not 

It follows from (D) that, P and Q being well-ordered series, if P and Q are 
not similar, one must be less than the other (*254*4). It follows also from 
*250 65 that if P is similar to a proper section of q Q cannot be less than 
P (*254181). Hence P is less than Q when, and only when, P is similar to 
a proper section of Q, i.e. 

P less Q*~.P,Qeii.Pe (1*5^... (*254*41 ). 

Hence if each of two well-ordered series is similar to a part of the other, the 
two series are similar (*254 45) ; and in any other case, one of them is similar 
to a proper section of the other. 

From the above resulus we easily obtain the following propositions, which 
are useful in the ordinal theory of finite and infinite. 

*264-61. h : P less Q . = , P. Q e H . R1‘P n Nr^Q = A 

I.e. one well-ordered series is less than another when, and only when, no 
pan of it is similar to the other. 

*264*62. h : P e n . a C C‘P . g ! C‘P a p^*P^^a . D . Pf o less P 

l.e. any part of a well-ordered series which stops short of the end is less 
than the whole series 
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[part V 


*264 66. h : , Q less P . = : P, Q e n : (gP) . P smor Q . P G P . g I G*P rsp^^G*R 

I.e. one well-ordered series is less than another when, and only when, it is 
similar to a part of the other which stnps short of the end. 


★26401. Ies3 = p0jP,Qfn.alR|‘QrtNr‘P.~(PsmorQ)) Df 
★26402. P*ra - (D‘P») ■] smor Df 

★2641. less Q, = .P, y 6 n . gl R]‘Qr»Nr‘P . ~(Psmor Q) [(★254 01)] 
★264101. l-:P,QeD.PeQ.~(P smor Q) . D . P less Q [★254'1] 

★26411. 1 - : PP,„Q . = . P € D‘Pt . R smor Q [(★254-02)] 

★264111. h .P.,„'Q-D‘P, n Nr'Q [★254-11] 

★26412. hzQc a‘P.„ . = . g I D*P, a Nr'Q [♦2541 11] 

★264-121. I- . D‘P, C a‘P,„ [♦254-12 , ★152-3] 

★264 13. h P smor P', Q smor Q'.OzP less Q, = .P' leas Q' 

[★151-15 . ★152-321 . ★254-1] 


★264-14. h : S e D‘Q, . Pe P slnb-r Q . D . TiSeD^P, a Nr-5 
Dem. 


t-. *21.3141.31-: 

Hp. 

3 . (gyS) • /8 € sect'Q - i‘A - i‘C‘Q .S=Q10 

(1) 

h. ★150-37 

. DH: 

Hp. 

S = Qt/9.3.r!S = (7’iQ)t T“ff 


[★161-11] 



= Pt yo/S 

(2) 

H. *21 2-7. 

Dh: 

Hp. 

0 e sect'Q . 3 . T‘‘0 e sect'P 

(3) 

H . ★37-43 . 

Dh: 

Hp. 

8 € sect'Q - t‘A . 3 . 3 ! T“0 

(*) 

f-. ★150-22 

. Dh: 

Hp. 

T‘'0 = C'P.O. T“0 = T‘'C‘Q : 

[★72-481] 

DI-: 

Hp. 

T‘'0 ^C‘P.0t sect'Q . 3 . /8 = C‘Q : 


[Transp] 

DH: 

Hp. 

0 e sect'Q - I'C'Q . 3 . T"0 + CP 

(5) 

l-.(3).(4) 

.(5).D 




h : Hp ,^£ 

sect'Q - 

-i‘A 

- I'C'Q . 3 . r“/3 e sect'P - t'A - I'O'P 

(6) 

K(l).(2), 

.(6).D 

h : Hp . D . (go) . a e sect'P - t'A - t'C'P . PJP Pf o . 

[★213-141] 



D.PJScD'P, 

(7) 

H. ★151-21 

D 

h ; Hp . D . (P»if)8mor5 

(8) 

l-.(7).(8), 

. D h . Prop 



★264141. h: 

P smor 


.D‘Q,ca‘P.„.D'P,ca‘Q.„ 



Bern. 

h , ★25412-14 . D I- Hp . D : P 6 D‘Q, . 3 .S(a‘P,„ (1) 

h,(l).*151 14.Dl-.Prop 


★264-142. I- : P e C‘P, . D . P.„, G P.„ 
Bern. 


h . *21 3 241 . D h : Hp . D . D‘P, C D‘P, 
l-.(l), ★254-11. DH. Prop 


< 1 ) 
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*254143. 

Dem. 


: e 6 . D . C‘Q, C 


h. *25412. DF 

[*254141] 

[*254142] 

[*2131ti.Hp] 

[*2131] 


Hp . D . (aP) • P € D‘Ps . P smor Q . 

D . (aP) . p e D‘P, . c a‘P 

D . D‘Qs c a‘P.„ . 

D.gC“(sect‘Q-i-A)Ca'P„„. 

D.C‘Q.Ca‘P,„:DF,Prop 


Am 


*264144. h:P = A.D.P,„ = A [*213-3 . *25411] 


*264-16. h:.Q^CJ.'g^lB‘P.P„(iJ.D:Qe a‘P,„ . = . C‘Q, C Q'P 
Dem. 

I- . *254-143 . 3 h : Q € Q'P.^ . D . C‘Q, C a‘P.„ 

h . *213-142 . *211-26 . D I- Hp . g ! Q . D : Q € C‘Q , : 

[*22-441] D:C‘Q, Ca‘P,„.D.Qea‘P 

I- . *21118 . D H : Hp . 3 . g ! sect'P n 1 . 

[*200-35] D . A e P t “(sect'P - t‘A) . 

[*213-16] D. AeD'P, . 

[*254-121] D.AeQ'P.^ 

h . (2) . (3) . 3 I- Hp. D : C‘Q, C a‘P.„ . 3 . Q « Q'P 

I" . (1) . (4) .31". Prop 


Am 


Am 


*264 16. I- Q smor Q'. 3 : P,JQ = P.„‘Q' : Q e H'P.^ . = .Q'e Q'P 
Dem. 


am 


1- . *254 111 . *152 321 . 3 h Hp . 3 

[*13-12] 3 

[*33 'I] 3 

t- . (1) . (2) . 3 f- . Prop 


: ^ 

:a! = 

:Qea‘P.„. = .0'ea‘P.„ 


( 1 ) 


( 2 ) 


(3) 

(4) 


( 1 ) 


( 2 ) 


*264-161. y : P smor P' . 3 . H'P.^ = H'P' „ 

Dem. 

I- . *254-14 . 3 t- : P e P sliior P'.Se D‘P', n Nr‘Q . 3 . PJS e D'P, r. Nr‘Q : 

[*-254-12] 3h: r6Ps"raorP'.Q6a‘P'.„.3.Q6a‘P,„: 

[*151-12] 3l-:PsmorP'.3.a‘P'.„Ca‘P.„ ( 1 ) 

I- . (1) . *151-14 . 3 t- : P smor P' . 3 . a‘P,„ C a‘P'.„ (2) 

l-.(l).(2).3h.Prop 


*264162. 1- :. Psmor P' . Qsmor Q' . 3 : Q eQ'P.n, . = . Q'eQ'P',^ 

[*254-16-161] 

*264-163. y-.Re a‘Q.„ . 3 . a‘P.„ Ca‘Q.„ 

Dem. 

y . *25412 .31-: Hp . 3 . (g/S) . Psmor S. Se D‘Q, . 

[*254 161-142] 3 . (gS) . a‘P.„ = a‘S.„ . a‘P.„ C a‘Q.„ . 

[*13195] 3 . a‘P.„ C a‘Q.„ : 3 h . Prop 
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SERIES 


[part V 

*254164. h : I)‘A C . D . ]>■/>, = P^J‘(D‘Q, „ a‘A„) = P.„,»D‘(2, 

Dem. 

I- . *2541 1 . D h : Hp . /e . I)‘P, . D . . S . D<(?, . Psmor5. 

" I 3 . (3-S) . 6- e D‘ft . PP.„,S 

D . P « P,„'‘D‘Q, (1) 

I- . *254 1 1 . D I- . C D‘P, (2) 

K ( 1; . (2. . D t- : Hp . D . D-P, = p,j.D-Q, 

a‘7>.„) Oh. l-r„p 

*25417. h : P f n . (? f D‘P, . P C Q . D . ~ (P smor P) 

Dem. 

V . *204-21 . D 1- : P e n . P e P . P sin..r P . 3 . P e Ser . 

3.P = 7^CC‘P (1) 

I- . *250 65 . 'I’ransp .3 

1- : Pe 11 . Psmor P. P = P^ C‘P . 3 . ~ (jja) . o c sect'P - j‘C‘P . C'RCa. 

[*2111 33 44] ^ ~ ( 3 ( 7 ) . <? e P t “(sett‘7-‘ - I'C'P ) . P C Q . 

[*213-141] 3.~(3(7).Qf D‘7^.PGQ (2) 

K ( 1 ) . (2) . 3 h : P e n . P smor P . P C P . 3 . ~ (gQ) . Q ( D‘P, . P C 0 (3) 

I" . . Transp . D I- . iVop 


( 1 ) 


*25418. h : Qe . D .^(PlessQ) [*25417 1] 

*264181. t- : Q e less Q) 

Dem. 

h.*254 18 1201-: Hp.D.(g/f),;7smorQ.-(/^ less 72). 

[*254*13] ^ less Q) : D h , Prop 

*254 182. h : Pe n . Qe D‘P, O , Q less P [*254101 . *253*421*18] 

*254 2. It : P c n . Q € O . Q less P 
Dem. 

h. *254 11. Df-:HpO.(a/?).72e D*P, , i? smor Q . 

[*254-182] 3.(gP).PlessP.Psmorg. 

[♦25413] 3 . Q less P : 3 I- . Prop 

*254 21. 1-: Pen.Qea‘P„„.PC0.P«n.3.PlessP 

Dem. 

y . *2.54-12 . 3 1- : Hp . 3.1aS, P).SeD‘7^ . TeSsmorQ . 

[*151 -21. *150-31] 3 . 13 s, T).S(D‘P,.reSsmorQ.T’RsmorR.T>R<lS. 

[*254-17) 3 .( 37 ’!. 7’:Psmoi-P.7’:PGP.~(7’:p smor P), 

[*15117] ) • T * Ji smor R , T'^RQ P , ^{Rsmor P), 

[*254-1] 3.PlessP:3l-.Prop 
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*264*22. h : P € n . D . P,.„ c 1 ^ Cls 
Dem. 

h . *25411 Oh:. R]\Jj . SP,...Q .:>:R,Se D‘P, . P smor S : 
[*253-46] D:P€n.D.P = S (1) 

h . ( 1 ) . Comm . D h . Prop 

*264 221. h : P € n . D . Q'P,,, C Q 
Dem. 

h. *254-12. *253 13. D 

h : Hp . Qea‘P„,„ . D . (gP, a) . P = P[a . PsmorC^ . 

[*250-141 .*251-11 1 ] D . Q e n : D h . Prop 

*264 222. h : P, Q e n O . P.„, \ e 1 1 

Dem. 

h . *2.54-11 . D h P (P„,„ r D‘Q0 . P (P,„. f D*Q,) 5' . D : 

P, (S'e D*Qi . P smor S . P smor S' : 

[*253-46] D : Q 6 n . D . S = S' (1) 

h . (1) . Comm . 3 h : Hp . D . Pg,„ [ D*Qt e Cls— ► 1 (2) 

h. (2). *254 22. Dh. Prop 

*264 223. h . Cnv‘(P.,, [ [ D‘P. 

Dem. 

y . *25411 . 3 I- : /e (P.„, [• D‘Q,) .S . = . P € D<Pt . P c D'Q, . R smor S . 

[*15114] = . .S' 6 D'Qi . R 6 D‘Pi . S smor R , 

[*2541 1] = . S (Q,„, r D‘P0 P : D h . p.op 

*264-224. h : Q e n . E ! P.„‘S . S e D‘Q, .3.5= Q.„,‘P„„‘5 
Dem. 

y . *254-223 . 3 I- :. Hp . 3 : SQ„„ (P.„,‘.S') . = . (P.„‘S) P,^^ (1) 

I- . (1) . *30 32 . *254-22 .31-. Prop 

*254-23. l-:Pen.Qea‘P,„,.3.P,„‘Q = r‘(D‘P,r.Nr‘Q) [*254-22111] 

*254 24. y P,Qen . Re D‘P, n a‘(3,„ . S e Rl‘P n D‘P, . 3 . S e a‘Q,„, 
Dem. 

h . *213-24 . D h : Hp . D . S € D'P, . 

[*254143.Hp] D . S e : D h . Prop 


R. & W. III. 
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Dem. 


SERIES 

[part 

, . 3 : P « a‘Q,„ . = . P e D'Q, 

,.3.P.a‘Q.„ 

(1) 

C‘R , . 3 . C P.„ 

(2) 

>.P~ra‘P.„ 

(3) 


(4) 


[*213*245] 

[*213153.Hp] 

[*213*245] 

h.(l).(5).Dh.Prop 




3.Q~eC'‘ie,,(24=ij. 

^■■^(QP,R).Q^R. 

O.RP,Q. 

O.Rt D‘Q, (5) 


*264 242. :Qefl . Te P smor Q .Se D'Q, .'2 . T>S= 

Dem. 

I- . *25414 . D h : Hp . D . T>S t D‘P, n Nr‘5 . 
[*254-11] :> . (T!S) P,„S . 

[*254-22.*251 111] D , TiS=P.JS OK Prop 


*264-243. I- : e e n . S e D‘Q, . r € P smor .9 . S' O . r:S' = P,„‘S' 

Dem, 

I- . *213*245 . *25318 . D h : Hp . D . S e n . iSf' € D'iST, . 
[*254-242] 3 . r<S' = P.JS' OH. Prop 


*264 244 H : P, Q e n . Se D'Q, n a‘P,„ . Pe (P,„‘S) slnor S . S'Q,S. 3 . 

T’S = P,„‘S . T>S' = P.„‘S'. (PIS') P, (2';S) 

Dem. 

y . *254-243 . 3 I- : Hp . P = P,„<S . 3 . T'>S’ = P.„‘S' (1) 

(-.*264-11. 3(-:Hp(l).3.P«D‘P,. (2) 

[*254-142] 3.P™GP.„ (3) 

H . (1) . (3) . *264-22 . 3 I- : Hp (1) . 3 . PJS' = P.,„‘S' (4) 

H. *161-11. 3(-:Hp(l).3.P=p;s. (6) 

[(2)] 3.PiS«IPP, (6) 

(-.(1).(5).*254-11. 3l-:Hp(l).3.P;s'«D‘(P:S) (7) 

I- . (6).(7). *213-244 . 3 (- : Hp (1) . 3 . (US') P, (TiS) (8) 

(-.(-5). 3l-:Hp.3.p:s = P.,„‘S (9) 

I- . (9) . (4) . (8) . 3 (- . Prop 

* 264 - 246 . I- : P, g . n . Se D'Q, a a‘P.„ . S'Q,S . 3 . (P.„/S') P, (P.„‘S) 
Dem. 

(!) 


I- . *254-22-1 1 . 3 1- : Hp . 3 . (P.„‘S) smor S 
(- . (1) . *254-244 . 3 1- . Prop 
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♦ 264 - 26 . }-:.P,Q€fl.S^S'€D^Q,rsa^P^^,:)iS'QsS. = .(P,JS')P,{P,^^S) 
Dem. 

I- . *254-245 . D I- Hp . D : S'Q,S . D . (P,JS') P, (P,a.'S) (1) 

. ,.,P.JS.P.^‘S\P,Q 
^ S, S', Q,P 

h :. Hp . 3 : (P,„‘S') P, (P.„,‘S) . 3 . {Q.JP.JS') Q, (Q.„‘P,„‘S) . 
[*254-22+] 3.S'Q,S (2) 

I- . (1) . (2) . 3 h . Prop 


*264-26. I- : P, Q € ri . 3 . Q, C (D‘Q, A a‘P„„) = Q,J(P, t D‘P.) 

Dem. 

t- . *254-25 . 3 t- :: Hp . 3 S’ ly, C (D'Q, n a‘P,„)| S . = : 

S, S' € D‘Q, r, a‘P., . (P,„‘S’) P, (P.„‘S) : 
[*254-22] ~ -.S, S' e D‘Q, : (gP, P ) . PP,„S . P'P,„S' . P'P.P : 
[*254-223] = : (gP, P') . SQ,^R . S'Q.„,R'. R, R' e D‘P, . P'P.P : 
[*150-11] = : S' {Q.„;(P< t D‘-P.)l -S :: 3 I- . Prop 


*264-261. 


I- : P. Q 6 a . D‘( 3 , C a‘P.„ . 3 . Q, D D‘y. = Q,J(P, C D‘-P.) 

[*254-26] 


*264-27. t- : P, Q € n . D‘P, C . D'Q, C Q'P^ . 3 . 

Q.^ r C‘(P, D D‘P,) c (Q, t T>‘Q,) s-mot (P, t D‘P,) 

Bern. 

h .*254-222 . D I- : Hp . D , r D ^ 1 -► 1 (1) 

h . *37-41 . D I- : Hp . D . 0‘(P, C D'P,) C (2) 

1- . (1) . (2) . *254-261 . *151-22 . D h . Prop 


In virtue of the above proposition, we have, when 

realized, 

sraor(P.pD‘P.). 




whence, by *253-25, Qsmor P. 


This proposition is the converse of *254*141. 

In the above proposition we take [ C‘(Ps t as the correlator, 

rather than [ D^Ps, so as not to have to make an exception for the case 
when P € 2,. For if P e 2„ D‘P, e 1, but P/f i>‘P^ = A. Thus [ D‘P, is 
not a correlator in this case. 


The following propositions, down to the end of the present number, are 
important, and give the foundations of the theory of inequality between well- 
ordered series and between ordinals. 
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SERIES 


*264-31. h:P,Qeil, \)‘P, C Q'Q,.. . D‘Q. C ([‘P,.. . 0 . P smor Q 
Bern. ' 

t- . •254-27 . D I- Hp . 3 : (A C siiior {Q, t D‘Q,) : 

[•253-25] 3:a!-?"-3!e-3.^smorQ 

l-.•254144.^^:Hp.i^=A.^.D‘Q, = A. 

[•213-302] D.Q = A. 

[•153-101] D.Psinorl^ 

Similarly I- : Hp . Q= A . 3 . Psmur 
l-.(l).(2).(3).3l-.Prop 


[PAltT 


( 1 ) 

( 2 ) 

(3) 


•264-311. I- P, Q e n . 3 : D‘P. C a<(3.„, . D‘Q, C a‘P.„. . = . P smor Q 

[•254-31-141] 


•264 32. I- : P, e e n . D'P, C a‘Q.,„ . S r D‘Q, - a‘7^,„ . 3 . D‘P, C a‘S.,„ 

Bern. 

l■.•254-24. 3l-:Hp.P.S'cD<Q,.S'CP.Pea‘P„„.3.5'ea‘P.,„ (1) 

l-.(l).Transp. 3 I- : Hp . P eD‘Q, n a‘P„„ . 3 . ~{S<IR). 

[*213 21] ^.RQ,S. 

[•254-22-1 1.^213-245] 3 . (P.„‘P) smor P . P e D'P, . 

[•254-12] 3 . (P.„‘P) e a‘P.,„ (2) 

K (2) . •37-61 . 3 I- : Hp . 3 . P.n,‘'(D‘Q, n Q'P.^) C a‘P.„, . 

[•254-164] 3 . D'P, C a‘P.„ : 3 I- . Prop 

•264-321. I- : P.gen . D'P, C . P=min (Q.y(D‘Q, - a'P.,„) . 3 .SsmorP 
Dem. 

h . •205-14 . 3 H : Hp . 3 .'q,‘S C a'P.„, . 

[•213-246] 3 . D'P, C a'P,,,, (I) 

1- . •254-32 . 3 1- : Hp . 3 . D'P, C H'P.,., (2) 

[-.(I). (2). •254-31. 3 I-. Prop 

•284-33. I- : P, P e n . D'P, C . g I D‘Q, - a'P.,„ . 3 . P e Q'Q.^ 

Bern. 

I- . •263-24 . 3 I- : Hp . 3 . E ! min (g,)'(D'g, - a'P.,„) . 

[•254-321] 3.(gP).P(p'g,.PsmorP. 

[•25411] 3 . P t a'Q.„': 3 I- . Prop 

•264-34. I- : P, g e n . P ~ e Q'g.^ . D'P, C a'g.„ . 3 . P smor Q 
Bern. 

h . *254-33 . Transp . D I- : Hp , D . D'Q, C JPP, C . 

[*254*31] 3 . p smor Q : D (- . Prop 
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*264-36. I- : P, Q 6 a . a ! - a‘P,.„ . D . P e a‘Q.„, 

Deni. 

h . *253-24 Oh: Hp O . E ! min {Q,y(D^Q, - iVP ,^) . 

[*•205 1 4] D . (a-s') . s € - a‘P.„ . 'q,‘S c a‘P„„ . 

[*213-246] D . (aN) . SeD‘Q, - (I‘P,„. . D‘5, C G'P,,,, . 

[*254-34] 3 . (a-S) . S £ I)‘Q, . S smor P . 

[*254 11] 3.Pea‘(3,„, : Dl-.Prop 

*264-36. h : P, Q £ n . a ! D‘Q, - . 3 . C‘P, C a‘Q„„ [*254-35 143] 

*264-37. H P. Q £ fl . 3 : P smor Q . v . P £ CI‘Q„„ .v.Qe (I‘P„„ 

Peril. 

I- . *254-31 . 3 [- : Hp . D‘P, C . D'Q, CQ'P,^ . 3 . Pamor Q (1) 

1- . *254-35 . 3 h : Hp . a ! D‘Q, - a‘P,„, . 3 . 7^ £ a‘Q.,„ (2) 

h . *254 35 . 3 h : Hp . a ! D‘7^ - a‘Q.,„ . 3 . y £ a‘P,„, (3) 

t-.(l).(2).(3).3 1-.Prop 

This proposition is the most important on the relations of two well- 
ordered series to each other's segments. It shows that of every two 
well-ordered series which are not similar, one must be similar to a segment 
of the other. 


*2644. 1- P,y £ n . 3 : P less Q . v . Psmor Q . v . Q less P 

Dem. 

l-.*254-2. 3 h : Hp . P£ G‘Q,„ . 3 . P le.ss y (1) 

h . *254-2 . 3 1- : Hp . Q e Q‘P,m . 3 . y less P (2) 

h . * 254 - 37 .31-: Hp . P ~ £ CI‘y„„ . y ~ £ Q'P.ni . 3 . P smor Q (3) 
. l-.tl).(2).(3). 3l-.Prop 


*254-401. I- 7^, y £ fl . 3 : less'P = less'y . = . P smor y 
Dem. 

I" . *254- 1 . 3 1- : Hp . less'P = le.ss'Q . 3 . ~( Pleas Q) 

[*254-4] 3 . P amor y 

h . *25413 .31-: Hp . P smor y . 3 . less'P = less'Q 
1- . (1) . (2) . 3 I- . Prop 


(y le.ss P) . 

( 1 ) 

( 2 ) 


*264-41. H : P less Q. = .P.Qen.Pe a‘Q,^ . = . Q £ fl . P £ a'y,„ 

Dem. 

I-. *254-2. 31-:yen.P£a'y,.„.3.Plessy (1) 

1- . *2.54-181 . 3l-:y£a'P,„.3.~(Ples3y) (2) 

1- . *253-421 . 3 H : y £ n . P £ D'y, . P smor P . 3 . ~ (P smor Q) : 

[*254-11] 3l-:y£n.P£a'P,„.3.~(Psmory) (.3) 

I- . (2) . (3) . *254-4 . 3 I- : Q £ n . P £ a'P,„ . 3 . P less y (4) 

I- . (1) . (4) . 3 I- : P less Q . = . Q £ fi . P £ a'y,„ . 

[*254-1] = . P, Q £ n . P £ a'y.„ : 3 h . Prop 
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SERIES 


[part V 


^^^264*42. h . less G J . less^ G less 
Denu 

l■.*254•l. D 1" : P less Q . D . (Psmor Q) . 

[*15113] 3.P + Q (1) 

V . *2541 63 . D I- : P e . D . P e iVQ,^ : 

[*254*41] D h : P lessQ. SlessP, D , P less $ (2) 

I- .(l).(2).Dh. Prop 

The relation " less ” fails to generate a series, because it is not connected, 
two similar well-ordered series being neither greater nor less than each other. 
On the other hand, the relation Nr»Iess is serial, since two similar well- 
ordered series both contribute the same term to the field of NrMess, and 
therefore connection does not fail. The relation Nr’Jless will be dealt with in 
the next number. 

*264*43. h : Q € n - r'A . D . A less Q [*2541 , *250*4 . *152*1 1] 


♦264431. l-.a‘less = n-t‘A.CMe3sCn 
Dem. 

I- . ♦254-43 . D h : Q 6 n - t‘A . D . A less g (1) 

I-. ♦254*1 .♦25*] 3. DI-:g = A.D.Qr^fa‘le8s (2) 

h . ♦254*1 . D h . OMess C tl (3) 

h . (3) . (2) . Transp , D h . QMess CO- e‘A (4) 

h . (1) . (4) . D f- , Q'less = fl — t‘A (5) 

l-.(3).(5).DI-.Prop 


In order to obtain C‘les3 = 0, we need, as appears from (1) in the above 
proof, g I fl — t‘A. In virtue of ♦251*7, this requires g ! 2. By ♦101*42*43, 
this holds if “ less " has its field defined as belonging to a class-type or a 
relation-type. If, however, “less” has its field defined as composed of 
individuals, the primitive propositions assumed in the present work do not 
enable us to prove g I 2, nor therefore to prove g ! less. 

It should be observed that “less,” like “sm” and “smor," is significant when 
it is not homogeneous ; but “ C'less ” is only significant for homogeneous typical 
determinations of "less,” because only homojfeneous relations have fields. 

♦ 264 * 432 . I- : g ! 2. . = . 3 I less ^ | tr^a . = . g ! fl — t‘A n ioo'a 

D$m» 

h.^251*7. DI-:aI2.. = .ain-<'AA^„'a. (1) 

[♦264*43] = , (gQ) . Q e H — I'A a . A leas Q , 

[*56'37] D , (aQ) . A less Q . A 4, Q G • 

[♦66*3] 3 . g 1 less A t,^*a j" (2) 
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h . *35*103 . D h : g ! less n I" 
[*254*431] 

[( 1 )] 

l-.(l).(2).(3).D[-.Prop 


3 • (a^. Q) • P le®® Q ■ P,Qc t^a . 

D . a ! n — i‘A n <oo‘“ • 

3 . a ! 2, (3) 


*264'433. H . a ! less <=> <«,‘Cla ^ t|x,‘Cls . a ! less A <„‘Rel f <o„‘Rel 

[*254 432 .»101-42-43] 


*264 434. 

Dem, 


I- : a ! less . = . C'less = fi . = . fi'less = A 


I- . *250-4 . *33 24 . D h : CMess = ft . D . a ! less 
1- . *93-102 . *33-24 . D f- 


h . *254-43 . 3 |- 

1- . (3) . 3 [- 

[*254-431] 

l-.(4).*254-43l . 3h 
K(l).(2).(4).(5).31- 


: B'less 

rQeft 

:aift- 

:a!ft 

. Prop 


■ A . 3 . a ! less 
i‘A . 3 . A less Q 
t‘A . 3 . A s D'less . 

3 . A = B'less 
(‘A . 3 . C'less = ft 


(ll 

( 2 ) 

(3) 


(4) 

(5) 


*264-44. y-.Pe C'lesa . 3 . C'less = less'P u Nr‘P w less'P 
Dem. 

H. *254-13. 3l-:Hp.3.Nr‘PCC‘less 

I- .(1). *331.52 .31- : Hp. 3.1^‘Pu N r‘P u less'P C C'less 
1- . *2541 . 3 I- . CMess C ft . 


( 1 ) 

(21 


[♦254-4] 3 I- :. P e CMess . 3 : Q e C'less . 3 . Q e less'P u Nr‘P u less* P (3) 
I- . (2) . (3) . 3 I- . Prop 


*264-46. h : P. Q e ft . a I RI‘P n Nr‘Q . a ! R1‘Q n Nr‘P . 3 

Dem. 

h . *254-42 . 3 I- ; P less Q . 3 . ~ (Q less P) 

I- . *254-1 . 3 h : P, Q e ft . a I R1‘Q « Nr‘P . ~ (P smor Q) 
[(!)] 3 . ~ (Q less P) . 

[•2541.Tran8p] 3 . ~ a ! Rl'-P « Nr‘Q 

I- . (2) . Transp .31-. Prop 


Psmor Q 


( 1 ) 

3 . P less Q . 

( 2 ) 


This proposition is the analogue, for ordinals, of the Schroder-Bernstein 
theorem. 
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*264 46. h : P less Q • = • P, Q e fi . a ! RI‘Q n N, -p . g , r|<P „ 

Dem. 

*152 11 .*61-34.3 

I- : P, V f n . a ! R1‘Q n Nr‘P . ~ g ! RI'P n Nr‘(? . D . 

P, Q e li , g ! RRQ r» Nr*P, ^ smor 0 ) . 

[*2541 J D.PIessy , 1 ) 

y . *254 1 45 . Transp . 3 

I- : P less (;i . D . P. Q e n . a ! RI‘Q n Nr‘P . ~ g ! R|<p „ Ni ‘Q (2) 
f~ ■ (1) . (2) . 3 h . Prop 

*254 47. I- : P € n . 3 . A = less I C'P, 

Deni. 

H .*213-245 . 3 I- Hp. 3 : Rl\Q,^ . . QeC^P , . 

[*25+121] D.PeG'g 

[*25++l] D.PIessQ ( 1 ) 

H . *2.54181 . Transp . D I- : Hp . g, R e C‘P, . H less g . D . g~ e Q ' R 

[*2o4121] D.g~6D‘R, (2) 

I- . (2) . *21.3-2o . *254-42 . D h : Hp . g, R e C‘P, . R less Q.O.Ke D‘Q, . 

[*213 245] D.RR.g (3) 

^ • (1) • (3) .31-, Prop 


*264 6. H:.P,Qen.3: 

RMP f\ Ni ‘Q= A . = , g ! Rl'Q r» Nr*P . (PsmorQ) . = . Pless Q 

Dem. 

H . *254-46 . 3 1- : Hp , RPP a Nr‘Q = A . 3 , ^ (Q less P) (1 ) 


y , #61-34 , *15211 . 3 h : P smor Q . 3 . Pc R1‘P a Nr'Q (2) 

h . (2) . Transp . 3 h : RPP n Nr'Q == A . 3 (PsmorQ) (3) 

H . ( 1 ) . (3) . *254-4 . D I- : Hp . R1‘R n Sr'Q = A . 3 . P less Q (4) 

*■•*254-46. 3 !■ : Pleas g. 3 . RI‘R n Nr‘g = A (5) 


I- • (4) . (5) . 3 I- Hp . 3 : Rl'P n Nr‘g = A . = . P less g . 

[*25+1] s . a ! Rl‘g n Nr‘P . ~ (P smor g) 3 I- . Prop 

*26461. HrPlessQ.^.P.gen. Rl'Pn Nr‘g= A [*2.54 5 1] 

*264-62. I- : I-* e n . a C C‘P . a ! C'‘P n p‘*P"a . 3 . P t a leas P 

Dem. 

I-. *250-141. 3l-:Hp. 3. Ptaen (1) 

I- . *250-653 .3l-:Hp.3.~(Pta smor P) (2) 

I- . (1) . (2) . *254-101 .31-. Prop 
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*264 53. H : P. Q 6 n . Q C P . a ! C'P r. p*P*^C*Q . D . Q less P 
Dent. 

h . *250*052 . D l- : Hp . D . ^(Qsmor P) (1) 

f- . ( I ) . *254 101 . D h . Prop 

*264'54. t- : P, Q e n . P sinor Q . P C P . g ! C'P n p*P**C^R . D . Q less P 

[*254*53-13] 

*254'66. h ;,Q less P,= iP.Qf fi :(aP), P smor Q.PGP . •^iC^Pn p‘P**C*R 
Dem, 

h . *254-41 . D I- Q less P . D : P. Q e O : (gP) . P smor Q , P e D‘P* : 

[*21318] D : P. Q 6 11 : (gP) , R smor Q . P G P . g ! C‘P a p^%^C^R (1) 
h . (1) . *254*54 , D h . Prop 



*256. GREATER AND LESS AMONG 


ORDINAL NUMBERS. 


Nummary of *255. 

P Q are well-ordered series, we say that Nr‘P is less than Nt'Q if 

, . ess an Q. Thus if and v are ordinal numbers, we say that a is less 
than d there are well-ordered series P, Q. such that /. = Nr‘P and „= Nr'Q 

and 1 ,S less than Q. In order to exclude the case where, in the type 

= -e assume = N,r‘P and 

Inus we put 


M<<'.s.(a^,Q).^ = N.r‘P.„ = N.r‘Q./>lessQ, 

< = N„r:iess Df. 

In order to be able to speak of Nr>P (where the type of “Nr” is left 
ambiguous) as greater or less than Nr‘y, we put 

M < N I 'P . = . u < N.r‘P Df, 

Nr‘/><^. = .N„r‘P</i Df. 

The treatment of types proceeds, mutatis mutandis, as in *117, to which. 

ogether with the prefatory statement in Vol. II, the reader is referred for 
explanations. 

In virtue of *2o4 4G and *1171, there is a close analogy between cardinal 
and ordinal inequality. That is to say, most of the properties of cardinal 
moquality have exact analogues for ordinal inequality, and these analogues 
ave ana ogous proofs. (In the present number, when a proposition is 
analogous to the proposition with the same decimal part in *117, and has 
an analogous proof, we shall omit the proof.) But ordinal inequality has a 
good many properties which have no analogues for cardinal inequality. The 
chief of these, upon which most of the rest depend, is 

*256 112. X„0 . D : /* < v . v . /* == smor‘'i/ , v . v < /* 

where ''NoO" stands for "homogeneous ordinal.s,” V.e. NOnNoR. We have 
also, what is often important, 

*266 17. b : Nr‘/>> Nr'Q . = . Q less P. = .P,Qtn.Qe a‘P.„ . 

= ./',g«n.aiD‘i>,nNr'c 
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SO that 

*266171. \-:,F€L1.0 : /x< Nr‘7^ . = . e Nr“D‘P, - (‘A 
and mure generally, 

*256172. hr.Pen.D: 

fi < Nr‘P . = . (aa) , a C C‘P . a ! C‘P n /)‘P“a. /* = Nr^P t a . g ! ^ 

As in cardinals, /x is greater than v if (and only if) /x is the sum of and 
an ordinal other than zero, including i except when »/ = 0,. (*255 33). But it 
is necessary to the truth of this proposition that the addendum should come 
after v, not before it; i.e. v ^ -rs ^ v unless = 0,. (*255'32'321), but cr -i- v is 
often equal to v. 

If a, yS, 7 are ordinals, and a ^ 8, we shall have 

7 + a > 7 + (*255 obl), 

ax8>^ if a + 0,.^ + 0, (*255o71). 
a X 7 > yS X 7 if 7 + 0, (*255-58), 

7 X /9 5> 7 if 7 is of the form 8 -i- 1 (*255’573), 

7 X a •> 7 X ^ if 7 is of the form 8 + 1 (*255’582). 

From the above propositions it follows that if a, y are ordinals, 

7-i-a=^7-i-y3.D.a = ^ 

f*2o5‘565, where 8 may be substituted for smor “/8 whenever significance 
permits; cf note to *120-51), which gives the uniqueness of subtraction 
from the end (subtraction from the beginning is not unique); 

aX 7 = ^X 7 .D.a = ;3 unless y = 0,. (*255-59), 

which gives the uniqueness of division by an end-factor; 

7 Xa = 7Xy9.D.a=:/3 if ry = 84-i (*255-591), 

which gives the uniqueness of division by a beginning-factor of the form 

8 + i. 

We do not have generally 

a,y 3 , 7 € NoO . a < ^ . D . a exp,. 7 < exp,. 7 , 

because aexpr 7 ^expr 7 are in general not ordinal numbers, since series 
having these numbers are in general not well-ordered. Thus the theory of 
ordinal inequality has only a restricted application to exponentiation. This 
subject cannot be adequately dealt with until we have considered finite and 
infinite series. 

If a is an ordinal, C**a is the corresponding cardinal, i.e. the cardinal 
number of terms in a series whose ordinal number is a. Thus the cardinal 
numbers of cla.sses which can be well-ordered are C‘“NO, i.e. 

*266-7. h . Nc“C'‘*n = C‘“NO 
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It is evident that 

*266 71. h : P less Q . D , ^ Nc‘/7‘Q 

whence, by *254'4. 

*266-73. hi.P.QfH.D: 


Nc‘C‘P< Nc*C‘Q . V . Nc‘C*P ^ Nc'C'O - v . Nc'C'P > Nc'C'Q 
whence also 


*26674. f- a, /3 6 e“<NO -£‘A.D:a»^/3.v.a>^ 

Thus if two classes can both be well-ordered, they either have the same 
cardinal, or the cardinal of one is less than that of the other. 

We have 


*266-76. htP Oeil. Nc'C'P < Nc'C'Q . D . P less Q 

or, what comes to the same thinf^. 

O* 

*266 76. h : a, /3 « NO . C“a < C‘‘0 . D . a < /9 

The converse of this proposition only holds for finite ordin.als. If a is an 
infinite ordinal, a -i- i always exists and is greater than a, but C“a = C“(a + 1). 
(The existence of a -i- i is deduced from that of a by taking a member of a, 

and removing its first term to the end. The result is a series who.se number 
is a -i- 1, in virtue of *253-503*54.) 

*26601. < = Nor»Ic.ss Of 

*266-02. > = Cnv‘< Df 

*266 03. NoO = NO n N^R Df 

Thus “N„0" means “homogeneous oi-dinals." In virtue of *165*34*22, 
this is the same as “ordinals other than A.” It is not, however, strictly 
correct to put NV) = NO - t‘A, because if the " NO ” on the right is derived 
from an ascending Nr, it will not contain all the ordinals in the type to which 
it takes us, but only those which are not too big to be derived from the lower 
type from which “Nr ' starts. Thus in this case N(,0 will be a larger class 
than NO — i‘A. If, however, the “Nr" from which the “NO" on the right 
is derived is homogeneous or descending, we shall have 

NoO = NO - i‘A. 

*266 04. ^ smore t N^O Df 

Thi.s dehnition leads to the usual meaning of “ less than or equal co." We 
want the relation “ less than or equal to " to hold only between numbers of 
the sort in question (cardinal or ordinal), and we want “equal to" to hold 
between two numbers which are merely different typical determinations of a 
given number, provided neither of these typical determinations is A. That 
IS, if /i is an ordinal which is not A, 8moi“/i is to be reckoned equal to /a in 
every type in which it is not A. Thus if i/ = ainoi“/*, i.e. if = smor«‘/*, we 
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shall reckon v equal to ^ if both are ordinals and neither is A, i.e. in virtue of 
«155‘34*22, if i/eNoO. This leads to the above definition. 

*266*06. ^ = Cnv'^ Df 

*26606. M < Nr‘P . = . /t < Nor‘P Df 

On this definition, compare the remarks on *117*02. 

*266*07- Nr‘P < /x . = . N,r‘P < ^ Df 

The following propositions (down to *255 108) merely re-state the above 
definitions. 

*266*1. h : /i < 1 / . = . (gP, Q) . /x = Noi*‘P . v = Nor‘Q , P less Q 
*265*101. h : /i <5 NPQ . = . /x <• Npr'Q 
*266*102. h : Nr‘P < i. . = . Noi *P < i/ 

*256*103. 

*255*104. l":.^^i/. = :/i<i/,v./x. ve NqO . /x = smoi“i/ 

*265105. h:./x^i/. = ;i/^/x; = :i»<-/x.v.^, i/€ NoO . ^ = smor“»/ 

[*255*104 . (*255 05) . *1 55*44] 

*266*106. V : NPP < Nr‘Q . = . Nor‘P < [*255*101 102] 

*266*107. f- : Nr‘P Nr‘Q . = , N^r'P ^ Nor'Q 

*266*108. h Nr‘P ^ Nr'Q . = : N^r^P < N,r‘Q . v . Nr'P - Nr‘Q . P e H 

[*255*107*104 . *155*16 . *152*53] 

*256*11. h : /X < 1/ . = . (gP, Q) . P, Q e D , ;* = Nor‘P . v = N(,r‘Q . 

a ! Rl'Q n Nr‘P . ~ a ! R1‘P a Nr‘Q [*255*1 . *254*46] 

*266*111. l-:/x>i/. = .(aP.Q).P.Qen.^ = Nor‘P.j;=Nor‘Q, 

a ! Rl‘P A Nr‘Q . a ! Nr'P [*255*11*103] 

This proposition is exactly analogous to *117*1, except for the addition 
P.Qell. Hence except where this addition is relevant, the analogues of the 
propositions of *117 follow by analogous proofs. Such analogues will be 
given without proof in what follows, and will have the same decimal part 
as the corresponding propositions in *117. Where proofs are given, there 
are no analogues in *117, or else the method of proof is not analogous. 

*255*112. 1 , fi,p€ NqO . D : /X < i/ - v . /x = smor^v . v . */ <5 

Dem. 

I- . *255*1 . *254*4 , D h Hp . D : 

/i<i/.v.v</x.v.(aP, Q)--P.Q€fi-M = N-r<P.,,==Nor‘O.PsmorQ : 
[*165*4.*152*321] 

D:/x<i;.v.i;<yx.v.(aP, Q) . = Not'P . Nr'P = Nr‘Q . Nr‘Q = smor'V : 

[*15516] 

D:/x<i/.v.i/<;i,v.(aP. Q)-/x = Nor‘P.Nor‘P = Nr‘Q,Nr‘Q = smor“x;: 

[*13*17] D:/x<i».v.i/<^.v./x = smor“j; D h . Prop 
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*266113. I- P, Qt n . D : Xr‘7*< Nr‘Q . v . Nr‘P = Nr‘Q . v. Nr‘Q< Nr‘P 
Dein. 


f- . *25o l 12106 . D h Hp . D : 

Nr‘i*< Nr*Q. V . = smor“N,r*()^ . v . Nr*y < Nr‘P: 

L*15.r416] D : Nr‘/^ < XVQ. v . Nr‘i^= Nr‘(^ . v . < Ni‘P D H . Prop 

*256 114. V € NnO 

[*255 112 104-105 103] 


*265115. 

*25512. 

*266121. 

*26513. 

*255131. 

*26614, 
*256141. 
*266 16. 
*26616. 

*26617. 

Deni, 


1“ n. D : Nr‘P^Nr‘y ,v. Nr‘V< Nr‘P: 

Nr‘P^Nr‘Q.v.Ni‘f^ > Xr‘P [*2.5.111 3 108] 

H ^ > 1/ . = :/A, ve X„0 : 

P t > . Q 6 1. . . a ! K\*p n Nr‘r^ . ^ a ! Rpg Nr*/' 

^ u , ~ : ^,v € NoO ; 

! Kl'Pn Xr‘(^^a ! Nr‘P 

H : Nr‘P > Nr‘Q . = . y^ Q e 11 . a ! UI‘Pr, NPQ . ^ y ! Ri‘Q « Nr‘P 

h : Nr‘P > Nr'y . = . Xr'y* ^ Xi '^^ . Xr‘7^ ={= Nr‘^ 

[*2.i5 13. *254-45] 

I- :/*>!/. = .(aP, <y).y\yel2.;* = N„r*P.i. = Nor‘Q.Nr‘P>Ni‘Q 

y : u , = . P . ;i.=(=snior“i/ [*255 131 14] 

: fii> V. = , /i,p f NoO. a ! ■v‘Rl“/irtsnior‘V . ^^^a! 5*Iil“i/r»smor“/t 
1“ /A, VC XoO . D : 

^ I;* • - ■ «>iior“/i t> n • = . /j.>> smor“v . = . .‘.inor*‘/i •> smor'V 

I- : Nr‘^> Nr‘y. l= . Q less P . = . 7>, g e n . y e . 

= . 7', g e n . a ! vp , « Nr'g 


h . *2.551.3 . *2.54-46 . 3 h : Nr‘7' > Nr‘g . = . g less 7\ (1) 

[*2.54-‘H] =.P.Qe{l.Qea‘P.„. (2) 

[•25^*2] = .7^gen.a!D‘7’,nNr‘g (3) 

t-.(l).(2).(3).DI-.Pr..p 


*265171. l-:.7'tIl.D:;,< Nr'7^ . = ./,« Nr"D‘7", - t‘A 

Dem. 

V . *255 14 .DI-:.Hp.D:^< Ni-*7' . = . (ag> . /, = N„r<g . Ni-‘g < Nr‘P . 
[*255 17] = . (a(7) . = N„r‘g . g e n . a ! U‘7^ n iVr‘g . 

[*1521] = . (ag. R).^ = N,r‘V . g f n . g S.nor R.Re U‘P, . 

[*1.)2 35.*15.5 1 6] = . (a 77) . fi = Ni<77 .Rtll.Rt l)‘P, . 3 I . 
[*2.j318.*37 6] = . /X e Ni“D‘7^ - t'A :. 3 h . Prop 
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*266172. l-:.Pen.D; 


Dem, 




Ni‘P . = .(go) .aCC‘P . a ! C‘P r. p‘P‘‘a . p = Nr‘PC « • 3 ! 


h. *211-703. *213141 .3 

I- : Q 6 D‘P, . D . (aa) ■ « C C‘P . a ! C‘Pr,p‘*P“a . Q = PC a 

I- .(1) .*255 171 .DI-:Hp.^<Nr‘P.D. 

(go) . aC C‘P . a ! C‘Pr.p^“a . = Nr'PC « • 3 ! M 

1- . *250-653 . *254-47 . 3 


( 1 ) 


( 2 ) 


a!C‘Pnp‘P“a.3 

D 

Prop 


PI a less P . 

Nr‘Pra<Nr‘P 


(3) 


hiHp.aCC'P 
[*255 17] 
h.(2).(3).Dh 

*266173. l-:.P€n.D: 

Nr‘Q < Nr‘P . = . (go) , a C C‘P . g ! C‘P n p‘P“o . Qsmor (P ^ a) 

Dei)i. 

H . *255172-102 . *155*22 . D 

h:.HpO:Nr‘Q<Ni‘P, = .(aa).aCC‘P.a!C‘PnyP»a.Nor‘(^ = NVPCa. 
[*152*35.*155*22]“.(ga). aC C‘P. g ! C‘Pnp‘P“a,Qsmor(Pt a) ; D h. Prop 

*266-174. h : Nr‘Q < Nr'P .-.Pen. Nr‘Q e Nr“D‘Ps 
Dem. 

l-.*255171 10213.D 


l-:.Ni*Q<Nr‘P.3 
[*37*6.*155-22] = 

[*155*16] = 

[*37*6] = 


Pen. Nof'Q e Nr“D‘Pi — : 

Pen: (gP) . R e D*P| . = Nr‘P : 

Pen: (gP) . P e D‘P* . Nr‘Q = Nr‘P : 

Pen. NPQ e Nr‘*D‘Pi D h , Prop 

*265*175. l-:Nr*Q^ Nr*P. = .Pe n.Nr'Q e Nr“(D‘P( u t‘P) [*255 174*108] 

*266*176. I- :. g ! P . D : Nr‘Q Nr‘P . = . P e n . Nr‘Q e Nr'C'P^ 

[*213*158. *255-175] 

*256*21. V : Nr‘P<; Nr‘Q . = . P, Qen.RPPnNr'Q =A [*254 51 . *255 1 7] 

This proposition has no analogue in cardinals, because it depends upon 
*254*4. In cardinals, if Cl‘anNc‘/3=A, it does not follow that g! Cl‘/3n Nc‘a. 
so that Nc‘a may be neither less than, nor equal to, nor greater than N<'‘/9. 

*256 211. I- :. P, Qe n. D : g! R1 ‘Pa Nr‘Q . g ! RMQ ^ Nr‘P. = , Nr‘P= Ni 

[*254*45] 

This proposition is the ordinal analogue of the Schroder-Bernstein theorem. 
If P and Q are series which may be not well-ordered, the proposition fails. 
Thus e.g. the series of rationals is like the series of proper fractions, which is 
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a part of tlie series of rationale > 0 and < 1 , and this latter series is part of 
the series of rationale, but is not similar to the series of rationals, since it has 
a last term, which the series of rationals has not. 

*266-22. I- : P, Q e n . a ! RI‘P n Nr‘Q . = . Nr‘P ^ Nr'Q 
*266-221. I- Nr‘P ^ Nr‘Q . = : P, Q e n : (aP) . P G P . P smor Q 
*266 222. hiQCP.P, yefi.D. Nr‘P ^ Nr<Q 
*266-23. I- : Nr‘P ^ Nr‘Q . Nr‘Q ^ Nr‘P . h . P, ^ c fl . Nr'P = Nr‘Q 
*266-24. I- : M ^ 1 / . = . (aP, Q) . /i = N,r‘P . „ = N„r‘Q . Nr‘P ^ Nr‘Q 
*266 241. I- = .(aP, W. /x = N„r‘P . v = N„r‘y .P,Qen . a ! Rl'Pn Nr‘Q 
*266-242. l-:./x,i-cNO.D:/i^i-. = . (aP, Q) . Pe/i* . Q e k . a ! R1‘P n Nr'Q 
jt(255'243. h 1/ . = : 

(aP. Q) : P, Q e n . ^ = N„r‘P . v = N,r‘Q : (aP) . P G P . P smor Q 
#265'244. f- fi,u e NqO . D : 

V . = , snior“/i ^ V . = , fj,^ smor'V . = . smor“/i ^ smor'V 

#265*26. V , V ^ fi • = , fi., u € NoO . smor“^ = smor'V 

*266 27. I- < Nr‘Q .•= . Nr‘P ^ Nr‘Q . Nr‘P + Nr‘Q 

*266 28. H : Nr‘P > Nr‘Q . = . Nr'P ^ Nr‘Q . (Nr‘Q ^ Nr‘P) . 

= . P, Q e n . ~ (Nr'Q^ Nr'P) [*255-13*22’21] 

*266-281. H : /i > I/. ~ ./A V . ~ ((/ ^ ;i). = V e NoO . (v ^fi) [*255-1 14] 

*266 29. H : Xi ‘7* < Xr‘Q . = . Nr‘P ^ Nr‘Q . (Nr‘Q ^ Ni *i>) , 

= . P, Q € n . ~ (Nr‘Q ^ Nr‘P) [*255-115] 

*266-291. 1“ : /t< i/. = ./A ^ (v ^/i).= ./i, i^e NflO. [*255-114] 

In the following proposition, w-e eniploy an abbreviation which is justified 
by its convenience, namely we put 

( 3 ®) . € NO u I'i . Nr-P = Nr‘Q -i- «r 

instead of 

( 3 cr) , a- € NO . Nr‘7^ = Nr'Q 4- cr . v . Nr‘P = Nr'Q 4- i. 

« 

Id virtue of *51 239, these two expressions would be equivalent if 1 had any 
independent meaning; but as 1 is only significant as an addendum, *51239 
cannot be applied. We will, however, adopt the following definitions; 

*265*298. (3ta-).o€/cui‘i,/(/A 4- o). = :( 3 CT),we«./(;i 4* «r).v./(/i4- i) Df 
*265*299. w e K w i‘i . D».y‘(/A 4- «r) . = : o- e * , .yOt 4- «>■) :/(/* 4- i) Of 

These definitions enable us to state many propositions, in which 1 occurs, 
as though i were an ordinal number. 
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*255*3. I" :.Nr‘P^Nr‘Q.= :P,Q € n:(gCT) . e NO w i*i ,Nr‘P = Nr‘Q4- 
Dein. 

h. *255*175. *253*471 

h Nr‘P ^ Nr‘Q . = : P € 11 : ( 30 *) . Nr‘Q + ^ = Nr'P . v . Nr^Q-j- i = Nr‘P : 
[*251*132*26] = : P e n : (g^) . Ni ‘Q, e NO . Nr'Q -i- tsr = Nr*P . v . 

Nr‘Q € NO . Nr‘Q + i - Nr‘P : 

[*25111111 = : P, Qc n : (gtir) . ^ e NO . Nr‘Q-i- = Nr‘P . v . 

Nr‘Q+i = Nr‘P: 

[(*255*298)] = : P, Q € n : (g®) , ct e NO u t*i . Nr‘P = Nr*Q-i-i 2 r:.DI-. Prop 


*255*31. h \ ^,v e NoO : (g®*), t^e NO w t‘i ,/A = v-i-CT 

[*255*3 14] 

*255*32. \~ i. i/fVT e NyO = 

Dem. 

[-.*253 44, D h : Hp . cr + Or . D . v-i- i 4= V (1) 

h. *255*31. D h : Hp . D . I/4-® ^ I' (2) 

H . (1) . (2) . *255*141 . D h : Hp .^=[=0^.3. i/ + ® >• v (3) 

h . *255*141 . D h : Hp . v + ® > v . D . 1/ -i- ct 4= sinor“i/ . 

[*180*6] D. 0-4= Or (4) 

K . (3) . (4) . D I- . Prop 


*255*321. H 1 / e N^O .D:v^0r» = *v-i-i^i^ 
Dem. 


H « *253*45 . 

DI":Hp.v4^0r.D.i/4-i4^*' 

(1) 

h . *255*31 . 

D h : Hp . D . */-j- i ^ 1/ 

(2) 

l-.(l). (2). *255*141 . 

D h : Hp + 

(3) 

h .*255*141 . 

D h : Hp .v-i-i •>v.D.i/ + i 4=smor“i/ . 


[*161*2] 

h . (3) . (4) . D h . Prop 

D . V + Or 

(4) 


*255*33. K s, /X ^ V , ~ i 

1 / e N„0 : (gcr) . ® e NO - t‘0r . ^ = j/-i- . v . i/4=0r./i = i/-i-i 

Dem. 

[-. *255*31 .D 

[“ :./i> I/. = :/i. i/eN„0:(gt3-).-cTeN0./x= i' + ®.^>v.v./i = i/-fi.;x>„: 

[*255 32*321] 

= :M.i/€N«0:(gtjr).tjreNO- t'0r./x=,. + ,^.v.*. + 0r./* = i'+i :Oh.Prop 


R. A W. III. 



[part 
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*255'4. ^ V . V ^ -UT VT 

★265'41. 

^(t266’42. 1" • ~ (/i- *> /i) . (/X /i) 

*255*43. 

*255 431. h : ^ ^ 1/ . CT 6 N(,0 . ~ (/i ^ ra-) . D , tr 
*255*44. J ^ ~ (/i ^ ct) , D , (/X ^ v) 

*255*441. H : i; ^ CT , ^ e NqO • ty) • D • 1/ 

*266 46. l■:/x^I/.v^>ti^.D,/x>CT 
*265*46. l■:/xi>t/.|/^CT.^./x•> ct 
* 266 47. l":/A5>v.i/*>CT,D./i5>tT 
*266*471. 


I' [*2.50*4.3*114] 


fi [*255*44114] 


*266*482. >/i) 

*266 483. = i/e NgO . (i/ < /i) 

*266*6. hzfie NgO . = . ^ ^ 0^ 

Dem. 

H . *255*31 .DI-:./i^0r. = :/ie NgO : (gtr) , a- e NO u i‘i . /i = Or + tr 
[*180*61] = : /i e NgO :. D I- . Prop 

*266*61. h : ^ e NgO - 1% . = . m > Or [*255*141*5 . *153*15] 

*266 62. h : P € n - t‘A . = . Nr‘P ^ 2r 

Dem. 

h . *250*13 . D I- : P c n - PA . D . E ! fi‘P . 


[*93*101] 

[*56*11. *55 .3] 
[*13*195] 

[*255*22] 

h .*255*22. Df-;Nr‘P 
[*61*361] 

h.(l).(2).Dh.Prop 


:>-(ay).(P‘P)Py.P‘P + y. 

=> • (ay) • i y f 2r n RPP . 

D.a!2rnRI‘P. 

D.Nr‘P^2r 

2r.D.P€n.al2rl^Rl‘P. 

D.PcH-t'A 


( 1 ) 


( 2 ) 


*266*63. h : /I € NgO - t‘0r . = . /* ^ 2r [*255*52] 

*265*64. h :. 2r ^ /i . = ; /i = 0r . V ./i = 2r 
Dem. 

h . *255*53 . Transp . *255*281 . D |- : 2r > /i . = . /a = 0 (1) 

H . (1) . *255*105 . D !■ . Prop 
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*255-65. I~ : > 2, . = . A* t NoO - t‘0, - i‘2r 

Dein. 

V . *255 54 , Transp . *255-281 . D 
h : /i. •> 2r . = . /i e NqO , /x =|= 0 ^ . /a 2;. : D h . Prop 

#266-56. hiifell .Nr‘P >Nr‘Q.D.Nr‘iJ + Nr‘P>Nr‘iJ + Nr‘Q 
Dem. 

1- .*255-3 , D I- Hp.D : 7^Q,/^en : ( 3 ^) . ct e NO o t'i . Nr‘P = Nr‘Q -i- cr : 
[*180-56] 

D :P,(3,fi6n:(aa-). o-eNOo t‘i . Nr‘i2 -i- Nr‘P = (Nr‘i2 -f Nr‘Q) 4- ^ : 

[*255-31. *251-26] D : Nr‘P-i-Nr‘P > Nr‘i2-i-Nr'Q :. D h . Prop 
*266-561. H : 7 6 N^O .a>^.D. 7 -i-a> 7 -i -/9 [*255-56] 

*266-662. h : P € n . Nr‘P ^ Nr‘Q . D . Nr‘P4- Nr‘P ^ Nr‘P + Nr‘Q 
Dem. 

h . *180-3 . D h : Nr‘P = Nr‘Q . D . Nr‘P + Nr^P= Nr‘P + Nr‘(2 (1) 

h.(l), *255-108-56. 3 

h Hp . 3 : Nr‘P4- Nr‘P S> Nr‘P -i- Nr‘Q . v . Ni‘P4- Nr‘P = Nr‘P-}- Nr‘Q : 
[*255108] 3 : Nr‘P4- Nr‘P^ Nr‘P + Nr‘Q 3 h . Prop 

*255 563. h : 7 6 NqO . . 3 . 74- 7 + y9 [*255-562] 

*266-664. f- : P, Q. P e n . Nr‘P + Nr<P = Nr‘P -i- Nr‘Q . 3 . Nr‘P = Nr'Q 
Dem. 

h . *255 42 . 3 I- : Hp . 3 . - (Nr‘P 4- Nr‘P > Nr‘P 4- Nr‘Q) . 
[*255-56.Transp] 3 . ^(Nr‘P •> Nr‘Q) ( 1 ) 

Similarly : Hp . 3 , (Nr‘Q > Nr'P) (2) 

I- . (1) , (2) ■ *255-113 .31-. Prop 

This proposition establishes the uniqueness of subtraction from the end. 
Owing to the fact that ordinal addition is not commutative, we have to 
distinguish “subtraction from the end” from “subtraction from the 
beginning.” They may be called terminal and initial subtraction re- 
spectively. Thus by the above proposition, terminal subtraction among 
ordinals is unique. This does not hold in general for initial subtraction 
among ordinals. 

*255-565. I- : a ,^,7 e NqO . 7 4-a = 74 -^ . 3 . a= smor“/9 [*255‘564] 

The above proposition is still true if we put os =/9 instead of a = smor“/S 
in the conclusion, but in that case it is only significant when a and yS are of 
the same type, whereas in the above form it is free from this limitation. 
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fPART V 


*266-67. H : P. Q f n - i‘A . D . Q less (P X Q) . Nr'Q < Nr‘P x Nr'Q 

Bern. 

I-. *25013. Dh-:Hp.D.Elfl‘P. 

[*1G5’251] • Q smoT Q I P) 

1- - (1) . *1661 . 3 f- : Hp . D .Q l(B‘P)’(iP x Q 
I- . (1) . *93101 . 3 : Hp . 3 . (g^) . (B'P) Px 

I- . *1 661 i 3 . 3 I- : ( B‘P) Px . ft e C‘Q i (B‘P) . j, e C<y O . P (P X g) (y ; ®) 

f- . (o) . (4) . *33-24 . *166 12 . *113106 . 3 

I- Hp . 3 : (gx.y) : iJ e C‘Q J, ( fl'P) , 3fi . P (P X Q) (y ; x) : y 4, X e (7‘(Px Q) 

I- . (2) . (3) . (6) . 3 1- : Hp . 3 , 


( 1 ) 

( 2 ) 

(3) 

(4) 
(-5) 

( 6 ) 


Q 4 (P‘P) smor Q.Q I (B'P) G P x Q . g ! C‘(P x Q) n p‘*PxQ‘'C‘Q jl, (P‘P) 
[*254-54] 3 . Q less (P x Q) ’’ 

I-. (7). *255-17.31-. Prop 


*266-671. I- :a,p«NoO-t‘0,. 3.p<ax/9 [*255 57] 


*266-672. I- : P, Q « n - t‘A . E I P‘P . 3 . P less (P X Q) . Nr'P < Nr‘P Nr‘Q 
Dem. 


y . *250-13 . 3 1- : Hp . 3 . E I B'Q . 

[*166-111] 3.(P‘e)4;pePx( 

y . *151-64 . (1) . 3 1- : Hp . 3 . (B'Q) 4 > P smor P 
I- .*202-511 .31-:. Hp . 3 : P‘Pe/)‘P^“D‘P : 


(1) 

( 2 ) 

(3) 


[*166-111] 3!®eH‘P-y<C[‘Q.3.((fl‘Q)4xj(PxQ)(y4(P‘.P)j (4) 

I- . *202-511 . 3 h :. Hp . 3 : P‘Qep‘^“a‘Q : 

[*166-111] '^•‘c = B‘P.y(.Q‘Q.-^.{(B'Q)lx](PxQ)\yi(B‘P)] (5) 

I- . (4) . (6) . 3 I- Hp . 3 : X 6 C‘P . y t a‘Q. 3. ((P'O 4 x] (P x Q)-(y 4 (P‘P)) : 

[•150-22] 3 : M(C‘(B‘Q) i’P .yea'Q .0 . M{P xQ)[y ^ (B'P)] : 

[Hp.*33-24.*166-lll] 

3 : (gilT) : « P‘(P X Q) : ife C‘(P‘e) 4 J P . 3 j|f . ./If (P X C) P ( 6 ) 
1- . (2) . (3) . (6) . *254-64 . 3 I- : Hp . 3 . P less (P x Q) (7) 

I- . (7) . *25517 .31-. Prop 


*266-673. I- a,y3e N,O—t‘0, : (gy) . 76 NO— t'O^wi'l .a=s 7 - 4 i: 3 . a'<a>:/9 
Dem. 

I- . *204-483 . 3 I- : Hp . 3 , (gP, Q) . a = N,r‘P . /9 = . g 1 5‘P (1) 

I- . (1) . •266-672 .31-. Prop 
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4t266*58. h : 7 € N^O — t‘Or .a>-y3.D.o>C7£>^X7 
Dem, 


h. *255-31 

.D 







H Hp . D 

: (gw) . tiT 

€N 0 

-t' 0 ,.a = y9 + 

. ' 

V . ^ ^ 0 ^ . 

a = /9-i-i 

( 1 ) 

h, *184-35 

• 

Dh: 

a = /9 + ct . D . £ 

rxo 

' = (^X7) 

+ (ct X 7 ) 

( 2 ) 

l“. *184-16 

• 

D 1 -: 

Hp . CT =1= 0,. ■ D 

. 'O’ ; 

X 7 + 0 ^ 


(3) 

K (2) . (3) 

, *255-32 , 

.D(-: 

Hp . CT 6 NO — 

I'O, 

.a = y94-ra-. 0 . 0 X 7 ?: 

. /9X7 (4) 

h .»184-41 

• 

Dh; 

Hp . a = jS-i- i 

. D, 

0 X 7 = 0 

X7) + 7 • 


[*255-32] 




D, 

a X 7 $> /9 

X7 

(5) 

h.(l).(4) 

.(5),DI- 

. Prop 





*266681. 

|-:Pea. 

E!P' 

'P . Q less P . D 

• 





P y. Q less P X R , Ni ‘P x Nr‘Q <• Nr‘P X Nr'/? 

Dem. 

f- . *254-55 . D h : Hp . D . (gS) . Ssmor Q . 5 G P . g ! C'i? n p‘%*C^S (1) 

h . *16611 .DhiSGP.D.PxSGPxP (2) 

h . *1G6'23 . D t- : iSf smor Q . D , P x Ssrnor P x Q (3) 

h . *202-524 . *40-53 ■ D h Hp , 2 e C'P . w e O'S - y e O'P n . D : 

zP (P'P) . V . ^ = P‘P : wRy : 

[*100113] ^:(wi z) (P xR){yi (P'P); (4) 

I- . (4) , *166-111 . D h Hp . y e C'P n;)‘P“C‘S . D : 

Tlf e C\P xS).:>j^.M{Px R) [y i (P‘P)1 (5) 

I- . (5) . *10-28 . D h Hp . g ! C'P n D : 

(gJVO ! N€C*{P X P) : MeC^(P x ,8) . . M(P x P) (6) 

H . (2) . (3) . (6) . D h Hp . iSfsmorQ, S G P . g ! C'P r\p*R**C*S , D : 

(P X S) smor (PxQ).PxSGPxP.g! C\P x P) r* p'P x P‘'0‘(P x : 
[*254-54] D.PxQlessPxP (7) 

h . (1) . (7) . D h : Hp . D . P X Q less P x P (8) 

h. (8). *255-17 , Dh. Prop 

*256-682. h a 6 NoO : (gS) . 5 e NO - t'O^ ut'i.a = S + i :/ 9<7 :D. 

o X ^ <5 a X 7 [*255-581 , *204 483] 

*265-59. h : a, 7 e N^O .74=0 r.aX 7 = y 3 X 7 ,D.a = smor“/3 
Dem. 


h . *255-58 . Transp . D h : Hp . D • (a > ~ (a < /3) , 

[*255-11 2] D . a = smor'‘/3 : D h . Prop 
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[part V 


This proposition establishes the uniqueness of tevmiruU division, i.e. 
division by an end-factor. Initial division {i.e. division by a beginning- 
factor) is only unique if the divisor is of the form S-f-l. 


*256 691. h a.yS.ycNoO : (gS) . 5e NO - (*0^ u i*i . a = 5-j- i : 

ax^ = 0X7:D./9 = smor^^ [*2r)5-582 1 1 2] 

*266-6. I- : Nr‘P > Nr*Q , D. i -i-Nr‘P > 1 -f-Nr‘y 
Dem. 


h .*255-33 . D h Hp . D : (g^) , ct e NO - t'O,. . Nr'P = Nr‘Q-f ^ . v . 

Nr'P+0,.Nr‘i^ = Nr*e-i-i : 

[*181*55] D : (gcr) . tr e NO — i + Nr‘P = (i -f Nr‘Q)-i- o- , v . 

Nr'P4:0,.. i-i-Ni‘P = (i-fNr‘Q)+] : 
[*255*33] D : i -i- Nr‘P > i + Nr‘Q D I- . Prop 


*266-601. h : Nr‘P > Nr‘Q . = . 1 -f- Nr‘P > i + 

Dem. 

h. ♦255-6^. *255103. D 

l-:Nr‘P<Nr‘Q.D..i + Nr‘P< i+Nr‘Q 
K (1) . *255108 . D h : Nr‘P ^ Nr‘Q . D . i + Nr* 
h.(2).Tran3p.*251 142.D 

H : i + Nr‘P, i + Nr‘Q t NO . ~ ( i + Nr‘P ^ i + Nr‘Q) . D . 



1 + Nr‘Q 


Nr‘P,Nr‘(3fNO. ~(Ni‘P^ Nr‘Q) 
V . (3) . *255-281 . D I- : i + Nr‘P > i + Nr‘Q . D . Nr'P > Nr‘Q 
I- . (4) . *255-6 .31-. Prop 


( 1 ) 

( 2 ) 


( 3 ) 

( 4 ) 


*266 61. I- : Q, P 6 n . Nr'P = Nr‘Q + Nr‘P . Q'P, = G'P . E ! P'P . 3 . 

Nr‘P+ i > Nr‘Q+ i 

Dem. 

I- . *253-57 . 3 I- : Hp . 3 . Nr‘P+ i = Nr'Q + 1 + Nr'P . 

[*255-32] 3 . Nr'P + i > Nr'Q +1:31-. Prop 

*266-62. I-: Q.P«n.Nr'P = Nr'Q4-Nr'P.Nr'P + 0.. 

~ (O'P. = (I'P . E I P'P) . 3 . 

Nr'P > Nr'Q+ 1 . Ni 'P+ 1 > Nr'Q-i- 1 

Dem. 

f . *253-571 . 3 I- : Hp . 3 . Nr'P = Nr'Q+ 1 + Nr'P . 

[*255-32] 3 . Nr'P > Nr'Q -i- 1 . 

[*255-321 ] 3 . Nr'P -j- 1 > Nr'Q + 1 

h . (1) . (2) .31-. Prop 


( 1 ) 

( 2 ) 
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*256-63. h : Nr‘P 
Dem. 

h . *255-33 . D h 


Nr‘Q . D . Nr‘P + i > Nr'Q + i 

Hp . D : (ai?) . Nr‘i? 4= Or ■ Nr‘P= Nr‘Q -i- Nr‘i^ . v 

Nr‘Q + Or.Nr‘P-Nr‘Q-i-i : 

D : Nr^i^i 1 > Nr‘Q-i- i D h . Prop 

Nr'Q -i- i 


[*255-02:i2I] 

*255-64. h : Ni‘P > Ni‘Q . = . Nr‘P-j- i 

Dem. 

V . *255-63-103 , D I- : Nr‘P < Nr‘Q . D . Nr‘P+ i < Nr‘Q+ 1 (1) 

h . *181-31 . D h : Nr‘P = Nr‘Q . D . NPP+ i = NPQ-j- i (2) 

h . (1) . (2) . *255 1 13 . D h : P. Q e n . ^ (Nr‘P > NPQ) . . 

NPP-i-i ^NP(3-i-i . 

D.^(NPP + i >Nr‘Q-i-i) 

(P. Q e n) . D . - (Npp-i- i. NpQ-i- i e nr) . 

D.-.(NPP-i-i >NPQ + i) (4) 

(NPP> Nr'Q). D.~(Nr‘P + i > NPQ+i) (5) 


[*255-483] 
h .*251-132 
[*255 1 2] 
l-.(3).(4). 


Dh 




(3) 


Dh : 




l-.(5).*255-63.Dh. Prop 


*255 65. I- : . /i e NoO — t‘0r .D:i'«>/x.s.i/^/A+i 
Dem. 


h . *255-33 . D I- 1/ > ^ . D : (gw) . a- e NO - POr .i/ = ^ + o-.v.v = /x-i-i (1) 
1- . *255 53*31 . D 

h Hp . CT e NO — i‘0r . v = /i + cr . D : (g^) .peNOuiO .i/ = /i + 2-i-p: 
[*181-56] D ; (gp) .peNOut'i = 

[(*255-298)] ^:v = p.-i-i-i-i.v.i/ = /i + i-j-i-i-l,v. 


(gp) . p e NO— t'Or-v — 
D : v •> p. -j- i 

. *255-45-321 . D h : Hp .v^p + i 
I- . (3) . (4) . D 1- . Prop 


[*255*33] 

K(l).(2). 


• • • « « 

1 + 1 +p : 

( 2 ) 

(3) 

(4) 


The followinjr propositions are concerned with the relations of ordinals to 
the corresponding cardinals, i.e. to the cardinals of the fields of well-ordered 
series having the given ordinals. If P is a well-ordered series whose ordinal 
is a, C‘*a ~ Nc‘C‘P, so that C“a is a cardinal whose members can be well- 
ordered. Such cardinals have the property that of any -two which are not 
eq\ml, one must be the greater. 

If the cardinal number of one senes is greater than that of another, so 

is the ordinal number ; but the converse dues not hold except for finite 
numbers. 
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[part V 


»266-7. h . Nc“C'»fi = C'-'NO [*1527 . (*25101)] 


*266 701. l-.Nc“C“n-t‘A=C‘“(NO-(‘A)=(7“‘NO-i‘A 


[*255 7 .* 37 - 45 ] 


*266-71. t- : P less Q . 3 . Nc‘(7‘P < Nc'C'Q 
Dem. 

I- . *254-1 . 3 I- : Hp . 3 . a ! R1‘Q n Nr‘P . 

[*154-1] 3.a!Cl‘C‘Qr.Nc‘(7‘P. 

[*117-22] 3 . Nc‘C‘P < Nc‘C‘Q : 3 I- . Prop 

*266711. 1- : Nr‘P ^ Nr‘Q . 3 . Nc‘C‘P < Nc'C'Q 

[Proof as Id *25.)'71, using *255-2-2] 


*266 72. 1- : a ^ /3 . 3 . C“a ^ U“fi 
Dem. 


1- . *255-24 . 3 I- : Hp . 3 . (aP, . a = N„r‘P . = N„r‘(3 . Nr‘P ^ Nr‘Q . 

[*2557 11] 3 . (aP, Q) . a = N„i ‘P . /9 = N.r'Q . Nc‘C‘P ^ Nc'C'Q . 

[*1527] 3 . C“a < (7“/3 : 3 h . Prop 


*26673. l-:.P,Q6n.3: 

Nc‘C‘P < Nc'C'Q . V . Nc‘6’‘P = Nc'C'C . v . Nc‘C‘P> Nc'C'Q 

Dem. 

I- .*255711 . 3 r : Hp . Nr‘P^Nr‘(J . 3 . Nc‘C‘P < Nc‘(7‘Q (1) 

t-. *25571. 3h:Hp.Nr‘(^<Nr*P.3.Nc‘C‘Q<Nc‘C‘y' (2) 

l-.(l). (2). *25.5-115.31-. Prop 


*266-74. h :. a, /9 e -i‘A.3:a</3.v.a>/3 

Dem. 

I- . *255-701 . 3 h : Hp . 3 . a, p e C‘“(NO - I'A) . 

[*155 .34] 3 . (aP, V) . P, <2 r n . a = 0‘S,t‘P . /8 = 6'“N,r'Q . 

[*1527] D.(a7".Q).P,Qen.a = Noc‘C‘P./9 = N.c‘C‘Q (1) 

I- . *25573 . *117-106-107-108 . 3 

I- :. P, Q e n . 3 : N.c'C'P < NoC'C'Q . v . N.o'C'P > y^'C'Q (2) 

l-.(l).(2).3h.Prop 


*266-76. I- : P, Q « n . Nc'C'P < Nc‘C‘Q . 3 . P less Q 
Dem. 

I- . *1 17-291 . 3 1- : Hp . 3 . ~ (Nc‘C‘Q < Nc'C'P) . 
[*255-7 1 1 .Transp] 3 . ~ ( N t‘Q ^ Nr'P) . 

[*255-29] 3 . Nr'P < Nr'Q . 

[*255-17] 3 . P leas $ : 3 I- . Prop 

*26676. I- : /9 e NO . C"a < C“/9 . 3 . a <>3 [*255 75 . *152-7] 



*266. THE SEPJES OF ORDINALS. 


Summary of *256. 

In the present number, ^vc have to consider the series of ordinals in order 
of magnitude. Propositions on this subject deserve clo.sc attention, because 
it is in this connection that Burali-Forti’s paradox* arises. This paradox, as 
we shall show in the present number, is avoided by the doctrine of types. 
But before discussing the paradox, it will be well to explain various propo- 
sitions which raise no difficulty. 

For convenience of notation, we shall, in the present number, employ the 
letter M for the relation (This letter is chosen as the initial of 

“minor.") Thus “oJl/yS” means that a and are ordinals of which a is less 

than /9. will be the class of ordinals less than will be /3 + i> 

and when it exists, will ’ be such that either -f 1 = /S, or 

5 = 2,. . — 0^. Thus (J^Mi is the class of ordinals having immediate 

predecessors, and is the class of ordinals not having immediate pre- 

decessors. 

We have (*256T2) 

h aM^ . = : a,y3€N„0 : ( 37 ) , 7 € NO — t‘0r « . ^=:a-j.ry, 

that is, one ordinal is .less than another when something not zero can be 
added to the first to make it equal to the second ; 

*256-11. h : P € n . D . M‘Nr‘P = Nr“D‘Pt 

I.e. the numbers less than that of P are the numbers of the proper 
segments of P. Also, if PeO, 

M t itf^Nr'P = Nor5(P, I D'Pj) . NoF [ D‘Pt e 1 ^ 1 (*256-2*20l), 

so that (*256-202) the series of ordinals less than that of P is similar to the 
series of the proper segments of P, i.e. to P [ (in virtue of *253-22). 
It follows (*256*22) that every section of M is well-ordered, and therefore 
that M is well-ordered (*256*3), i.e. that the ordinals in order of magnitude 
form a well-ordered series. 

“Una questione sui numeri tranaaniti,” Jiendiconti del circoh matematico di Palermo 
Vol. XI. (1897). 


6 
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For the purposes of the present number, it is convenient to include 1, 
(cf. *153) in the series of ordinals ; we therefore get 

Bft [*256]. 

The effect of this definition is merely to insert 1, in the series M between 
Or and 2r. We then have (#256'42) 

Nr‘iV'=i+Ni‘^/. 

Now if Pefl, P^d^P (as we have just seen) is similar to a proper 
segment of M, so that if we omit to mention types we obtain 

H : P e n . D . Nr'P I Q'P < 

Hence Nr‘P, which is i -i-Nr‘P [ (I'P, is less than i + Nr'^ (by *255'63), 
i.e. is less than N. Hence 

l“:Pfn.D.Nr‘P<Nr‘i^. 

Nevertheless N so that it might seem as if Nr^iV must be less than 

Itself, wliich is impossible by *255*42. Hence we are led to Burali-Forti’s 

paradox concerning the ordinal number of all ordinals. 

Burali-Forti’s own statement of his paradox, which is somewhat different 
from the above, may be summarized as follows. Assuming 

a, ^ € NoO .D:a<^.v.a = ;9.v,a>y9 (A), 

we shall have ac NoO . D . ff < a-i- 1. 

But we also have a € NqO . D . a ^ Nr‘W. 

Hence Nr'JV <• Nr‘iV-i- i . Nr*W-i- 1 ^ Nr'W, 

which is impossible. The conclusion drawn by Burali-Forti is that the 
above proposition (A) is false. This, however, cannot be maintained in view 
of Cantor’s proof, reproduced above (*256*112, depending on *254*4). The 
solution of the paradox must therefore be sought elsewhere. 

With regard to Burali-Forti’s statement of the paradox, it is to be 
observed that “ a <5 a-j- i " only holds if g ! a-f- 1, i.e. if (gP) •Pea, C'P^ V. 
This will always hold if a exists and is infinite, because then, if Pea, 
P [ Q‘P B‘Pca-i- i. But if o is finite, this method fails, since 

Pta‘P-t*P‘Pca. 

Thus if the total number of entities in the universe (of any one type) is 
finite, "a <a-j-i ” fails when = t‘V, which is just the crucial case for 
Burali-Forti’s proof. Hence as it stands, his proof is only applicable if we 
assume the axiom of infinity ; it might, therefore, be regarded as a reductio 
ad absurduin of the axiom of infinity, i.e. as showing that the total number 
of entities of any one type is finite. 

In order to make it plain that the paradox does not depend upon the 
axiom of infinity, we have above stated it in a form independent of this 
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axiom. The paradox, stated simply, is as follows: The ordinal number of 
the series of ordinals from 0^ (including 1,) to any ordinal a is a-i- 1 ; hence 
a-i-i exists, and is therefore S> a. But the ordinal a is similar to the 
segment of the series of ordinals consisting of the predecessors of a, and is 
therefore less than the ordinal number of all ordinals. Hence the ordinal 
number of all ordinals is greater than every ordinal, and therefore than itself, 
which is absurd; moreover, though the greatest of all ordinals, it can be 
increased by the addition of 1, which is again absurd. 

In order to dispel the above paradox, it is only necessary to make the 
types explicit. In the proposition 

PeH.D.PleasiV (B). 

upon which the paradox depends, the relation “ less ” is not homogeneous. 
N is of the same type as M, which is defined as NrMess, where C'less — ft. 
Thus Nr'Pe C‘N. Thus N, as it occurs in (B), should really be <‘N(,r‘P, 
i.e. i.e. N{P,P), according to the definition #6512. We have 

therefore 

#266-63. t- : P € ft . D . P less N t t^'S.PP 

but this does not allow the inference 

Wtt'NoT'P lessWC^'Nor'P, 

which is what would be required in order to elicit a paradox. The correct 
inference is, substituting for N[. t‘Nor‘P the equivalent form N (P, P), 

W(P, P) less iV (iV(P, P), iV (P, P)), or, more generally, 

#266-66. y .{N I \) less ( W I 

Thus in higher types there are greater ordinals than any to be found in 
lower types. This fact is what gave rise to the paradox, as the corresponding 
fact in cardinals gave rise to the paradox of the greatest cardinal. 


#26601. 

M=< 

Dft [#256] 


#266-02. 

W = a Or i 1, vy (tft,) '1' 

Dft [#256] 


#266-1. 

h.Jl/eSer.C'JlfCNoO 



Dem. 

1-, #255-42. 

Dh.if <•/ 

(1) 


h. #255-471 . 

D f- . Jif 6 trans 

(2) 


h. #255-12. 

Dh.CWCNoO 

(3) 


1-. (3). #255-112. *155-43. 

D h . ilf 6 connex 

(4) 


h.(l).(2).(3).(4). Dh.Prop 

The above proposition assumes that M is homogeneous, since otherwise 
. is not significant. But M is significant even when it is not homo- 
geneous. Thus the conditions of significance in the above proposition impose 
a limitation upon M which is not always imposed upon M. 
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*266101. I- : a ! il/ . D . C‘Jl/ = N<,0 . 0, = B‘M : NoO - t'O, = (l‘M 


Deni. 

H. *20012. *256 1 (1) 

l-.(l).*51-4. DI-:a!.V.3.a!C‘il/-i‘0,. 

[*2561] 3.a!N.O-i‘0, (2) 

h. *2.55-51 . 3F:/ieN„O-t‘0,. = .0,A/|t (3) 

^•(3)- 3l-.N,0-i‘0,Ca‘3/.0,~6a‘Jlf (4) 

t-.(2).(,3). 3l-:a!A/.D.0,€D‘il/ (5) 

H . (4) . *256-1 . DKa‘jl/CN,O-(‘0, (6) 

1- . (4) . (5) . (6) . D I- . Prop 


The hyp()thesis a • ^ "'ih fftil in the lowest type for which M is 
significant, if the universe contains only one individual. Under any other 
circumstances, a ! must hold. 


*256 102. I- : a ! N„0 - t‘0,. 

Dem. 

I- . *256-101 . D h : Hp . D . a ! OM/ (1) 

t-.(l). *33-24.31-. Prop 


*266-11. 1- : Pen.3.1l/‘Nr‘P=Nr“l)‘P, [*22.5 174] 

*26612. l-:.aJ/^.= :a,^rN„0: 

(37) .7fNO-(‘0r./9 = a + y.v.a=t=0, ./3 = a-i-i [*255'33] 
*266 2. 1- ; P e n . D . 

i»/ [ (.A/*‘Ni-‘P) = NcriP, . M I (^‘Nr‘P) = Nor!(P, t D'P,) 

Dem. 

I- . *2,50-101 .'3 1- : Hp . P £ 0. . 3 . J/ t ^*‘Nr‘P = A . M I (APNr'P) = A (1) 
h. *213-3.. 3l-:Hp.PeO,.3.N,r;p, = A.Nor:(P,CD‘P,) = A (2) 

1- . *256-1 1 . *213-1 58 . 3 1- : Hp . P ~ 6 0, . 3 . .W*‘Nr‘P = Nr“C"P, (3) 
h . (3) . *255-17 . 3 1- :. Hp . 6 0, . 3 : a [11/ [ (.^*‘Nr‘P)) B- = - 

(aft P) . a = Nor‘Q . /3 = N.r'P .Q.Re G‘P , . Q less P . 
[*254-47] = . (aQ. P) . a = N,r‘Q . P = N,r'P . QP.R . 

[*1.50-4] =.a(N.r:P,)P (4) 

Similarly h:. Hp.P~e0,.3:a [M [ (.^Nr‘P)) P.= . a lN.r!(P, ^ D'P,)] P (5) 
l-.(l).(2).(4).(5).31-.Prop 

*266-201. I- : P e n . 3 . Nor [■ D'P, e (11/ 1 (^'Nr'P)] sTiior (P, I D'P,) . 

N„r [ C'P, c \M I (^'Nr'P)| sTTior P, [*253 461 . *256-2] 
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*256-202. h : P 6 n , D . I (i)PNr‘P)l = Nr*(Pt I D‘P,) = Xr‘(P ^ Q^P) 

[*256*201 . *253-22] 


*256-203. h : P e n . D . Nr‘(Af I (3VNr‘P)) = Ni ‘P, [*256 201] 

*266-204. 1“ : a e NoO - P2, . D . i + 'Sr\M I ilPa) = a 
Dem. 

h. *255*101 . *256-202. 3 

h P e n . a = Npi^P . D : Nr‘(Jlf I M*a\ = Nr‘(P ^ CI^P) : 

[*204-46-272] D :P-^€2,. D . i + Ni‘(.l/ ^ ipa) = Nr‘P D I- . Prop 


*256-21. H:/i€NO.P6/a.D. = Nr‘‘D‘P, 


[*256-11] 


*266-211. h : /I € NO - PO^ . P e /t . D . = Nr“C‘Pj [*21 3 158 . *256 21] 


*266-22. 1- : /A e NO . D . ilf C ^ 

Dem. 

h . *250-203 .DI-:Hp.Pe;i.D. ,Nr‘( I V) = Nr'Pi 
[*253-24] 

l-.(l). Dh:/t + A.D.ift^^Ven 
h . (2) . *250 4 . D h , Prop 

*266-221. I- : >1 € NO . D . ilf C 6 n [*256*202] 


( 1 ) 

( 2 ) 


*266*3. h . A/ e n 

*266-31. h : a ! Af . D . 2, = 2^ = 
Dem. 


[*256-22-1. *250-7] 


y .*255*51 -53 . D f- : Hp . D . Af‘0^= i‘2^ w M*2r . 
[*205*196.*2561] 3.2^ = 

[*206-42.*201*e3] = 

[*250-42.*256*101] = 2jt, : D h . Prop 

We shall have, for every finite i/, Vr = p,^, where Vr will be defined as the 
ordinal corresponding to p, i.e. as 

n A C**v. 

(This is a single ordinal when i/ is finite; otherwise, it is the sum of a class 
of ordinals.) This subject will be considered in the next section. 
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*26632. h oMi^ . = ; a,^c NqO :a^0r.y3 = o + i.v.o=0r.^ = 2r 
Dem. 

h , *255*65 . D h ; a € NqO - l*0r • ^ • M*a — i\a + i) w ^‘'(a + i) . 
[*205*196] D , a4* i — vaixii/M^a . 

[*206*42.*20V63] D.o+i = ir/« ( 1 ) 

f-.(l). *256*31. Dh. Prop 


*266*4. h.l.^eNO 
Dem. 

h . *153*36 . D f- : e 1, . D . C7‘/2 e 1 . 

[*200*12.*25012] D . i2 ~ e n (1) 

I-. (1). *251*122. Dh:aeNO.D.anl,=. A (2) 

h. (2). *153*34. DI-. Prop 

*266-41. h.iV = Jtfo0r4l,c; (t‘l,) f d'M [(*256*02)] 

*266*411. K i.aN ^ . = : a = Or •fiet*!, w Q‘if . v . 

o = 1, . /3 € a*M . V . a. ^ C a*M . [*256*41] 

*266412. h:if = A.D.A' = Or4l..i\^c2r [*256*41] 

*266-413. l-:if = 0r42r.D.iV = 0r4,l,a0r42rOlr42r.JVei + 2r 

[*256*41 .*161*211] 


*266414. l-:a‘Ar-.fl.D.iV' = 0r4l,4:3/ta‘Jlf 
Dem. 

h. *204*46. *256*101 .D 

I- : Hp . a I 3/ . D . = Or ♦f D Or 4 1. (1‘U T D 

[*161*101] = Or 4 1, 0 (t'Or U id,) t G%M t a*M) o M t Q'if 

[♦iGOi] =0r4i,4i3fta‘3f (1) 

h.(l). *256*412. DH. Prop 


*266*42. 1- : a I -if • ^ • Nr‘A‘= i + Nr‘3f 
Dem. 

y . #256-414 . D h ; Hp . d^Mr^e 1 . D . - 2r + Nr‘(3/ [ d^M) 

[*181*57] = l + i4-Nr‘(A/ta'3f) 

[*204*46] =l+Nr‘Jf (1) 

l-.(l). *256*413.31“. Prop 

*266*43. h : iV € O - i'A [*256*412*42] 
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★266‘44. 1- P 6 n . D : P t *ess Af, = .P less ^ . g ! 3/ 

Dem. 

h. *25517 -601 .D 

l-:,Hp.D:Pt<I‘Ples3 3/. = . i-i-Nr‘Pta‘P< i + Nr^/ (1) 

1- . *256*412-42 , D f- : P = A . D . P less i\r (2) 

K . *255-51 . Dh:,P = A.D:Pt Q'P less il/ . = . g ! 3/ (3) 

h . (2) . (3) ■ D h P = A . D : P C less M. = ,P less A . g ! jV (4) 

f- .*200 35 .*255-51 . D h Q'Pe 1 . D : P t <3‘P less 3/. = . g ! 71/ (5) 

h . *256 42 . D I- Hp , G‘P e 1 . g ! J/ . D . P less iV (6) 

h . (5) . (6) . D I- Hp . a‘P el.OiPl (VP less 71/. = . g ! 4/ . P less N (7) 

I- .*204-46. Dh :. Hp . g ! P . Q'P - e 1 . D: 1 + Nr‘P C Q^P = Ni‘P : 

[(!)] D : P t a‘P less 71/ . = . Nr‘P < 1 + NPj^/ . 

[*256-101-42] =.Nr‘P<Nr‘7V'.g!71/ (8) 

l-.(4).(7).(8).DI-. Prop 


We now make use of the above propositions to show that every well- 
ordered relation P of the type we start from is less than N, where TV is to 
hold between ordinals of the type to which Nor‘P belongs. This proposition 
embodies what Burali-Forti’s paradox becomes when account is taken of 
types. 


*2666. 

l-rglTlf.Pen.D. Not 5(P, D ^ C «'N„r‘P), 


Dem. 


h . *256-2 . *253-13 . D h : Hp . D . Nor^Pj D D‘Ps) e DM/, 

(1) 


h . (1) . *150-22 . D h : Hp . D . N„r“D‘P, C . 

[*213-141] D . Nor‘PfCO‘71/, . 

[*63-53] D . ^/^;‘71/, = «‘Nor‘P 

(2) 

*266-61. 

l-.(l).(2).Dh.Prop 

4 

1- : P e n . D . Nor!(P, t D‘P,) smor P [ Q'P [*253 463] 


*26662. 

l-:a!^.Pen.3.Ppa‘PlessJ»/t<‘Nor‘P [*256-5-51 . 

*254-182] 

*26663. 

^ : P e n . D . P less N T <‘N„r‘P 


Dem. 


1- . *256 44-52 . D h : Hp , g ! J/ . D . P less TV 1 PNqP P 

(1) 


h . *256-102 . Dh:Hp.71/=A.D.P = A. 

[*256-43] D . P less TV 

(2) 

*266-64. 

l*.(l).(2).DH.Prop 

1- : P e n . D . Nr (P)‘(TV [ <‘N„r‘P) = A 


Dem. 


H . *256-53 . D f- Hp . D : Q 6 i‘P . Dg . ~ {Q smor N p P] : 

[*1521 1] D : «'P n Ni-X7\^ I VN,t*P) = A : 

[(*65 04)] D : Nr (Py(N I «‘N„r‘P) = A 3 h . Prop 
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*256*56. h : P 6 il . D . 

Nr {Py(N ^ «‘Nor‘P) = Nr (Py{N I tH^P) = Nr (Py{N (P, P)) = A 

Dem. 

h. *15512. Dh.PeNor'P. 

[*63*105] Df-.PeCNoPP. 

[*63*53] D h . f'PP = «‘Nor‘P (1) 

I- . (1) . D h . Nr (P)‘(iV t e‘Nor‘P) =- Nr (P)‘(Ar f t*t*P) (2) 

[(*6512)] = Nr (P)‘(Ar (P, P)] (3) 

h. (2). (3). *256*54. Dh, Prop 


*256*66. H . (i\r t X) less \N [ («'CX)1 
Dem, 


I-. *256*43*53. 

D b . (W t X) less \N 1 (e‘N„r‘W f X)| 

(1) 

1- .*155*12. 

DI-.p-C-XeNor^A^^X. 


[*63105] 

Db.WtXe^'Nc^'A^^X. 


[*63*53] 

D b . tH'N 1 X = i'Nor'JV 1 X 

(2) 

h. *64*16. 

Db. A^tXe^WXfCX). 


[(*64*01)] 

Db.WtXc VX 

(3) 

K(2).(3). 

D b . = «‘Nor*W 1 X 

(4) 

I-.(1).(4).D1 

• . Prop 



When types are neglected, the above proposition appears as 

N less N, 

which is impossible, and embodies Hiirali-Forti s paradox. In the form 
proved above, however, the paradox has disappeared, and we have instead 
the proj>osition that in higher types longer series are possible than in lower 
ones. 



*257. THE THANSFINITE ANCESTRAL RELATION. 


Summary of *257. 


Id this number, we are concerned with an extension of the notions of 
and i^po* This extension requires two relations, R and Q, It is most 
easily explained by first defining the “ transfinite posterity ” of a term x with 

respect to R and Q ; this class is an extension of R^*x, This class is 
generated as follows. Let us suppose, to aid the imagination, that Q is more 
or less serial in character, and that iE is a many-one relation contained in Q. 
Then the transfinite posterity of x with respect to R and Q is generated as 
follows : Starting from x, we travel down the posterity of x with respect to R 

(i.e. R^^x) as long as we can ; if the whole class R^i*x has a limit with respect 
to Q, we begin again with this limit, which is to be included in the trans- 
finite posterity of x with respect to R and Q ; if the limit is y, we travel 

down R^^y, and include the limit of this class with respect to Q, and so on, as 
long as we still have either terms belonging to or classes belonging to 

QMtQ. The whole of the terms so obtainable xjonstitute the transfinite 
posterity of x with respect to R and Q, which we will denote* by (R*Qyx. 

In order to obtain a symbolic definition of this class, let us call a class a 

“ transfinitely hereditary ” when not only R*^tr Co-, as in the ordinary 
hereditary class, but also if we take any existent sub-class ^ of <r r\ C‘Q, if y, 
has a limit with respect to Q, that limit is to be a member of <r. Thus tr is 
to be such that the i^-successor of any member of <r belongs to <r and the 
Q-limit of any existent sub-class of <r n C^Q belongs to a (so long as these 

exist). That is, R**crC<r and /i- C <r . g ! /x a C* Q , . Itg'/i. C o'. Using the 

notion of the derivative of a class with respect to Q, introduced in *216, the 

condition /* C o- . g ! ft a . D,* . Itq'^C o- reduces to Sq'o-Co-, in virtue of 
*216’1. Hence <r is transfinitely hereditary with respect to R and Q if 

R**<r w SqV C O'. 

* This rneaniDg for Ji*Q has no connection with the meaning temporarily assigned to this 
symbol in *95. 

B.dW. III. 
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We may now define the transfinite posterity of x with respect to R and Q 
as all members of G^Q which belong to every transfinitely hereditary class to 
which X belongs, i.e. we put 

(R^QYx = C'Q n p (x e . R*^<t w hiY<T C o- . . y e 0-1 Df. 

Then the analogue of is ^ |y e(i2*Q)‘x). This relation, however, is 
less important than the analogue of jRp^ limited to the posterity of x. This 
analogue, assuming Q to be transitive, will be Qp(/2*Q)‘x. For this we 
introduce the two notations and Q(i2,x), the latter being more con- 
venient when either 22 or x is replaced by a more complicated expression. 
Thus we put 

Q^r^Q{R,x) = qi{Ri,Qyx Df. 

If y is a well-ordered series and i2 = Q,. Qf^ is merely the series Q 

beginning with x, and (ie*Q)‘x = Q*‘x = Q‘x w e‘x if xeC*Q. Thus in this 
case, if x= Qiu~Q- But the importance of Qn^ is in cases where Q is 
not completely serial, but becomes so when limited to {R^QYx. In these 
cases, Q will, in applications, almost always be logical inclusion combined with 
diversity, or the converse of this ; i.e. it will be either 

a4(aC^.a4=/9) 

or 

or the converse of one of these. In the case of a^(aC ^ . a 4= have 

lto = s ['(-Q'maxg). tlg=p [ (— (I'miog), 
as will be proved in «258. 

In the present number, we are concerned in proving that, under certain 
circumstances, Qiu^ The proof proceeds on the lines of Zermelo’s second 
proof* of bis theorem that if a selection exists from all the existent sub- 
classes of a given class, then the given class can be well-ordered. 

Before proceeding to treat of this subject, however, it is necessary to 
prove some elementary properties of (22*Q)‘x. These are given in the 
propositions preceding i|i257'2. 

We have 

*267T1. h : X € ff . 22“<r w SgV C <7 . 3 . (22* QYx C a 

Thus in order to prove that (22*Q)‘x is contained in a class <t, we have 
to prove (1) that x belongs to <r, (2) that the .K-successors of members of <r 
are members of o*, i.e. that <r is hereditary with respect to 22, (3) that the 
derivative of tr with respect to Q is contained in <r, i.e. that if is any 
existent sub-class of <r n C*Q which has a Q-liinit, this limit is a member of <t. 

* “ Nener Beweis fUr die MOgliehkeit einer Woblordnung,” tMath. Annalen, lxv. p. 107 (1907). 

His first proof, which was somewhat more complicated, was publishod in Math. Annalen, lix. 
p. 614 (1904). 
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♦267111. i-.(R*Qya!CC‘Q 
♦26712. i-:xeC‘Q.s.xe(R*Q)‘a; 

*267123. h : ii C Q . D . C (R*Qra; 

I.e. if i2 G Q,(-R*Q)‘^ is hereditary with respect to R. The hypothesis 
RQQ 'ia required for most of the properties of (iJ*Q)'x. 

*267126. biRQQ.xeC^Q.O C (R*Qyx 

Thus ifxeC^Q, the iJ-posterity of x is contained in {R*Qyx. 

*26713. h : /I C {R*Qyx . a ! /t . D . <= (R*Qyx 

*267-14. h : iJ C Q . D . {R*QyxcU^*x 

Thus {R^QYx is wholly contained in the Q-posterity of x. 

The following propositions (*257-2— -36) are concerned in proving 
Qiueil, with a suitable hypothesis. This hypothesis is 

Q € R1‘ J A traus . R e Rl‘Q a Cls -* 1 . Itg [ Cl ex\R*Qyx € 1 -► Cls. 

We assume, to begin with, only part of this hypothesis, namely, 

Q € Rl‘J A trans . R e Rl‘Q a Cls — ► 1. 

Thus to prove Qii^eSer, we only have to prove Q^econnex, i.e. 

y € {R*Qyx . D . {R^QYx C^y, 
or, what, comes to the same thing, 

{R*QyxCp^*\R*QYx. 

Let us put 0-1 = (ii*Q)‘j; n p*Q*‘{R*Qyx. 


Then any member of 'crj may be called a connected term," because it is con* 

W 

nected by Q or Q with every other term of (A connected relation 

is then a relation whose field consists entirely of connected terms.) We wish 
to prove that ctx is a transfinitely hereditary class, and therefore equal to 
(R*Q) *x. We do this, not directly, but by combining <ri with another class 
(T, defined as follows. Consider those members z of (i^*Q)'a; which are such 

w 

that their successors in consist of R‘z and its successors in i.e. put 

T = (R*Qyx A $ lQs^*z = (Q^*R‘z}. 

It will be observed that, even when Q is transitive, and (Qj^)* ®re still 

useful In this case, (Qjix)* = Qiu . so that {Qr^)^*R*z consists of 

R*z and its successors in We then consider the class consisting of 

those terms y whose predecessors are all members of r, i.e. we put 

cr, = (R*Q)‘a; a ^ [zQy . z e {R^t^QYx . D, . Q^‘z = 

Finally we put o- — <r, a o-g, i.e. 

a- = {R^Qyx A p‘Q“(ie*Q)‘a: a ^ [zQy . Z€ (/i*Q)‘a: . •Qr.Yz = ^^)i^*R^z}. 
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The reason for tliis process is that it is easier to prove that o- is a transfinitcly 
hereditary class than it is to prove this directly for <t^ ; and the result follows 
immediately for ctj when it has been proved for a. 

We have then to prove C <r , C a. 

The first step is to prove 

This is proved by trausfinite induction, by showing that 

is a transfinitcly hereditary class, whence the result, beciiuse, by hypothesis, 

The proof that is a transfinitcly hereditary class is as follows. 


If ^ e Wz e Q^^R*y. If ^ = y, R*z = R^y. 


♦ 


If then since by the hypothesis Qiu2 = {QrxWR‘z> wc have 

y^{QRx)^'R‘z, ie. R'zeQif^^y. 

Hence ^ e {R*Qyx rs (Q^Uj w Q^^Rhj) ."^.hze ^‘y w ^‘.K'y. 

We have next to prove 


/I C {R^^QYx n {Q^^y u Q^'R*y ) . g ! . D . It^V C Q^^y u Q*‘/f'y. 

If 3 ! rt Q^*R*y, then ItgV C Q*‘X‘y. 

If M C Q*‘y . y € M. then y e maxg'/*, and ltg‘/i = A. 

If M C Q*y, we have y e whence w Itg/* . D . ^ {yQ^f>), whence, since 
y, by hypothesis, is a connected term, wQ^y. 

Hence in any case ItgV C Q#‘y w Q#‘i?*y. Hence Q#‘y w Q^*R*y is 
hereditary, and therefore contains (R*QYx\ and hence 


Qiu^y = («ax)*‘i2'y . {Qiu)4Yy = Qr/R% 

This shows that R^y is a member of For by hypothesis this holds 
of all predecessors of y, and we have now shown (1) that it also holds 

of y, (2) that y is the only predecessor of R*y which does not precede y. 
This is the first step towards proving that a is transfinitely hereditary. 

It follows immediately, from what has now been proved, that if y e cr, R*y 
(if it exists) is a connected term. For by hypothesis 


{R*Qyx C Q^‘y u Q‘y, 
whence, by what we have just proved, 

(JR^Qya:QQ^R•y^JQ^YR% 
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1 ♦ S/ W 

whence R*y is a connected term. Hence R^y € a. Hence ij^cr C <r. 


It remains to prove 


C<r. 


Just as R^^aCa was proved by proving Q*y=Q^*R*y, so Sq'o- C a- is 
proved by proving 


provided 


^ C o- . 3 ! ^ 3 ! maxg'/A ; 


and this is proved by showing that Q“/x u Q^'MtgV is a transfinitely heredi- 
tury class. 

Sm/ — ^ 

To show that u is a transfinitely hereditary class if 

/A C o- . 3 ! /I . 3 ! inaxg^, 

we observe tliat by hypothesi.s 


^ e V . D . Qjt/z = (QrxWR*z . 3 . 3 ! ^ n (Qjt^)^‘R*z. 
Hence R‘z ; and hence, since by hypothesis y C 

-^‘■2 f Q /£ x “ M * 

R^^KQ^Ryw n C {Q*Ryx A Q‘V- 

p = A (Q“/1 u 


Hence 

Also obviously 
Hence putting 
we have 


We have now to prove 


B(i*pCp, 


a C p . 3 ! a . 3 ! max^'a . D , It^'a C p. 

it is obvious (since p, is composed entirely of connected terms) 
that seq(;*o( C Q^*p w itg‘/A. 

On the other hand, if a ! « « then a n Q“^, if it exists, does not 

affect the value of the limit of a, which is the limit of a n §*“ 1 ^ 0 V, which is 

obviously contained in Q*“ltoV Hence V/^ C/x. Hence is transfinitely 
hereditary, and we have 

/A C a . 3 ! p , ^ 3 ! maxgV , D . (72*Q)‘x C u 

At this point it is necessary to assume 

Ito r Cl ex*(R*Qyx€\ Cls. 

This being iissumed, we have, by what has just been proved, 

/A C (T . 3 ! p . 3 ! IV/A . D . (H*Qyx C Q‘V - 

D . {R^Qyx C Q‘Ity*/i. \j 
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Hence ItgV is a connected term. Hence 


^Q*<TCp*Q^\R*Qyx. 

We only require further 

Now by what we have just proved, zQhg^fi . = . 2 e Q‘‘fi ; and by the 
(lehnition of < 7 , since fiC.c, we have 

^ € Q“/i . 3 

Hence we a%ive at Sq^o-Co-. Since we have already proved ii^VCcr, it 
follows that <r is hereditary, and {R*QyxCa, i.e. 


y ( (R*QYx : : y €p‘Q“(R*QYx : zQ^y . 0, 


Qfecconnex ; 

Hence Q^j^eSer. Hence also 
is R*z, so that 


the immediate successor of every term z in 


C D^R . (Qft,). = R t {R*Qyx. 

To show that Qjt^eQ, we observe that every class contained in has 

a sequent, namely 

seq(Qto)‘A=a:. 

a C T>*Qti^ . g I maxg'a . D . seq {Qjt^ya = ii'maxg'a. 

® C . g I a . ^ a I maxg'a . D . seq (Qjt^ya = Itg'a, 

whence a C D‘Q^ . D. . E ! seq (Qru)% 

which shows that 


The first derivative of is Sg'(Q*72)‘ir, and its last term, if any, is 

i*{(Q*Ryx-D*R], U. ltg‘l(e*ii)'a:AD‘i2). 

The hypothesis required for the same as for Q/^^Ser, namely, 

Q € RIV n trans . R e Rl‘(^ n CIs ^ 1 . Itg T Cl ex^Ri^Qyx € 1 -► Cls. 

Id order that may not be null, we require further a:eD‘J2. 

The next set of propositions (4t257‘5 — ’66) are designed to prove that, 
subject to the above hypothesis together with xeD‘i2, is the only value 
of P fulfilling the following conditions : 

(1) P is transitive. 

(2) C*P is contained in {R<l^Qyx. 

w 

(3) If i is any member of D'P, R*z is its immediate successor. 

(4) If a is any existent class contained in G*P and having no maximum, 
Itg'a is its P-limit 
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This proposition is essential for what may be called “transfinite inductive 
definitions,” i.e. definitions of a series by defining the successor of every term, 
and the successor of every class having no maximum. 

The following illustration may make this clear. Suppose i? is a many- 
one relation of classes to individuals; suppose we start with some class a, and 

WWW 

proceed to aui‘i2'a, o u w u and so on. At the end of 

this series we put its sum, t.e. its limit with respect to the relation (C n t/) ; 

w 

let the sum be y3. We then proceed with w and so on, as long as 

possible. The series ends with a sum which is not a member of D*R, if there 
is such a sum. It is evident that the series is uniquely determined by the 
above metliod of generation ; the above-mentioned propositions give symbolic 
expression to the process expressed in words by “and so on, as long as 
possible.” 


*267 01. {R^mQYx = C*Q f\ p {oc € O’ , R^^tr Sq^o- C. a .Ot, - y € o] Df 

*26702. Qj,, = Q(R,x)^Q I (R^QYx Df 

*267*1. 1" y 6 (R^itQYx , = :y e C*Q :x e a , R^^a *-» Sy'a C <t , . y e a 

[(*25701)] 

*267101. h :: y e(i?*Q)‘ar , = y e 0*Q 

w 

X€ <T . R**a C<r:/aC(r.g C^Q . . ItyV C <r ; D, . y « 

[*257*1 .*2161] 

*257*102. h :: y €(ii*Q)‘j: . = y e C‘Q 

X€tT.R**(T Co-:/iCa-.a!/xn C*Q , ‘^glmaxy'/i . . seqg'/i C <r : • y e cr 

[*257*101 .*207*1] 

*267*11. h ixea . R*‘a- w Bq'o- C <r . D . (i2*Q)‘irC a [*257*1] 

Almost all proofs of propositions concerning (ii*Q)‘a: use this proposition. 
*267*111. h . {R*QYx C C'Q [*257*1] 

*26712. h : a: e C'Q . = . a: 6 (i2*Q)'a? [*257*1 ] 

*267*121. H :ieGQ.y€(i2*Q)‘a:.D .^‘yC(i?*(2)‘a: 

Dem. 

H . *257*1 . D h Hp . yRz . D ; a; € o- . R**<r u Sg'cr C <r . y e o* : yRz^z e C'Q: 
[*^7*1] D : ^ c C'Q : a: € (T . R^^<t C o- . SgV C cr . . 

[*2571] D : ^ e (/e*Q)‘x D h . Prop 


z € a i 
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*257122. h : C Q . ^ C(R*QYx . D . ^ C (R*QYx 

*257 123. t- : /i G Q . D . R“(RifQYx C (R*QYx 
•257124. h : 7J C Q . D . \“{R*QYx C (fl*Q)‘ir 


[part V 

[*257 121] 
[*257*122] 
[*257-123] 
[*257 12*124] 


*257125. h : i? G (2 . a: f C‘Q . D . C (R*QYx 
*257126. f- : RG y . *€ 0 u 1 [*2.57 125] 


*257 13. h : ^ C(R*QYx . g ! /* • 3 • C {R*QYx 

Deni, 

h. *257*101 .*10*1 . *22*1 . D h /i C(72*Qya: . D 

- 

■r € cr . R“<7 C <7 : k C <7 . a ! k n 6'‘Q . D. .It^v Ca:0./iCa 
. (1) . Fact . D h :: Hp . D 

if e <7 . R“<7 C <7 : 1 / C <7 . a ! v C'‘Q . D, . Ity'i/ C<70./iC<7.aV 
t-.*10 1 .*257 111 .3 


( 1 ) 


( 2 ) 


h 1/ C <7 . a ! . D, . I(g‘i/ C <7 : D : Hp . fiCa .y .O.yex (3) 

I- . (2) . (3) . 3 f- :: Hp . y lt„/i . 3 

X 6 <7 . R“<7 C <7 : K C <7 . a ! V n C'y . 3. . I t,‘i/ C <7 : 3 . y e<7 (4) 
H . (4) . *10-1 1 21 . *257 101 . 3 h : Hp . y Ity/i . 3 . y f (R*QYti : 3 F . Prop 


*267131. ^.SY{R*QYxC(R*QYx 


[*257 13. *216 1] 


* 257132 . l-:*CCIe.'<‘(R*y)‘x.3.lty“*rC(R*Q)‘.r [*257 13] 

* 26714 . H:RG('^3.(R*y)‘a;cV*‘^- 
Dem. 

t- . *90-103 . 3 I- : Hp . 3 . C 

h . *200 1 5 . 3 h : /a C (^‘.r . a Ify/i . g ! M • 3.- ^ . g I /a . ^ C ^‘.r . 

[*40 01 .*90103] D . Z e cV*‘-s ■ 

[*22-46] 3.ae^,<x 

I- . (1) . (2) . *2.57-11 . 3 I- : Hp . xe C‘Q . 3 . (R*Q)‘xcV*‘^- 

H . *37-261-29 . *00-33 . (*210 01). 3 

I- : Hp . 3 . R“(- G‘Q) = A . S«*(- C‘Q) = A 

I- .(4). *257-11 . 3h : Hp . x~c C‘Q . 3 . (R*0)‘x C - C'y . 

[*257-111] 3.(R*y)‘x=A 

I- . (3) . (5) . 3 I- . Prop 


( 1 ) 


(2) 

(3) 


(+) 


(5) 


*267-141. \-:RCQ.O.R“C‘QuSYC‘QCC‘Q [*210 111 .*37 201 10] 
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*257'142. I- : 22 C Q ■ a: e C*Q . D . (i2*Q)‘a:=p [x e a . 22‘V u 5g‘a C a . e a-j , 
Bern. 

h . *2.57'141 . D h : Hp ,'D [xc a . 22“(r w Sg‘<r C <7 . D,, . y e o-j C C*Q (1) 
h . (1) . *257*1 . D 1“ . Prop 

*267*16. I" : y 6 {R^QYx . z eiR^QYy . D . ^ e {R*QYx 
Bern. 


h . *257*1 . D h R*^<t w t(Y<r C. a \ x € a . y € a i y € a , z € x i 

[Syll] D : a:e <T . D . 2 e <r (1) 

H . (1) . *257*1 . D h . Prop 

*267-16. h : a: eC^Q-B^R . D . ( j2*Q)‘x = t'a: 

Bern. 


H. *257*12. D 1- : Hp . D . a: e (2?*Q)‘a: (1) 

h. *37 *261*20. DI-:Hp.D..R“t‘a: = A (2) 

H . *205*18 . D h : Hp , ^ 3 ! max, /t'a: , O . xQx , 

[*206*42] D.seqg‘i‘x=A (3) 

f- . (3) . *216*101 . D I- : Hp . D . = A (4) 

t" . (2) . (4) . D h ; Hp . D . 22“t*x w Sy't'ar C t'ar . 

[*257*11] D . (2?*Q)‘ar C i^x (5) 

H . (1) . (.5) . D h . Prop . 


We DOW begin the proof (completed in *257*34) that under certain cir- 
cumstance-s We first prove that the class a introduced in *257*2 is 

transfinitely hereditary, and this requires as a preliminary the proof that 

jf ye<r, the class (QRx)^^y^(QiuWB*y transfinitely hereditary. This 
preliminary is provided by *257*2*21. The hypothesis of *257*2 is not all 
used in *257*2, but’ is introduced becau.se it is required in the .set of pro- 
positions of which this is the first. 


*267*2. h y € RP/ n trans . R e RP(3 Cls — » 1 . 

<7 = {R^QYx f^'p^Q^'j R^Q Yx r\ ^ [zQi^y . D, . = {QiuW^^z} ■ ^ : 

yea.ze (QrJ*‘y u {Q^^^R'y . £ t B^R .:>.hze {Qn^^y 
Bern. 

1-. *90163 .*3V *62. *257*123 . D 


I- :. 72 C* Q . E ! ^ e {QnM'R^y ^:>.R*ze {Q^B^^hy 

y . *30*37 . D h : E ! 72‘^ . 2 = y . D . - Wy 

y . *201*18 . *91*52 . *32*182 . D 

h : Hp . y e o- . 2 € . D . QrJz ^{QjirWR^z . y ■ 

[*13*13] 

[*32*182] ^-R^zeiQ^Wy 

*■ • (1) • (2) . (3) , *71*161 . D h . Prop 


( 1 ) 

( 2 ) 


(3) 


7 
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[part V 


, *267-21. [- : Hp *257-2 . y f a . ^ C « {Qn,WR<y . g ! /* . 3 . 


Dem. 


itvV C w 


l-.*20M415. *206134. D 
f- : Hp . a ! ^ n ^ • it<?V C Q^^R'y 

h , *205’38 , D h ; Hp , /4 C Qi^y . y e /* , D . y e maxg'/i . 
[*207*11] 

I-, *40*55. *206143. D 

H : /i C Q^y , w Itg/i . D . y f V , m; ~ e . 

[*37*1] D.'^(yQw) 

h . *257*13 . D f- :. Hp (3) . Hp . D : yQw . v . wQ^y : 

[(3)] ^ 

l-.(l).(2).(4).Dh,Prop 


( 1 ) 


( 2 ) 


(3) 


(4) 


*267211 

Deni. 


h : Hp *267-2 . y c a . 3 . (fl*Q)'® C u ((2«,)*'i?<y 

I- . *267-14 . 3 h : Hp . 3 . iE e (Q«X‘y 
l-.(l). *267-2-21-11 .31-. Prop 


( 1 ) 


*26722. 

Dem. 


t" : Hp *257*2 . 3/ e tr . D . QnJy — {Qiu)^*R^y ■ (Qji,)**y — 


H . *257*21 1 . D t- : Hp . D . {Qs,VR*y = (R^QYx - 
[Hp] ^ 

Similarly I- : Hp . 3 . (eK,)*‘y = ^‘«‘y 
h.(l).(2).3h.Prop 


( 1 ) 

( 2 ) 


It is to be understood that = A if E ! R*y. 


*267 23. h : Hp *267*2 . 0 . 72' V C o* 

Dem. 

h. *257*22. DH:,Hp.y€o-AD'72.D:rQ^'y.D,.Q„,‘z=^(Q«,V^'r (1) 

H. *257 22211 . DI“:Hp.ye<7AD'72. 3. (72*Q)'a: = ^'^'yw(Ql^'72'y (2) 

h . (1) . (2) . D h : Hp .yean D‘72 . 3 . 72'y e o- : D h . Prop 

The above proposition gives the first stage in the proof that a is trans- 
finitely hereditary. The second stage, similarly, requires as a preliminary 
the proof that if fi is an existent sub-class of <r having no maximum, then 

Q.u‘> « {Q,uW^q*h- 

is a transfinitely hereditary class. This proof is provided by *257'24*241*242. 
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#267-24. h : Hp #257*2 ./i C a .g !/t ! maxg'/i . D . 

Dem. 

I- . *91-52 . #201-18 . D h : Hp . ^ V - ^ • 

< — .. 


[*37'46.*1312] 

[*37-46] 
f- .*205-123 . 

I-.(1).(2). 


DH 


3 • a ! 

D * li*z e 

Rp.O.^C 


( 1 ) 

( 2 ) 


3 h : Hp . z e Qj,/‘fJ. .O.R‘ze V : 3 H . Prop 


*267-241. h : Hp *257-24.3 . V v.- (0*.)*“lt«Vi C VC(Q/(.)*“lt«V 
Dem. 

h . *90-164 . 3 h : ii G Q . D , V'lTy V C V ( 1 ) 

1~.(1). #257-24. Dh. Prop 

#267-242. h : H]) *257-24 . p = u (Qjt.VMtgV - 


Dem. 


0 w 

aCp.aHi . ~ g ! wax(j‘a-, 5 . U^^a,C p 


t- . *2061 5 . 3 I- : Hp . g ! p np‘(2“o . w ItgO . 3 . g ! ti — Q‘w 
1- . *201-521 .31-: Hp . p C o- . 3 . p — Q‘w C Q^fW 


1-.(1).(2). 3 1- : Hp(l) . 3 . g ! p r> 

I- . *205123 . 3 h : Hp . 3 . p C Q“fj. 

h.(3).(4). 3l-:Hp(l).3.-u>6Qa.‘V 

I- . *206-24 . 3 h : Hp . p C Q“a . -a C Q“/i . 3 . Ity'a = 

1- . *200 15 . 3 P : Hp . g ! a n . 3 . Ity'o C 

l-.(5).(6).(7).3P.Prop 


( 1 ) 

( 2 ) 

(3) 

(4) 
(-5) 
( 6 ) 
(7) 


*267 243. P : Hp *257-24 . 3.(77*Q)‘a: = Q n" ft yJ p‘ Q nz“ [*40-53. *205123] 

*267-26. P : Hp *257 -24 . 3 . (R*QYx = Q„^‘V (Q«..)*‘%?V 
Dem. 

P .*257 242 . 3 P:Hp.3.8oMQ,u‘V'^(QB.)*‘‘H«VtCQB/V^(<?„.)*‘‘'C‘p (D 
P.(]). *257-241 .3P.Prop 


*267-261. P : Hp *257 -24 . 3 . > = P‘Qn“H- 

Dem. 

P . *257-25-243 . 3 P : Hp . 3 . « (Q«,)*‘%V = Qto‘ V « p'O'm'-p 

[*200 53.*24-481] 3 . (Q„,V‘it’yV = p‘Qm“l^ : 3 P ■ Prop 
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*267-262. h : Hp *257-24 • a ! ■ 3 • V = . a I ItoV 

Dem. 


y . » 257-251 . * 37-29 . D I- : Hp . 3 . g ! lt,V ( 1 ) 

[* 200 - 53 .* 40 - 62 ] D . C (R*QYa; - 

^{R*Qyx-p‘‘Q,^“p 

[Hp.* 10 - 57 .* 257 - 243 ] ^QrJ'p ( 2 ) 

y . * 201-51 . * 40-07 . D I- : Hp . D . Q„/V C p‘^^‘%V ( 3 ) 

K(l).( 2 ).(. 3 ).DKProp 

In order to complete the proof that o- is a hereditary class, we have to 
introduce the additional hypothesis 

It^pCl cx\R*Qyx€ I -^C\s. 

With the help of this hypothesis, the last stage of the proof is provided by 
the following proposition. 

* 267 - 26 . h: Hp * 257 - 2 . It^ I'd ex‘(fl*Q)<i:e 1 -» Cls . D . S/o- C <r 
Dern. 

h . * 257 ‘ 251*252 Itg‘/i . D : 

^ (R*Qya: = : 

[Hp] 3 : lt<,V ep‘Q“(fl*Q)‘a: : = (Vfti)*‘^‘P : 

[Hp] 3 : lt(j‘/t c CT :. 3 1 - . Prop 

* 267 - 261 . 1 - : Hp* 257 - 26 . 3 .{ 7 ?*Q)‘a:=o- [* 257 - 11 - 23 - 26 ] 

* 267 - 27 . I- : (.1 e Rl<,/ n trails . e R 1 ‘Q n Cl.s -► 1 . 

lt« (• Cl ex‘(RmQyx e 1 -► Cls . 3 . 

Q,u 6 Ser . fAi. = ( Ji I V*) t (A* W* 


Dem. 

I- . *257*201 . D 


4-4 


H : Hp . 3 . (R*QyxCp‘Q‘‘(RMQyxr.^\zQ^y . 3. . = (Qiuh'R'A (•) 

I- . (1) . 3 1- :: Hp . 3 :. c conncx :. « e D'Q,, . 3. : zQ„,w. =„ . |(Qto)*u- 

[*5-32.*4-71.*257-121] 

D 4 connex zQp,^w . . z e . zR \ Q^vf . w e 

[*3613.*^57121] D Qrtr e conncx . = (R \ Q^) [ (R^Qyx :: D h . Prop 

We have thu.s proved that is a series. No additional hypothesis in 
required to prove that it is well-ordered, as we shall now show. 

*267*28. h : Hp *257 27 , fj. C {R*Qyx . g I . maX(;,V = A . g I • 3 • 

V - (^«.)*“Kv • V [*257-25 1 -27] 
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*267’281. h ; Hp *257*28 . E ! . D . 

4 


=(y«x)*‘it^V • = [*257*28] 


*257*29. h : Hp *257*27 . u* e D‘ii . D . C^Qt^ = (R^QYx . ^ 

Deni. 

h . *257*27*126 . *202*55 . D h : Hp . D . = (R^QYx 

I- . *257*14 , D I- : Hp . D . {R^QYx - tUQQ^^x 

h.(l).(2).DI-,Prop 

*267*291. 1- : Hp *257*27 .xr^elYR O. = A [*257 16 . *200;15] 


( 1 ) 

( 2 ) 


*267*3. h : Hp *257*27 . D . = D^Rr^{R^QYx 

Deni. 

i~ . *257*27 . D h Hp . y e (i2*Q)‘a.‘ .Dig! Q^tj . = . g ! Q:^*R*^ . 
[*257*141] = . E ! R*i/ D h . Prop 


*267*31. f- : Hp *257*27 . /x C ( R*QYx • g ! g ! max^V , g ! p‘Q^“/i.D. 

seq (QjuYy- = [*257-28] 

*267*32. t- : Hp *257*27 . fiC(R^QYx . g ! maxg'/i . g ■ D . 

^ scq (QiuYf^ = .R'niax (Qvj^)V 

Dem. 

I- . *257*3 . D h : Hp . D . /X C D*R . 

[*257*27.Trarisp] D . Q*‘rnax (Qax)V =^‘^'max : D H . Prop 

*267*33. h : Hp *257*27 . p C (i£*Q/a; . g ! /x ■ 3 ! • D . E ! seq (Q^)‘/x 

[*257*31*32] 

The above proposition together with *257*27 shows that is well- 
ordered, in virtue of *250*123. 


*267*34. I- : Hp *257*27 . D . € O 

Dem. 

« 

I-. *257-291 . 3l-:Hp.®~eD‘/J. D.Q^en 

t- . *257-29 . *206 14 . 3 I- : Hp . a; e D‘ii . D . seq^'A = x 
I- . (2) . *257-33 . D 

H Hp.a!6D‘iJ .D;^C(S*Q)‘x.a!;,‘V^‘V.3M.E!seq(0^) 
[*257-29.*206-131] D : g ! « C‘Q^) . D. . E ! seq (Q^)V ; 

[*250-123.*257-27] 3 : e n 

H . (1) . (3) . D I- . Prop 


( 1 ) 

( 2 ) 


(3) 



SERIES 



[part y 


*267-36. t- : Hp *2.57-27 .O.Rl (R*Qyx = (Q^), . R ^ (R#Qyx 6 1 -» 1 
Dem. 

h . *257-32 . D h Hp . 3 : y 6 . D . seq = R‘y (1) 

t- . (1) . *200-43 . *204-7 .31-. Prop 

*26736. Hp *257-27. xfU'ii. 3. 

G‘Q^ = {R*qya,.a‘Q^ = (R*Qyx- i‘x . 

R‘Q^ = X = {R»^Qyx - D‘R [*257-29-3] 

The following propositions are concerned in showing that a relation R 
which satisfies the hypothesis of *257 5 is identical with Q^, thus showing 
that this hypothesis is sufficient to determine P. 


*267-6. 1- : Hp *257-27 . P e trans . C‘P C {R*Qyx .P^P^=R[, {R* Qyx . 

Itf [ Cl ex‘(R*Qyx = Itg [ Cl ex‘(R*Qyx .3.PCJ. C‘P = {R*Qyx 

The above hypothesis is not all necessary for the present proposition, 
but it is necessary for the series of propositions of which this is the first. 

Dem. 


y . *37-41 . 3 h :. Hp . 3 : D'(y^ Pq = R“{R»Qyx a {RtQyx 
[*257-36] ={R*QyxnD'R (1) 

1- . *32-14 . 3 I- ; Hp . 3 . lt,‘l(P*Q)<a: a D‘P| =’it’<,‘l(P*Q)‘x a D‘P| 
[*257-36] =(R»Qyx-D‘R (2) 

l-.(l).(2).31-:Hp.3.(P*Q)‘xCC‘P. 

[Hp] :i.(R*Qyx = C‘P (3) 

I- . (3) . 3 1- : Hp . 3 : ® e D‘P . 3 . ®P - P' (R‘x ) . 

[*34-5.T ransp] 3 . ~ (xPx) ( 4 ) 

h . (3) . (4) . 3 h . Prop 

*267-61. 1- : Hp *257-5 .0.C‘P = %‘x 
Dem. 


1- . *257-123 . *90-16 . 3 1- : Hp . 3 . R‘>P^‘xCP^‘x (1) 

1- . *90-13 . 3 1- : Hp . 3 . lt 9 “Cl ex‘P,‘a: = lt,“Cl ex'^'a- . 

[♦90-163.*40-61] 3.1tg“Clex‘P,'aCP,‘a (2) 

l-.(l).(2). 3l-:Hp.3.(P*Q)‘aCP*‘« (3) 

I- . (3) . *257-6 .31-. Prop 


In order to prove P = we first prove PtCl. The proof proceeds as 
Quit but in some points it is easier. It is merely outlined below, as it 
closely resembles the proof for Q*,. 

*267-62. l•:Hp*257-5, 

<r = C‘P A p<P“Cr‘P A p (zPy .O..Pz = Pm'R'e) ■ 3 • C <r 


SECTION D] 


THE TRANSFINITE ANCESTRAL RELATION 


95 


Dem. 




h . *34-5 . Transp . *201 18 . D h P. = K t (P*Q)‘x . -y € p‘P“C‘P . D 

zP (R‘>/) . D . ~ (yP^) : ^P*!/ .:>.zP( R‘ij) : 
[Hp] ■:>-.zP(R‘y). = .zP^y (1) 

As in *2o7 -2-21, nsing Itp [■ Cl cx‘(P*y)‘a; = lt<, f Cl cx‘(R*QYj-. we prove 

I- : Hp . ly 6 <r ri D‘P . p = P^‘y u P^‘R‘y • 3 • R“p C p ■ 8y‘p C p . 

D.(P*Q)‘-^=P*‘'/wP*‘«‘,v (2) 

1- . (1) . (2) . D h : Hp . y e (z r\ D‘P . D . P‘y = P^‘R‘y (-I) 

I- ■ (1) . (3) . D h : Hp . e a r» D‘/2 . D . R^yea: D h . Prop 

*257521. I- : Hp*257 52 ./iCcr.gl/i.'^g! rnaXi*V . D . 

[Proof as iti *257'25, by similar stages] 

*257 63. 1“ Hp*257-5 . D : P e Ser : ^ e D‘P . . P‘z = 

[Proof as in *257-27] 

*267-54. h : Hp *257 5 . D . P e H [Proof as in *257-34] 

*267-66. h : Hp *257 5 . cr = ^ (P^y = . D . R”<r C a 

Dem, 


I- . *257-53 . D H ; Hp . y e 0‘P . D . P‘P‘y = 0‘P - P*‘P‘y 
[*257-53] =P‘P-P‘y 

[*257-53] =P*y\Ji*y 

h .( 1 ) . D h : Hp. i/€<r . D . P'P‘//-^iLr‘y ^ 

[*257-22] = : D h . Prop 

*267-661. h ; Hp *257'55 . D . C o- 


(1) 


Dem, 

h . *257-53 . D 
: Hp . /i C <r . a ! ^ ^ = 

[Hp] 

[*257-27] 


Itg'/i . D . P*^ = ((ii*Q)‘a: A /i) u P**fi 

= ^*Qyxf\fj,] u 

= Qrx*^ : D 1- . Prop 


*267-66. h : Hp *257*5 . D . P = Q 
Dem. 


Rx 


H . *257-51-54 . D h : Hp . D . P‘a: = A . 

[*257-36] :>.'P‘x = Q^‘x (]) 

• (1) . *257*55-551 . D I- Hp , D : y eC^P . Dy - P*y = Q^Jy D h . Prop 

This proves that the conditions in the hypothesis of *257*5 arc sufficient 
to determine P. 



*258. ZERM ELO’S TH EOREM . 


Sammanj of *258. 

Ill tliis number, we shall first show the applicability of the propositions 
of *257 to the case where the Q of that number is replaced by logical 
inclusion combined with diversity, i.e. by any one of the four relations; 

o^()SC a . a + 

MNiMdN .M^Nl MN(N(IM.M^N). 

If we put Q = .a=)=y9). 

and if K is any class of classes, then s*k is the maximum of k with respect to 
Q if s*K€K, and the sequent of k with respect to Q if (*258*1 11); 

similarly p*K is the minimum of k if p*K e k and the precedent of k if p^Kf^e. k 
(*258'101'111). Hence every class of classes has a unique maximum oi 
a unique sequent with respect to and every class of classes has a unique 
minimum or a unique precedent (*25812); we have, moreover, 

It^ = 5 r (- a‘max<^) . tig = p I' (- aiming) (*25813131). 

Hence Itg, tlgc 1 — » CIs (*25814), and Q and Q therefore satisfy the most 

exacting part of the hypothesis of *257 27. Also Q and Q are Dedekindian 
relations (*258*14), (They are not series, because they are not connected.) 

An exactly similar argument applies to (M C N . N). Hence if 

Q is any one of the above four relations, and if It is a many-one contained in 
Q, it follows from *257*34 that Q with its field limited to the transfinite 
posterity of any term is a well-ordered series. If we take Q 
and take any initial term a, our series proceeds to continually larger classes, 
proceeding to the limit by taking the logical sum, i.e. if fc is any existent 
sub-class of the posterity of a, s‘« = Iimaxg'« = limax (Qjj.)'/e (*258*21 *22), 
where has the meaning defined in *257. This process stops with 
A (i2*Q)‘j:} if I>*Rr\{RetQyx has no maximum; otherwise, it stops 
with the iJ-successor of this maximum, which is maxg'(C‘i2 a (i2*0'a;). 
If, on the other hand, we take Q to be the converse of the above, we proceed 
to continually smaller classes, and the limit of any set of classes k having no 
last term is p*K. In this case, if, starting from a, every existent sub-class of 
a belongs to D*R, the process of diminution cannot stop short of A. This is 
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the process applied in ZcTmel'> ’s theorem. We have the e a class fi,, .issiimed 
to be not a unit class, and a selective relation S for existent sub-classes of 
/A. i-e. a relation S for which See^^Clex^fi. Then our relation i? is the 
relation of a to a — L*S*a, i.e. the relation of an existent sub-class of (x to the 
class resulting from taking away its jS-representative. Thus is a 

well-ordered series, which starts from ti and ends with A. Omitting the 
final A, /S selects a representative from every member of the field of 
and the series of tliese representatives, i.e. is similar to Qr^ with the 

final A omitted. Moreover every member of fx occurs among these repre- 
sentatives, for, if X be any member of fx, let k be the class of those membei-s 
‘>f which ic is a member. (There are such classes, because ^x^C^Qr^ 
and X e fx.) Then xep^K, and by what was said earlier, p^K is a member of 
Hence, by the definition of k, p*K e k, a,nd therefore p*K = ms.XQ*K. 
But no class smaller than p*K can belong to k, and therefore p*K — i*S*p^K is 
not a member of and therefore x is not a member of p^K — i*S*p‘k. Hence 
x — S*p*K, and therefore a; occurs among the representatives of members of 
which was to be proved. (The above is an abbreviated rendering of 
the symbolic proof given below in *258‘301.) Hence the field of is p, 

and therefore there is a well-ordered series having p for its field, provided 
64*01 ex‘/i is not null (*258'32). This is Zermelo’s theorem. 

The converse of Zermelo’s theorem has been already proved (*250’51). 
Hence the assumption that a selection can be made from all the existent 
sub-classes of p is equivalent to the assumption that p can be well-ordered 
or is a unit class, i.e. 

*268 36. h : /i 6 C‘*n w 1 . = . g ! ^4*01 ex*p 

Hence also, by *88*33, the multiplicative axiom is equivalent to the 
assumption that all classes except unit classes can be well-ordered, i.e. 

*268*37. I- : Mult ax . = . C‘*n u 1 = Cls 

Hence also, in virtue of *255*73, the multiplicative axiom implies that of 
any two unequal existent cardinals one must be the greater, i.e. 

*26839. h :: Mult ax . D /x, */ e N^C 


*268*1. h:.Q = a4(aC;S.a + y3).D : 8*K 6 K , D . = maxg‘« 

Dem. 

K *205*101 . D h Hp . D :.7maxg« . = ly e k : ae k ,0^ , o^(yCa ,y^ a) : 
[Transp] 

= : 7 6 « : o € « . 0=}: 7 . • '■^(7 C a) (1\ 

^.(l).*101,Dh::Hp . s*/c € /r . D 

7 maxg Af .H:7eAc:o€/c.a + 7.D«.r>.^(7 Ca):sV 4 = 7 .D.o-( 7 C s*fc) : 

[*4013] = I y € K : a € K * a ^ y . (y C a) : 8*K ~ y : 

[Transp, *40*13] = : 7 e « > s*k = 7 : 

[Hp] = : = 7 :: D h • Prop 


R & W III. 



9S 


SERIES 


[part V 


♦268101. I" : Hp*258 I . e /c , D . = niingV [Proof as in *258*1] 

*258*11. I- : Hp *258 1 , s*k e /c , D . seqg*^ = s'k 
D em. 

h .*40*53 . Dh :Hp,D .p‘^'« = ^y(a€«.D..aC 7 .a + 7) 
[Hp.*40151.*10-29] =y{s*KCy) (1) 

t- . *40*1 . *22-42*46 . D h . 5V = (s^k C 7) (2) 

I- . (2) , *258*101 . D f- : Hp . D . 8*k = ming*^ {s*k C 7) 

[(!)] = seqgV : D h . Prop 

*258111. H : Hp *258*1 , js'/c D . precg‘« = p'/c [Proof as in *258*11] 

*25812. h Hp*2581 . D : E ! maxg'jt . v . E Iseqg'^c : 

E ! niing‘«: . v . E I precg'/e [*258*M0111*111] 

*26813. V : Hp *258*1 . D . Itg = s ^ (- Q'maxg) 

Dem, 

I- . *258*1 . Transp . D h : Hp . ~ 3 ! maxg‘>c . D , ~ e jc , 

[*258*1 1] 0 . Itg'Ac = s*K : D h . Prop 

*268*131. 1- : Hp *258*1 . D , tig =/) t"(“ [Proof as in *258*13] 

*268*14. I- : Hp *258*1 . D . Q. Q e Ded . Itg, tig c 1 -♦ CIs [*258*12*13*131] 

*268 2. h : Hp *258*1 . li e RPQ n CIs 1 . D . Q*. c n 
Dem. 

h . *258*14 . D I- : Hp . D . Hp*257*27 (1) 

f- . (1) , *257*34 .31-. Prop 

*268*201. h:Q = a;§(^Ca.a4:y3).iteRPQnCls-»l 

[Proof as in *258*2] 


*258 202. \-:Q = ^^(MCN.M^N).Rem‘QnC\B-*l.:3.QBzen 

*268 203. I- : Q = (iV C if . JI/4= iV) . 6 R1‘Q n CIs -» 1 . D . gjj.r e « 

*268 21. I- : Hp *258-2 . * C (fl * Q)‘a . 3 . s‘* = limax,'* 

Dem. 

I- . *258*13 . D f- : Hp 3 I maxg'^. D . 8‘k= ItgV (1) 

I- . *258*2 . D I- Hp . 3 1 maxg'/e . D : (37) iy€KzatK.^»,aCyt 
[*40*151] 

[*258'1] D : s'* = maxg'/c (2) 

|-.(l).(2).DI“.Prop 

*268*211. h : Hp*258*201 . k C (i2*Q)‘o . D .p'/e = limaxgV 
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*268*22. h : Hp *258*2 . a e l)‘i? . « C (ii*Q)‘a , 3 ! < , D , s'/c - liinax {QjuYfc 
Dem. 

h • *258*21 . D h ; Hp . e k .0 , s^k = ItgV . 

[*257'13] D . sV e (i2*Q)‘a , 

[*210*233] D , s*K — limax (QtuYtc Oh. Prop 

*268'221. h : Hp *258*201 , a e D*R . k C (R*Qya . D . p*K = limax 


*268*23. h : Hp *258*2 . a e D‘i2 , D . Qn^ € Ded . s^(R*QY<^= R^Qju 

[*258*2*22 . *250*23 . *205*121] 

*268*231. h : Hp *258*201 - a 6 T>‘R O . € Ded . p\R*QYa. = B‘Qiu 

*268 24. h:Hp *258-2 0. 

(i?*Q)‘a = (a € <r . R*‘<r C o* , s“CI ex'o* C o* 0„ . yS e o-) 


Dem. 

h, *258*1*13. *257*1 O 

h : Hp . D , (Ji*Q)‘a C ;3(a e o- . C o* . s‘‘CI exV C o- . € o*) (1) 

h . *257*123 . D h : Hp . D . ^“(i2*Q)‘a C (i2*Q)‘a (2) 

h. *258*22. D h : Hp . /i.C(i2*Q)‘a -a ! O .sVe(i2*Q)‘a (3) 

h. *257*12. Dh: Hp0.ae(i2*Qya (4) 

h . (2) . (3) . (4)^. D 

h :. Hp : 06 o* . R*‘a C a . s'‘Clex‘cr Co-.Dff.y3eo-0.y3e (i2*Q)‘j: (5) 

H.(l).(5).Dh.Prop 


*268*241. h:Hp *258*201. D. 

(i2*Q)‘a = ^(aeo- , i2“o- C o- . p“Cl exV Co-.Dff.y3eo-) 
*268 242. h : Hp *258*202 . D . 

{R^ihQyX = ^ {X € o* . R‘*<t C O' . 5“C1 ex'o- C O- , Dff • Fe O-) 


*268*243. h : Hp *258*203 . D . 

(R*QyX =P^(Xea. lR“<r C <r . p“Cl exV C o- . . F e <r) 

*268 3. Q = 03 C a . a + y3) . S f €4*01 exV . 

.it = a^(aeClex‘/i./3 = a- t‘S‘a) . D . Q*. efl . SiQ^^smor 

Dem. 


I- . *8014 . D I- : Hp . 3 . J? G Q . iJ e Cls -» 1 . D‘JJ = Cl ex V . C‘R = Cl'/t 

I- . (1) . *258-201 . 3 1- : Hp . 3 . Qb^ € n 

t-. *257-35. 3l-:Hp.3.J?tC'‘QBM6l-*l. 

[(l)>Hp] 3 .S['C‘Qbm6 1-»1 

1-. *257-14. 3I-:Hp.3.C‘Qb^CC1V 

1-. *80-14. 3l-:Hp.3.a‘S=Clex‘/i 

• (3) . (4) . (5) . 31-: Hp . 3 . /S>Qb» smor Qb^ f (~ *‘A) 

^ ■ (2) . (6) .31-. Prop 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 



100 


SERIES 


[part V 


*268-301. I- : H p *268 3 .x e . k = C‘Qn^r^ ^‘x .x = S'p'x 

Devi, 


1- . *257-36 . 



[Hp] 

D.g!* 

(1) 

I-. (1). *258-241 

. ^ h : Hp . D . p*K € {RetQYfi . 


[*257-36] 

0 . p*K € 

(2) 

1- . *40-1 . 

D f- : Hp . D ,x€p*K 

(3) 

h.(2).(3). 

D h : Hp . D ,p*K€K . 


[*258-101] 

3 . p*K s= inaxg'K 

(4) 

K(4). 

D h : Hp . D . (p'/tf - ^€K. 


[*257-121. Hp] 

D . a: ~ € {p*K — t*S*p*K) 

(5) 

t-.(3).(5). . 

D h : Hp . D . X € i*S*p*K : D h . Prop 



★268-31. h : Hp ★258-3 . <- € 1 . D , C^S'^Qr^ = /t 
Dem. 


f- .■★80-14 . D h : Hp . D . Q'iS = Cl ex V - 

[*150-36.*257-14] D . S<Q„^ = S>Qs^ [, (- i‘A) . t (- ‘‘A) C Q'S. 

[*150-22] D . C‘S-’Q^ = S“C‘Qs, t (- «‘A) . 

[*202-54.*257-125] D , = S“(C<Q„^ - t'A) (1) 

I- . *83 21 . D h : Hp . D . S“C‘Qb^ C p (2) 

h . *258-241-301 . D h : Hp . <re/t . 3 .xeS“[(R*Qyfi - i‘A) . 

[*257-36] 0.xeS“(C‘Qs^-i<A) (3) 

I- . (2) . (3) . 3 h : Hp . 3 . S"{C‘Qs^ - i‘A) = p (4) 

t- . (1) . (4) . 3 1- . Prop 


*268-32. l■:/l~el.aI«4‘ClexV•^.A‘eC“ft [*258-3-31] 

This is Zermelo’s theorem. 

★268-321. h ; Hp ★258-3 . . D . e a 

Dem. 

(• . *250-242 . 3 h Hp . 3 : a = . v . (Qj!..).‘/9Q».o : 

[*257-35.Hp] 3:aC/9-t‘S‘/3:.3h.Prop 

*268-33. I- : Hp *258-3 . « 1 , P = S!g^ .3.5= min, I* Cl ex'/* 

Dem. 

h, ★80*14. D H : Hp , oC/i. g I a . D . jST'oc a (1) 

h. *268*321 . Dl- :Hp(l).a:ea.D.~(ay9).;3Qjr^o.a: = iS'^, 
[★150*4.Hp] D . ~ {xP8‘a) (2) 

h . (1) • (2) . ★205*1 . D h ; Hp(l). D .^I'aminpa . 

[★268*3] D . iS'a « mio^'a Oh. Prop 
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^258'34. h e 1 . D : 

S€€a‘C\ ex^fi. = Pen. minp[ Cl exV 

[*250*5 . *258*33] 

*258*36. h : /A € € 1 . g ! e^^Cl ex‘fi [*200*12 ,*250*51 .*258*32] 

*268*36. u 1 . = . g ! 6i‘CI ex V [*258*35 . *60*37 . *83*901] 

*268*37. h : Mult ax . = . C**n w 1 = Cls [*258*36 . *88*33] 

*258*38. I- Mult ax , D : Nc‘a < Nc‘/9 , v . Nc‘a = Nc*;S . v . Nc‘o > 

[*255*73 . *258*37 , *117*54*55] 

*268*39. I- :: Mult ax . D fi, v e N„C [*258*38] 



*269. INDUCTIVELV DEFINED CORRELATIONS. 


Summary of *259. 

In the theory of well-ordered relations, we often have occasion to define 
a relation ( which is generally of the nature of a correlation) by the following 
process: Given a relation S, let ir**? be a relation (generally a couple) which 
is a function of S. Let us put 

A tfS = 5 c; W‘S. 

Then, starting from A, we form the series 

A, A if A, AifAjfA, etc., 

each of which contains all its predecessors. We proceed to the limit by 

of all these relations, ie. s*{A^,)^*A; we then proceed to 

Ai^ ‘s%Ay^)^*A, and so on, as long as possible. The sum of all the relations 
so obtained is a function of and is often important. 

As an example, we may consider the correlation of two well-ordered 
series P, Q, which is dealt with in *259 2 — '25 below. In this case, we put 

IT = i f (X = J, scqg'Q'rj. 

Hence IPA = A ^‘A = B*P I B*Q = !/> 4 Ig, 

S/ 

A yf A }f -A — Ip ^ Ig 'y 2p ^ 2g, 

and 80 on. 

Proceeding in this fashion, we can continue until one at least of the 
two series P, Q is exhausted. We thus obtain a new proof that, of any two 
well-ordered series, one must be'similar to a section of the other. 

For convenience of notation, let us put temporarily 

A=§${SC.T.S^T) Dft. 

We then have A c RlVn trans . € RIM a Cls— ► 1, which is part of the 
hypothesis of *257'27 and following propositions. The rest of this hypothesis 
follows by analogy from *268*14. We now put 

W^^hHAw^AYA JX 

Then correlates the whole of P with part or the whole of Q, or vice 
versa. This is proved in *259'25, below. 
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For other values of W, we get other results, often of a useful kind ; for 
example we shall have occasion to use the methods of this number in *273, 
which deals with series similar to the series of rationals. 

The present number gives, first, some elementary properties of (A 
and for a general relation W, concerning which we only assume that 
W^S is never contained in S, i.e. H''a(G) = A (except in *259 121 13, where 
we also assume IFe 1 — > Cls). We then proceed to deal specially with the 
case where 

W ^ XT {X= seq/D‘T J, seq^'Q^r) 

as explained above. 

*26901. A^STiSCT.S+T) Dft [*259] 

*26902. = W^S) Dft [*259] 

*269 03. = s‘{Ajp*AyA Df 

In the following propositions, which result from those of *258, it is 

essential to have AnrQA. For this we require that W‘S, when it exists, 

shall not be contained in S. It will be observed that, according to the above 
definition, 


A^^ST(SQT). 

Hence instead of using “ C ’’ as a relation, which is notationally awkward, we 
shall use A^. Thus the condition we wish to impose upon W is that we' are 
never to have This is insured by 

W n A^ = A, 

which accordingly appears as hypothesis in the following propositions. 

*2691. I- : .4 e Rl'J^ n trans . It^ e 1 Cls : 

As in *25814. h . It., e 1 Cls ( 1 ) 

h. *201-18. 3l-:.Hp.D:4/irS.D.~(JIfGS) (2) 

I- . (2) . (*259-02) .31-:. Hp.DiSAHrr.D.SCr.S+jP. 
[(*259-01)] D.SAr (3) 

I- . (1) . (3) . *258-202 .31-. Prop 

proposition, the notation A (A A) is that defined in 
*257 02, adopted because Aw cannot conveniently be used as a suffix 

*26911. >:E! TF‘A. TrA^* = A.D.. 

Dem. ^ B‘Cuy‘A (A . A) . i“Cl‘(A ^* A )‘A C (A „.* A )‘A 

1- . *258-242 . *259-1 ■ D h : Hp . X C (A „.* A)‘A . 3 . s‘x e (A ,,*A)‘A ( 1 ) 
K(l). 3l-:Hp.3.Tf,c(A,,*A)‘A 2 

1: : 0) : oi . <3, K P »'. <») 



104 


SERIES 


[part V 


*269111. h:. VK ^ A^ = A . S,T e(A,y*AyA . ^ : S C T .v . Td S 

[#259-1 . *257-36] 

*269 12. I- : S e DM . E ! [(*259-02)] 

*269-121. I-: Tfs l-»Cls.3.DM,p = a‘ir [*25912] 

*269-122. h: WnA^ = A.xW^y.\=(A^*AyAr^^•{r^(xTy)].^.x(W•s•\)y 
Dem. 

I-. *259-11. 3l-:Hp.D.s‘\«(4^*^)‘A. (1) 

[Hp] D.i'XeX (2) 

I- . ( 1 ) . (2) . *257-3 . D I- : Hp . D . i‘X ( DM ^ . 

[*25912] D.EIir‘i‘X (3) 

D I- : Hp . 3 . (i‘\) ^ (4 . 

[*257-121] 

[Hp] D.x(/l,/i‘X)y (4) 

l•.(2).(4). DI-:Hp.D.~ |x(»‘X)y) . x (A s‘\) y . 

[(*259-02)] D . X ( lE‘j‘X) y : D h . Prop 

*26913. h: HM^^=A. IPel-^CIs.D. = s‘W(A,y*AyA 

Dem. 

h.*259-122.Dh:Hp.D. IT., G s‘ir“(^,^*^)<A (1) 

I-. *257-123. Dl-:Hp.D.i‘ir“(.4,p*/l)'AG (2) 

h.(l).(2).Dl-.Prop 

*269-14. h:. WM^,^ = A:Se(^„,*il)‘Anl->Cl8na'ir.Ds. 

IT'S « 1 -♦ cis . a'.s r> a* ir‘5 = A : D . « i -» cis 

Dem. 

h . »7l-24 . (*259-02) . 3 h :. Hp . 3 : 

Se{A„.*AyA n 1 -»Cl8 . 3 . A^‘Se{A ,y*AyA n 1 -► Cls (1) 
l-.*259-111.3h:.Hp.S,7'e(A,K#A)'A.3:SG7’.v. PCS (2) 

h.(2).31-:Hp.XC(A„.*A)‘A.x(8‘X)z.y(s‘X)x.3.(3P).7’fX.xPr.y7’r (3) 

I- . (3) . 3 1- : Hp . X C (A„.*A)'A r\ 1 — ► CIs . x(s‘\)z. y(i‘\)z. 3 . x = y (4) 

I- . (4) . 3 I- : Hp . X C ( A IP* A )‘A o 1 — » CIs . 3 . «‘X « 1 — * CU (5) 

1- . (1 ) . (.5) . *258-242 . 3 h : Hp . 3 . (A ,p*A)‘A C 1 -♦ Cis . 

[*259-11] 3. If^ el ->018: 3 I-. Prop 

*269-141. I- :. ir X Aid - A : Se (A A )‘A r. Cis -» 1 r. O' IK . 35 . 

lK‘SeCls-»l .D‘Sr>D‘lK‘S = A :3. IK^^eCIs-*! 
[Proof as iu *25914] 
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*26916. h:.WnA^^k:S€{A^*AyAnl~*ln(J^W 

W*S € 1 -> 1 . D*5 A D* W‘S=A . Q'lS A a* W^S:^A : D . € 1 -> 1 

[*25914141] 


The following proposition is a lemma for *273*23. 

*26916. h:. W A A^ = A : T €(Affr*AyA . P ID^T ^ T'^Q .:>r . 


Dem. 


PIX)‘W^= W/’Q : Te (A ^*AyA .Or ■ P t ^‘T = T'>Q 


I- . *259'111 . D h :. Hp . X C(.4 . D : 

ir(PtD‘«‘X)y.= .(a2').reX.a:(Pt D‘J’)y (1) 

H.(l). Dh:.Hp.XC(.4;K»^)‘A:7’6X. Dy . P t D‘2’= 2’5g ; 3 : 

X (P C D‘«‘X) y. = .('^T).T^X.x(r>Q)y. 

[*259-1 11] = . (gs, T).S.r€\.x(S\Q\T)y. 

[#150-1] = . a; ((«‘X)!Q) y (2) 

I- . (2) . *258-242 . D h : Hp . T e (al ^*al)‘A . 3 . P [ D‘T=T’Q (3) 

I- . (3) . *259-11 . D [- . Prop 


The two following propositions are lemmas for *273-22-212. 

*26917. h:. TTnal* = A:S6(^,y*al)‘Ar.a‘lT.Ds. 

a‘S«a‘W^‘S = A:D.a[(.l,p*al)‘Ael-»l 

Dem. 

I- . *250-242 . *257-35 . *2591 . D 

1-;. Hp.S,2’«(A„-*A)<A,S+ T.O-.Aw‘SQ.T.yi.A^‘TQSi 

[(*259-02)] 3 : a* 1P‘S C Q'P . V . a* IT'r C Q'S : 

[Hp] 3:a‘S + a‘y:.DI-.Prop 

*269-171. 1-:. Trr>al* = A:Se(A^*A)‘Ar.a‘lP.D3. 

D‘S « D‘1P-‘S = A : 3 . D [■ (A„.*A)<A e 1 -> 1 
[Proof as in *259*17] 

*269*2. ViW=]tf[X = seqp'D'T ^ seq^'Q'T) . D . IT^ 6 1 -♦ 1 , IF a A^=A 

Dem. 

l- . *72 182 .Dl-:.Hp.D:rea‘lP,D. W‘T e 1 -> 1 
I- . *206-2 . D l-:.Hp.D : T’eQ'lP.D.D'T'nD* W‘T—A.(l‘Te\(l‘ W‘T=A 
y . (2) . *55-134 . 3 h : Hp . r £ H' IT . 3 . ~ ( TP'r G P) 

I- . (1) . (2) . (3) . *259-15 . 3 h . Prop 


8 


( 1 ) 

( 2 ) 

(3) 
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*269-21. h ; Hp *259-2 .Q’CJ.D. W/’QC P . D'Wj C C‘F . O' C C‘Q. 
Dem. 

t- . *206-133 . D h : Hp . r e a‘ ir . D . ( W‘T)>Q = A (1) 

1- . *206-21 . D h : Hp ( I ) . D . seqy‘n‘r~ e Q“a‘T . 

[*37-461] D.(W'‘7’):Q|7"=A (2) 

K*206-18. DI-:Hp(1).D.DMb-CC‘/> (3) 

I- . (3) . *41 43 . *258-242 . D I- : Hp . D . D‘ C C'P (4) 

SiTiiilarly I- : Hp . D . G* C C‘Q (5) 

f-.(-l)- *206-132.3 I- : Hp(l) . 7’e(^l „.*/l)‘A . 3 . seq,,‘D‘7'ep‘P“D‘r . 

[•40-16] 3 ..seq/D‘2'«/P“r“^'seqv‘CI‘7'. 

[•40-67] 3.(7’“^‘seq,‘a‘r)t (‘seqp‘D‘7’C7' (6) 

I- .(1).(2).(6).3I-: Hp(l). 7’6M„,*^)‘A. T’QQ P .:3.(A,y‘T)<Q(i P (7) 

I- . *2,59-111 . 3 h :: \C{A„*AyA . x \{s‘\y’(j] y . 3 

(-aT).re\.x(r>Q)y:. 

[*11-62.*10 23] 0 TeX.Dr.T’QC P-.:3 .xPy (8) 

I- . (8) . Cumin . 3h:.\C(/l^*^)‘A:r€X.3r.7';gcP:3.(*‘X.)i(2G/' (9) 

1- . (7 ) . (9) . *258-242 . 3 h Hp . 3 : Te(A ^*A)‘A.0.T‘>QCP: 

[*2.59-11] :3:WJQQP (10) 

(-.(10).(4).(5).3h.Prop 


*269 211. l-:Hp*259-2.P’Cy.3. [Proof as in *2,59-21] 

*259 22. 1- : Hp*259-2 . P e connex . 3 . D“(xln.*.<4)‘A C aecl'P 

Dem. 

1-.*211*22.DF : Hp . Tc Q* IK . sect‘P . D . DM ,/resect‘P (1) 
I- . *21 1-63 . 3 h : D“\ C scct'P . 3 . D‘i‘\ e sect*/’ (2) 

I- . ( 1 ) . (2) . *258-242 . 3 h . Prop 

*259 221. !■ : Hp *259-2 . Qe connex . 3 . (l“(A |p*yl)‘A C sect'Q 

*269 222. I- : H p *259 2 . e Ser . E ! jB*/’ . Q’ G / . /e (rl ,^*.4 )* A . 3 . 

T’QeC'P, [*259-21-22 .*213-161] 

*269 223. h : Hp *259-2 . Q e Sei . E 1 . /” G / . / e (.1 ».* .4 )* A . 3 . 

r’PeC'Q, 

*269-23 h ; H p *2.59 2 . />, Q e Ser n a ‘i? . r e (.4 „.* 4 )‘A . 3 . 

(gilf, N) . M(C‘P, .N^VQ, . Tt Mimor N [*259-2-2I-222-22.3] 
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*269-24. h Hp *259-2 . P. Q e n . D : D‘ = C‘P . v . Q* W,, = C‘Q 

Dem. 

h. *200-18. DI-:Hp. P = A. D. (I) 

l-.*20G-I8.Dh:Hp.Q = A.D. lf'^ = A (2) 

l-.(l).(2).3[-:.Hp:P = A.v.(2 = A:D:D‘lfj = C‘P.v.a‘H'^ = C‘Q (3) 

I- . *259-1 1 . *257-36 . D h : Hp . g ! P . a ! Q . D . 1^^ ~ 6 M‘A . 

[*259-12] 3.~(E!3eq/D‘lf, .E!seqg‘a‘ir^) (4) 

I- . (4) . *252-1 . *259-22-221 . 3 

I- Hp . a ! P . a ! Q . D : D‘ = C‘P . V . a‘ = C‘Q (5) 

I- . (3) . (5) . D 1- . Prop 

*269-25. Hp *259 24 . D : (a/9) . /9 r sect'Q .W^^P sTiTor (Q [; /9) . v . 

(go) . a. € sect'P . IE,, e (P C a) ^mor Q [*259-23 24] 

The above affords a new proof of *254 37, which asserts that if P and Q 

are well-ordered series, one must be similar to a section of the other. In 

virtue of *259-25 (which has been proved without using the propositions of 

*254), TT,, i.s the correlator which correlate.s the whole of one series with 
part or the whole of the other. 

It will be observed that the relations {A^y^Ayk are the class of corre- 
lators of sections of P with sections of Q, provided P, 6 fl - t‘A ; i.e. 

1- : Hp *259-2 . Oe n - . D . 

{A^y^AyK = f[{^M,N),MeC*P , , NeC^Q, . T^eTI/sliior N]. 



SECTION E. 


FINITE AND INFINITE SERIES AND ORDINALS. 

Summary of Section E. 

In the present section we shall be concerned first with the distinction of 
finite and infinite as applied to series and ordinals. We shall then establish 
the distinguishing properties of finite ordinals, and shall deal with the 
smallest of infinite ordinals, namely <a, the ordinal number of a progression. 
Finally we .shall briefly consider certain special ordinals, and the series of 
cardinals applicable to well-ordered infinite series, namely the series of 
" Alephs,” as they are called after Cantor’s usage. 

In dealing with the finite and the infinite as applied to series, we have 
constant need of the relation (P^po. where P is the generating relation of 
the series. We have 

a;(P,)poy . = . P (a: y) c Cls induct — e'A, 

i.e. “i®(Pi)poy” holds when, and only when, there is a finite number of 
intermediaries between x and y. When P is finite, we have 

but we may have this when P is not finite. The infinite series for which 
this holds are progressions and their converses (which wc will call regres- 
sions), aud serie.s consisting of a regression followed by a progression, of which 
an instance is afforded by the negative and positive finite integers in order 
of magnitude. 



*260. ON FINITE INTERVALS IN A SERIES. 


Summary of *260. 

In the present number we are concerned with the relation which holds 
between a: and y when the interval P{xv-y) is an inductive class other than 
A, or when the interval P{x}-iy) is an inductive class of at least two terms. 
This relation holds if a: and y have any relation of the class fin‘P (defined in 
*121). We will call this relation Pf^. Thus we put 

Pr„ = 5‘fin‘P Df. 

Then xP,„y holds when xP,y, where is an inductive cardinal other 
than 0 (*2601). This relation will take ns from ^ to any later term which 
can be reached without passing to the limit. But if in the interval P{xU ,/) 
there is any term which has no immediate predecessor, i.e. any member of 
C‘P-a‘P,. then we shall not have xP,„y. Thus confines us to terms 
which are at a finite distance from our starting-point. We shall find that if 
Pen, a necessary condition for the finitiide of P is P = P, This is not 
a sufficient condition, since it iloes not exclude progressions, but these are the 
only infinite series it admits, and these are excluded by the assumption 
E ! B‘P. 

Although P,„ is not in general serial when P or P^ is serial, it becomes 
serial when confined to the posterity or the ancestry or the family of any 
term with respect to itself (*260-32-4). When a series P i* well-ord^ed the 
whole senes can be divided into constituent series, each of which is' the 
family of '“’y one of its members with respect to P,„ (except when P has 
a last term which has no immediate predecessor, in which case this last term 
must be omitted). (Cf *264.) Each of these series (except the last, possibly) 
IS a progression and the last is either finite or a progression. HenL every 
infinite we -ordered series consists of a series of progressions followed bj 
finite tail (which may be null); hence the cardinal of the field of an infinite 
pll ordered series is a multiple of These results will be proved later • 
for the present we are concerned with the proof that the family of any term 

it fi 1 generating relation is pf„ with 

Its field couhued to that family. 
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In the present number we are chiefly concerned with the relations of 
^fn We have 


*260-27. H:PpoeSer.D.P,„=(/>0po 

This proposition will be used very frequently throughout this section. 
Without any hypothesis wo have 

*26012. 

We have also 

*26015. = 

Hence whatever properties of result from the hypothesis that P is 
a series will result from the weaker hypothesis that Pj^ is a series. 

If Ppo is a series, is contained in diversity and is transitive (*200-202), 
but not in general connected. 

In comparing Pf„ and (Pi)po, we constantly need the proposition 

*260 22. hzP^e Ser . D . (P,), = P, . P, e 1 -* 1 . (P,)p„ G J 

From *260*3 to the end of the number, we arc concerned with the result 
of limiting the field of P^^ ancestry, posterity or family of some 

member of its field. We have 


*260-33. I- : P,,o e Ser . x « D‘P, . P, — P . D , 

Pm t ^ = (p*'^) 1 Ppo - 1 pipo = IP r 

*260*34. h : Hp *260*33 . D . lPr„ t ^ 1 P = P rX>o‘^* 


*26001. Pr„ = i‘fin‘P Df 

*2601. h : xPf^y , ~ . (gv) , i/c NC induct — i*0 . xP,y 

[*121*121. (*260*01)] 

*260*11. h : xPfj^y , = . P(a:hHy)eCla induct — 0 — 1 

Dem. 

h. *260*1. *121*11. D 

I" : xPfj^y , = . (gi/) , j/e NC induct — e'O . P(a:My) 1 . 

[*1 20*472] = , (3/*) . c NC induct — t'O - t‘l . P (a: hh y) c ^ . 
[*120*2] = . P(a:h-iy) c Cls induct — 0 — 1 Oh. Prop 

*260*12. h . P,„ G P^ 

Dem. 

h. *121*321 .*117*511 .DhiveNC induct- 1‘0 . D . P„G Pp^ (I) 
h. (1). *260 l.Dh. Prop 
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*26013. h : . D . y), P (x — ) y) € CIs induct - t‘A 

Dem. 

h . *26012 . *121-21-22 . D h : Hp . D . P (x h- y), P (a.- -i y) e - A 

I- . *91*54 . (*121011012*013) . D 

I- . P (a: I— y) C P (x HH y) . P (x -H y) C P (a; t-H y) . 

[*1 20*481. *26011] D V : Hp . D . P(xt— y), P (x -h y) e Cls induct 
H.(l).(2).Dh. Prop 


( 1 ) 


( 2 ) 


*260131. h;.P 


Dem. 


po G t/. D :xP,ny . = . P(xi— y)eCls induct - (SV . 

= . P (x— ly) e Cls induct — t‘A 


h . *121 22 . D 1- : P (xi— y) c Cls induct - t‘A . D . xP,^y . (1^ 

[*121*242.*91*54] • P (xv-^y)= P {x^ xj) ^ lUj 

[*120*251] D - P(xi— iy)6Cl8 induct (2) 

l-•(l). *121-242 . ^f-:Hp.Hp(l).D.x,yeP(xh-(y).x4:y. 


[*52*41] D.P(xHHy)~eO'-'l 

h . (2) . (3) . *260*1 1 . D 1- : Hp . Hp (1 ) . D . xP,„y 
Si»*ilarly h :,Hp . P(x -ny) e Cls induct . D . xP,„y 

l-.(4).(5).=it260*13.Dh.Prop 


(■*) 

(4) 

(5) 


*26014. 

Dem. 


l-:P6(Cls-^l)y(l_»Cls).P,„G = 


l-.*121*52:Dh 

[(*260*01)] 

[*121*302] 

[*91*541] 


Hp.D 

D 


i*finid‘P = P 


Pi. = p* 

=p* 

=p 


PO 


-Po 

-/rc'p 

D h . Prop 


*26016. H.jP,„ = (Pp„),„ [*2601 .*121-254] 
*26016. I- . (P),„ = P,„ [*2601 . *121-26] 


*26017 


Dein. 


y-.P^e Ser . xP^y .0 . P (xi-iy) = C‘\P^l P (x hh y)\ . 

* = B‘\Ppot P(.x^y)\ • y = fi‘Ci.v‘lP.^[: P(^^_ „,j 


I" . *121-242 . D I- : Hp .x,y e P (xi-iy) .x^y . 

[*52-41] D.P(xny)~£l, 

[*202-55] 3 ■ C'lPpo DC (® « y)| = P (X ^ y) 

I-. *91-542. Dl-;. Hp. z e P (xi-iy) . z Jf: X . x{P^l P {x 
[(l).*205-35] D:x=mii. lCp„D C(xMy))‘P(x„ „) ; 

[( 2). *205- 1 2] D:x = P‘ [P,„ D C (x hh ^)) 

Sin.ilui-ly I-: Hp.D.y = P<Cnv‘(P,„[;P(xHH„)l 
I" . (2) . (3) . (4) . D t- . Prop 


y)lz: 


( 1 ) 


( 2 ) 


(3) 

(- 1 ) 
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The following propositions arc concerned in proving that if 

■^fn = (-^i)po Pv = {P i)*-. ^<ote that ‘ X {P\)^y ” means that we can get 
from xioy by a finite number of steps from one term to the next, so that 
the series contains no limit-points between x and y. The relation “a; ( P,)„ y ” 
means that v — ^ 1 intermediate terms 

^ly ^a» ••• ^¥-^1 

can be found, each of which has the relation P, to its neighbour, and such 
that .tP, 2 , and 2 ,_,iP,y. Thus we have to prove that, provided P^ is a series, 
this occurs when, and only when, the number of terms in the interval 
P (:rhHy) is If - 1 - 5 1. 


♦^260-2. h : Ppo e connex . xP^y . yP^z . D . P (x h-i 2 ) = P (x i-c y) u P (y i-h 2 ) 
Dem. 

H .*201-14 15 . D h : Hp. D.P(a:hHy)CP(a:t-t 2 ) . P (y hH 2 ) C P (a:i-H 2 ) (1) 
h . *202 13 103 .31-:. Hp . xP^7v . D : wP^y . v .yP^jf^w (2) 

l-,(2).*121103.D 

h:.Hp . e P (a- M 2 ) . D : xP^w . wP^y . v . yP^w . wP^z : 

[*121103] D : tyeP(j:My) w P(y hH 2 ) (3) 

|- . (1) . (3) . D h . Prop 


*260'201. V ; P,,o e connex . 0 , Pf„ e trans 
Dem, 

h . *26012 . D I- : xPf„y . yPi^z . D , xP^y . yP^z (1) 

h.(l). *260-2. D 

h: Hp.a"P,„y.yP,„ 2 . D.P(a;fH 2 ) = P(xny)uP(yhH 2 ). (2) 

[*2G0- 1 1 .* 1 20-7 1 ] D . P (j: HH 2 ) € Cls i nd uct (3) 

h. *60-32-37 1 .Dh:aeOwl.y9Ca,D,/9€Owl: 

[Transp] Dl";y9-"^c0v/l, /SC oc.D.a>»€Oi^ 1 (4) 

|-,(2).*260-ll.D 

I- : Hp . xPf^y • yPfn^ . D . P (a;hHy)«^e 0 w 1 . P (xMy) C P {x\-i z) , 

[(4)] D . P(XHH2)'V^€ 0 u 1 (5) 

h . (3) . (5) . *260-1 1 . D h : Hp . xPf^^y . yPtj^z . D . icPfn^ Oh, Prop 


*260*202. h : P^ e Ser . D . P,b e KPP o trans 
Dem. 

h . *260-12 . D h : Pp„ G J O . P,„ G P (1) 

h.(l).*260-2010h.Prop 

We shall not have in general Pp^eSer ■3 -An € Ser, because p,. is in 
general not connected. p,. only relates two terms which are at a finite 
distance from each other, and hence divides Pp^ into a number of mutually 
exclusive parts. We shall only have p,. e Ser when every interval in the 
series is finite. 
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*260'21. h : € Ser . xP^y * yP^z ,0 , P (x^ z) ^ P (x\~<y) kj i^z 

Devi. 

I" . *121’304' , D h : Hp . D . P (y i-h^) = t^y u t*z (1) 

I" . *121 ‘242 .DI“:Hp.D,yeP(a:)-Hy) ^2) 

I- . *260-2 . D 1- ; Hp , D . P (xhh^) = P (a; nny) u P (y i-h^) 

[(1)'(2)] = P (x hH y) w t ‘2 : D h . Prop 

*260-22. h : P^ e Ser . D . (P,). = P, . p, ^ 1 -> 1 . (P,)^ <t J 


( 1 ) 

^ 2 ) 


Dein. 

(-.*121-254 , Dh.P. = (P^,). 

. (1) . *204-7 . D h : Hp . D . P, e 1 1 

1- . *121-305 . D 1- : Hp . D . P, G P . 

[* 91 - 59 ] 

[*2041] D.(P,)^CJ 

I- . (1) . (2) . (3) . *121-31 . D h . Prop 
*260-23. I- : e Ser . v e NC induct . D . (P,), e 1 1 


(3) 


[*121-342. *260-22] 

*260-24. h : 6 Ser . i; e NC induct . a; (P,)..y • • 3 • yP ,2 

Dem. 

t- . *121-35 . *zn0-22 . D h : Hp . D . a; ((P,), | P,) ^ . 

[*9^1] 3.(ajo).a:(P.).w.it.P,^. 

[*260-23.Hp] 3.yP.2:DI-.Prop 

*260-26. I- : Pp„ c Ser . P = P, . xR^y . D . P(xHHy) = p (aj^ny) 

Dem. 

*260-24 . D I- : Hp.i-eNC induct . a:P.y. xP ,+.,2 .P(a:i-Hy) = iJ _ ^5 _ 

yRz . P (x HH y) =» P (ar h-t y) , 

[*260-21] '^•P{x\-\z)~R{x\~\y)\Ji‘z 

[*260-22.*12]-37l-304] ^R{x^z) (1) 

l-.(l).D f- Hp.i/cNC inductixP.y P(a:t-iy) = P(a:HHy): D: 

xR^^^xZ - . P (a: h-( ^) = P (a; |_H 0 ) (2) 

I- . *121-301-22-242 . D t- : Hp . xR.y .!> . P {x^y) = i‘x = R(x^y) ( 3 ) 

(* . (2) . (3) . Induct . D 

H Hp , D : i/eNC induct , a:P^y , D , P(a:HHy)= P(a:hHy) : 

[*121 12] D i S € finid'P . xSy - ^ . P (a: hny) = P (a; i— ly) : 

[*121-52.*260-22] D : xR^y . 3 . P (a: n y) = P (a: m y) D H . Prop 

In the above proposition, “Induct” refers to *12013. The “<Af” of 
*12013 is replaced by 

xRty • ^ 1 / • P(a:i-iy) = P (a: hHy), 


R. & w. III. 
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Thus (2), in the above proof, is (when v is replaceil by f) 

fcNC induct.<^f +^1), 

and (3) is <^0. 

Hence, by *12013, we have 

a € NC induct . D . <^ 0 , 

i-e. V € NC induct . D : xR^y . Dy . R{xy-^y), 

which is the inference drawn in the above proof. 

Wlierever “Induct'’ is given as a reference, it indiciUes a process such as 
the above, making use of *12013 or *12011. 


*260-261. h : P,K> 6 Ser . 3 , (P^po G 
Dem. 

l-.*260'25.Dt“:Hp.P = P, = (1) 

[*12T45.*260'22] D . P(a:HHy) e CIs induct (2) 

h.*121-242.(l).*260’22.DI-:Hp(l).D.a:.y€P(a;h-iy).a;=|=y. 

[*52-41] D.P(a:i-iy)/^e0wl (3) 

I- .(2).(3). Dh : Hp.x(P,)poy . D ,P(a:hHy)€Cls induct-0 - 1 . 
[*260T1] 3 . a;Pfny : D h .'Prop 

*260'26. h Ppo « Ser . P = P, . xR^y . D : xj\y . = . xR^y 
Denu 

I- . *260*25 . D f- Hp . D : P {xy~\y) = R : 

[*121T1] D : xP„y . = . xR^y D h . Prop 


*260'261. h : Ppo e Ser . € NC induct — i*0 . xP,y , , D , yP^z 

Deni. 

h . *121T1 . D h : Hp . D . Nc‘P(x>-iy) = 1 . Nc'P(xhH^) = v 2 . 

[*120'32] + ^ 

b . (1) . *120-428 , D h : Hp . D . Nc‘P(xi-t^) > Nc‘P(xhHy) . 
[*ll7-222,TraD8p] D , (P(xn«) C P (xHny)) , 

D.~(2P#y). 

^•yPpo^- 

D . P (x M x) = P (x M y) u P (y -H z) , 
D.P(y-t^)€l . 

D .P{yy~*z) € 2 . 

0 .yPiZ ; D b . Prop 


[*12M03.*201 14-16] 
[*202103] 

[*202'171] 

[*120-41.(1).(3)] 

[*1 21-242.(2)] 
[* 121 - 11 ] 


(1) 

( 2 ) 


(3) 


*260 27. b : Ppo e Ser . D . P,„ == (P,)po 
Dem. 

b , *260*261 . D b : Hp . v c NC induct — t'O . xP^y ,xP,+,iZ . x(P,)poy - 3 • 

yPi^.x(P,),K,y - 

[*91*511] D.x(P,)po^ (1) 
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Hp.i/eNC induct — : JcP^y . 

^ • X (/*,)po2 (2) 

K . *yi'502 . D h : xP^y . D . ar(P,),^7/ <3) 

1- . (2)-. (3> . *120-47 . D h Hp . D : I. e NC induct - t‘0 . D, . G (P,)po : 
[*2601] D:P,„C(P,)p„ (4) 

H , (4) . *260*251 , D !“ . Prop 


*260'28. (- : P^ e Ser . v e NC induct — t‘0 , D . P^ = (P,)^ = (P,n)^ 

Deni. 

h . *260 26 . D I" Hp . D : a: (P,),^^ . xP^y ,~,x{P ,)poy . a: (Pi)^y (1) 


I- . *2601 . D 1- : Hp . xP^y . D . xP^^y . 

[*260-27] D.a;(P,)poy (2) 

h .*121-321 . D h : Hp.a(P,).^. D ,a;(P,)poy (3) 

I- . (1) . (2) , (3) . D h Hp . D : xP^y . = , a;(P,)^^ (4) 

K *121-254. D I- . (PO. = [(P,)poU . 

[*260-27] D h : Hp . D . (P,). - (AJ. (5) 

h . (4) . (5) . D h , Prop 


The above proposition does not hold in general when »/ = 0, for if P is a 
compact series, P, = A, so that (Pi)o= A, but Po = / 1'0‘P. 


*260*29. h : Pp^, 6 Ser , xP i^y • P{x^y) = P^(x\-\y)~ P,^ (a: i— i y) 

Dem. 

H ■ *260‘27'25 . D h : Hp . D . P (x t-n y) = Pj (a: n y) 

[*12l-253.*260-27] = P,^ {x^y ) : D h . Prop 

The following propositions are mainly concerned with the result of 
confining the field of P,„ to the posterity of a single term. 

*260 3. t- : Ppp e Ser . D . D‘P,„ = D‘P, . Q'P^p H'P, . C‘P,„ = C'P, 

[*260-27 .*91-504] 


*26031. 


Dem. 


: P,,o e Ser . x e D'Pj . D . 

C‘\P,„ D(t‘® = (P.Va: = t‘a; w P,„‘-r 


I- . *260 27 . D h : Hp . 3 . t‘x u P,^‘x = i‘x u (P,)^‘x 
[*!)614] = (P.)*‘» 

H . *260-3 . 3 h : Hp . 3 . a l*P,„‘x . 

[*36-13] ^3 . (ay) . X {P,„ t(l‘a: u P,^‘x)} y 

H . *36-13 . 3 1- : y e P,„‘a; . 3 . a; {P,„ u Pi„‘iE)l y . 

3 . taa) . ^ (P,„ i(l‘x>j'p,,‘x)] y 

K (2) . (3) . 3 I- : Hp . 3 . i‘x <j%„‘x C C‘(P,„ t(t‘a: uK‘a:)l . 

[*37-41 J 0 . i‘x <a P,„‘® = C‘[P,„ t ( 1 ‘a; u *P,„‘x)l 

t-.(l).(4).3h.Prop 


( 1 ) 

( 2 ) 

(3) 

W 



116 


SERIES 


[part V 


*260 32. H : i^po 6 Ser . D . 


P,„‘x) = t (1‘a: u P,„'x) . P,„ ^ ((‘a: ^ P,„‘x) e Ser 

Devi. 

I- . *260 12 . 3 h . P,„ t(i‘x V. P,„‘x) e Pp„ C((‘x « P,„‘x) (1) 

t- . •260-3 . *200-35 . 3 

l-:Hp.x~eD'P.. 3 . P,„ t(‘‘^ « K‘®) = A = P„ t(«‘^ « K‘®) (2) 

(-.*201-521 .*260-27.3 

1- : Hp . X e D'P, . 3 . P,„ t ((‘x w K‘x) = (P.),„ t . 

[*20214.*260 22]D . Pf^ Pfn‘j;)econnex . 

[*260 202] D . P,, l(i*x u K‘^) f Ser . (3) 

[(1).*260*31 .*204-41] D . l{i^x w %^*x) = P^ ^{i^x w %Jx) (4) 
l-.(2).(3).(4).Dh.Prop 

*260 33. h : P^ c Ser . x e D'P, . P, = P . D . 

Pi. ^ K‘^)= (X'^)i = i(K‘^)i ^)po = \R r(V^)i 


Dem. 


po 


I- . *260-27-31 . 3 I- : Hp . 3 , P,^i(i‘x u P,„>x) 
[*96-16.*91-602] 

[*96-13] 

[*96-2.*260-22] 

l-.(l).(2).(3).3l-.Prop 


PU 

r('Rpo‘«^)U 


(1) 

(2) 
(3) 


-34. I- : Hp *260-33 . 3 . (P,„ t (t‘x w P,-„‘x)l, = (P,‘x)1 P = P [ P,„‘* 
Dem. 

h. *260-33. *121-254. D 


h : Hp . D . lP,n D(Px u P , Rl = (P (1) 

I- . (1) . *121*31 . *260-22 . D h . Prop 

The following propositions are concerned with the result of confining the 
field of Pfn to a single family. 


*260*4. h : PpocSer . D . Pfn t-^fn'xcSer. 

C"(P,„ C P;„'^) = Pr„-^ = (Pi)*'^ . P,n'^ - « 1 

Pern. 


h . *260-27 . *97-17 . D h : Hp . D . P,„ DP,„'a;=(P,)p„ CW*'^ 
[*202*1 5.*260‘22] D . P,n p Pfn'« e connex . 

[♦260-202.*204-42] D . P,„ iPt^‘x e Ser 


(1) 
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I- . (2) . *260-202 . *200-12 . D h : Hp . D 

I- . *260-27 . *97-17 . D I- : Hp . D . 
l-.(l).(2).(3).(4).Dl-.Prop 

*260-41. HP„«Ser.P = P,.D. 


Pi^^X'>^€ 1 




(2) 

(3) 

(4) 


Dem. 


P,a t = .Rpo D = (K‘^)1 -Rpo = 




I- . *260-27 . *97-17 . D t-^Hp . D . P,„ (1) 

H . *97-13 . D h : Hp . 2^ e . yR^ s.O.ze R^'-R^'x u R^“R^<x . 
[*92 311. *260-22] 0 . z e R^‘x ^ R^‘x , 

[*97-13.*36-1.3] ^ . y (R^lR^‘x) z (2) 

h . *35-21-441 . D I- . lR^‘x C (P*‘a;)1 R„ (3) 

^■.(2).(3). ^ I- : Hp . 0 . R^ [^‘x = R^ (4) 

Similarly h : Hp . D . (5) 

I- . (1) . (4) . (5) . D I- . Prop 


*260-42. I- : Hp *260-41 . D . P,„ [ R,„‘x = R)^ = (R 

Dem. 

I- . *92-32 . *260-22 . D h : Hp . D . R“1r^‘x C ^‘x . 

^ -Rp. = ((K‘^)i pu 

Similarly : Hp . 3 . P^ [-^‘ 0 := (P ['^'x)^ 

H. (1). (2). *260-41 .3 I-. Prop 

260-43. I- : P^ 6 Ser . 3 . 


( 1 ) 

( 2 ) 


= (P*‘x) 1 P 

= (K‘*) 1 P. 


= -P- 1 = ( A.'®) 1 = -P. r 

I-. *260-42. *121 -254. 3 
h : Hp . P = P, . 3 . {P,„ cK‘^!. = f(K‘®) 1 
[*121-31.*260-22] =(K‘x)1P 

[*97-17.*260-27] =(K‘^)1P. (1) 

Similarly I- : Hp . 3 . fP,„ t K'x). = P. cK/x f 2) 

K (1) . (2).*35-ll . 3 h : Hp . 3 . (P,„ =P. O) 

H . (1) . (2). (3) . 3 I- . Prop 

Observe that the two series P,„ lP,,‘x and P,„ [iK'y are either identical 
or have no common terms in their 6elds. This results immediately from 

*97 16, since the Helds of the two series are (P)^‘x and (P)iit‘y. 


( 1 ) 

12) 

(3) 



*261. FINITE AND INFINITE SERIES. 


Summary of *261. 

In this number we define finite and infinite series, and we show that, 
where well-ordered series are concerned, there is only one kind of finitude. 
i.e. there is not the distinction, which exists in cardinals, between “in- 
ductive" and “non-refiexive." We also give various eciuivalent forms of 
the distinction between finite and infinite series, and some of the simpler 
properties of each. The propositions of this number are numerous and 
important. 

We define an infinite series as one whose field is a refioxive class, and a 
finite series as one which is not infinite. Thus we put 

Ser infin = Ser 6'“Cls refl Df, 

n infin = fin 6'“Cls refl Df, 

Ser fin = Ser - Ser infin Df 
n fin =n-n infin Df. 

We also put, to begin with, 

n induct = n A (7“Cls induct Df, 
but in the course of this number we prove 

*261 '42. h . n fin = ft induct 

so that the symbol " ft induct ” is not required after the present 
number. 

After some preliminary propositions, we proceed (♦261'2ff.) to various 
criteria of finitude and infinity. We have 

*261*26. hi.PeSeT.O: 

C'PeCls induct-t'A. = .P = P,o.El5'P.El5'P 

The condition P = Pf„ insures that every interval is finite, but this still 
leaves it possible for our series to be a progression, or its converse, or the 
converse of a progression followed by a progression (i.e. the type of the nega- 
tive and positive finite integers in order of magnitude). The third of these 
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possibilities is excluded by either E ! B^P or E ! B^P\ the second is excluded 
by E ! B*P, and tlie first by E ! B^P. We have 


*261-212. h P e n . D : C\*P, = G'P . = . P = (P^po • = .P = P,.. 

= (1‘P' means that every term except the first ha^ an immediate 
predecessor. We have 

*261-26. h : P e Ser . a C e‘P . 3 ! a . a 6 Cis indiict . D . E ! inin//a. E ! rnax//a 
and 

*261-27. I- P e Ser : a C C*P . 3 ! a . . E ! min^'a . E ! max/a : D . 

P = P|n . 0‘P 6 Cls induct 

whence we obtain 


*261-28. h::PeSer.D:. 

a C G‘P . 3 ! a . Do . E ! niinp'a . E ! maxp^a : = , C‘P e Cls induct 

l.e. a series whose field is inductive is one in which every existent sub- 
class of the field has both a minimum and a maximum. 

Fntm the above, together with an inductive proof that every inductive 
cla.ss which is not a \init class is the field of some series, we obtain 

*261*29. h . Cls induct = 

1 u C“P (P € Ser : a C C*P . 3 ! a . D. , E ! minp'a . E ! maxp'aj 
= 1 wC‘‘(nnCnv“n) 

The above propo.sition is interesting as giving an alternative method of 

treating inductive classes. Instead of the definitions adopted in *120, we 

might have taken the above proposition as the definition of inductive classes, 
putting 

NC induct = Nc“Cls induct Df. 

We should thus wholly avoid the use of mathematical induction in de- 

fiuitions; hence if such avoidance were in any way desirable, it could be 

secured by dealing with series before introducing the distinction of finite 

and infinite, and then defining inductive classes as the fields of series which 

are well-ordered backwards as well as forwards. The inductive properties of 

such classes would then be deduced from *261*27, together with *260-27, in 
virtue of which we have 


PenACnv-n.D.P = (p,)^. 

whence, by *91 '62, 

I- :: P 6 n n Cnv“n . D xPy . = : C /x . P/a; 6 /t . D,. . y 6 /x. 

In virtue of this proposition, if 7 is the field of a well-ordered series P 
whose converse is well-ordered, then any property which is inherited with 
respect to P, belongs to all the successors of x (where a: e 7 ) if it belongs to 
the immediate successor of a. Hence mathematical induction follows. 
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From the above we obtaio at once 

♦261-31. h P 6 Ser . D : 6 Cls induct . = . P. P « fl 

I.e. series whose fields are inductive are the same as inductive well- 
ordered seiies, and aie also the same as well-ordered series whose convei-ses 
are well-ordered. Hence also we obtain 

♦261-33. l-:P.Qen.QCP.D.Qen induct 

I e. a desceixding well-ordered series of terms chosen out of a well-ordered 
scries must be finite. This proposition, which is due to Cantor, has been used 
by him in many proofs. 

We have 

♦261 36. h P 6 n . D : C*P € Cls induct - t‘A . = . Q'P, = Q'P . E ! fi‘P 

In ♦253*51 and following propositions we have already had the hypothesis 

1 = Q‘P . E ! P‘P, which now turns out to be equivalent to the hypothesis 
that our series is finite and not null. Thus we have 

♦261*36. h Pc n , D : C'Pe Cls induct - t‘A . = , Nr‘P4= 1 +Nr‘P 

♦261*4 and following propositions are concerned in proving that a well- 
ordered series which is not inductive always contains progressions, and in 
deducing consequences from this. We have 

♦261-4. h ; P € n - n induct . D , ((Kv-®‘P1 1 « Prog 

The above proposition is very important, for many reasons. One of its 
most important consequences is that, if P is a well-ordered series which is 
not inductive, its field contains an and is therefore a reflexive class 
(♦261*401). Hence a class which can be well-ordered is either inductive or 
reflexive (♦261'43), and a well-ordered series is either inductive or infinite 
according to the definitions given above (♦261*41). Hence where well- 
ordered series are concerned, the two ways of defining finite and infinite 
(namely those in *120 and ^124) give equivalent results. This cannot (so 
far as is known) be proved for classes in general without assuming the multi- 
plicative axiom. 

From the above-mentioned propositions it follows that an infinite well- 
ordered series is one in which P, limited to the posterity of B*P with respect 
to Pi is a progression in the sense of ^122 (♦261'44), and that any cla&s 
contained in a well-ordered series is either inductive or reflexive (♦*261*46). 

The number ends with some propositions in ordinal arithmetic. We 
prove that P^ is well-ordered if P is well-ordered and Q is a finite well-ordered 
series (♦261*62) ; that if P is a finite well-ordered series, and P is less than Q 
(in the sense of *264), then P^ is less than Q"; and that a finite well-ordered 
series is less than an infinite one (*261*65). 
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*261-01. 

Ser infin = Ser a ( 'Is it tl 

1)1 

*26102. 

n infin = n A C“Clsrefl 

1)1 

*261 03. 

Ser fin = Ser — Ser infin 

l)f 

*26104. 

n fin = 11 — 12 infin 

Df 

*26106. 

n induct = n C‘*Cls imluct 

I)f 


*261 1. 
*26111. 
*26112. 

*26113. 

*26114. 

*261 16. 
Deni. 


*261161. 

*261162. 

*261-163. 

*26116. 

*261161. 

*261162. 

*261163. 

*26117. 

*261171. 

*261172. 

*261-173 


H : i-* e Seriiirtn , = , P e Ser . C^P e Cls reH [(*261 01 )] 

V\Peil inHn .-.P^il.i'^Pe Cls reH [(*261 02)] 

Ser 6n . = . e Sei — Ser iiitin . - . Ser . C^P e C’ls refl 
[(*261-03)] 

h : 7^ c n Hii . - . P e n - (1 iiiHn . - . 7^ e O . C^P e Cls ivH 
[(*261 04)] 

H : Pe n induct . . P e O . C^PeCls induct [(*261 05)] 

I- : PeSer infin , Psniort^. D . (^eSerinfin 

h . *2611 . D 1“ : Hp , D , P 6 Ser . C*P 6 Cls reH . P smor Q . 
[*204-21. *151 13] D. (^e Ser. C* 7^6 Cls refl . C‘Psin . 
[*12418] e Ser . C‘(2e (Jls refl . 

[*2611] D . Q e Ser infin : D H . Prop 

h : 7'*eSer infill . D . Xr‘7'» C Ser infin 1*26115] 

I- : P e Ser infin . z . NV7^ C Ser infin . h . g ! N,.r‘7* ^ Ser infin 
[*261-151 .*155 12] 

K : Pc Ser infin . = .(gQ). Psmor Qe Ser infin 
[*26115 . *15113] 

h : Pe n infin . Psinor Q . D . Q e fl infin 

[Proof as in *26115, using *261 11 . *251 111 . *151 18 . *124 IS] 
h : P 6 n infin . D . Nr‘P C O infin [*261 16] 

1“ t P e n infin . = , N„r‘7* C n infin . = , g ! N^r'P n Ser infin 
[*261-161 .*155-12] 

h : P e n infin . z . (gQ) . P smor Q . Q c n infin [#26116 . *151 13] 

I- : P e Ser fin . P snior Q . D . Q c Ser nn [*2611 5 . 'rransp] 

y : Pc Ser fin . D , Nr‘7^CSerfin [*2G1 17] 

1- : P e Ser fin . = . N„r‘7^ C Ser fin , z . g ! N,r‘7* a Ser fin 

[*261-171 .*155-12] 

H : Pc Ser fin . z . (g(J) . smor Ser fin [*26I 17 .*15113) 
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* 26118 . 

* 261181 . 

*261182 


*261183 

* 26119 . 


* 261191 . 

* 261192 . 


* 261193 . 


t- : P e a fin . P .smor Q . D . Q e fl fin [*26 116, Transp] 

^ : P 6 n fin . D . Nr‘P C ft fin [*26118] 

l-:P6ftfin. = .Nor‘PCftfin. = .3lNor<PAftfin 

[*261181 .*15512] 

H : P 6 ft fin . = . (aQ) . Psmor Q . Q e ft fin [*26118 . *15113] 

h : P e ft induct . P sinor Q . D , Q e ft induct 
[Proof as in *26116, using *120*214 instead of *12418] 

I- : Pe ft induct . D . Nr'PC ft induct [*261*19] 

h : P 6 ft induct . = , Nor'P C ft induct . = . g I NoF'P a ft induct 
[*261 191 .*155*12] 

f* : Pe ft induct . h . (gQ) . PsmorQ. Q eft induct 
[*261*19. *151*13] 

I- : Ppo f cnnnex . (P‘P) Pfn (P'P) . D . C^P € Cls induct 

h. *202*181 ,Df-:Hp. D.C"P = P(P'PmP‘P). 

[*260*1 l.Hp] D . C*P € Cls induct : D h . Prop 

I- : P c connex . P = P,„ . E I P'P . E I P‘P . D . C‘P e Cls induct 

1- . *202103 . *93*101 . D f- : Hp . D . (P‘P) P (P'P) . 

[Hp] D . (P‘P) P,„ (P‘P) . 

[*261*2] D . C'PeCIs induct OH. Prop 

*261 211. 1- : P 6 Ser O . rnrnp'l^a: - (Kw^l ^ O'P - O'P, 

Dtm. 

h. *91*511 .*121*305. D 

4 


* 2612 . 

Deni. 


* 261 * 21 . 

Dem. 


h Hp . D : y 6 P*x a {P^)^*x . yP,^ . D *zeP*x a (P^^x : 

<■ 


[Transp] Oize P*x - (P,)po‘^ .yP^z .0 .ye- P*x w - (P,)po'.r 

♦ 


( 1 ) 

H . *91*502 . D h ze P‘a: — (P,)p(,'iJr. 3 : zcP'iF — P/j: : 

[*201*63] D:Hp.D.a:P*z (2) 

H • *201*63 . D h ; Hp . xP^z ■ yP\Z . D . {yPx).y4fX. 

[*202-103] D . xPy (.3) 

!■ . (2) . (3) . 3 h ! Hp . z f P'x — {P^)^‘x . yP^z .O.ye P'x . 

[(1)] 3 . y e . 

[•201 -63] 3 . y e P‘z n[P‘x — (^i)po‘«) ■ 

[*205*14] D.z~emin/*^(P‘a: — (Pi)po'j»J (4) 

H . (4) . Transp • 0 

h : Hp . zc minp'jP'a: — (P|)y(,'flf) - D • yPi^ OH. Prop 
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4 


'l>0 


*261-212. h P € n . J : Q'P, = Q'P . = . P = (P,)^ . = . P = P,„ 

Dem. 

I- . *121-30.5 . D I- : Hp . D . (P,),„ C P 

f-.(l). Dh: Hp.P=(=(P.)p„.D.(aa-,y).®Py.~j^(P,)p„y| . 

[*32-18] 

[*250-121] 3 E! minp‘|P‘x-(P,)^‘x) . 

[*201-211] D.a!a‘P-a‘P, 

t- . (2) . Transp . D I- : Hp . Ci'P = Q'P, . D . P = (P,) 

I- . *91-504 . D h : P = (P.)^„ . D . (T‘P = Q'P, 

t- . (3) . (4) . D t- Hp . D : tl'P, = Q'P . = . P = (P,)„„ . 

[*260-27] =.P = P,„:.DKProp 

*261-22. h : Pe Ser.C'P eCls iniltict . D . P = P,„.D‘P = D'P, . Q'P 
Dem. 

H . *26012 . *201-18 . D h : Hp . D . G P 
(-.*121-242. '^^■'av-=cPy-^-x.yeP(x^y).xJfy. 

[*5241] D . P (a; I— ly) ~ e 0 u 1 

(- . *120-481 . 3 I- : Hp . D . P (a: i-H y) e CIs induct 

(- . (2) . (3) . *260-1 1 . D (■ : Hp . a.-Py . 3 . xP„y 
(•.(1).(4). DI-:Hp.D.P = P,„. 

[*260-3] D . D'P = D'P, . Q'P = D' P, 

(-.(5). (6). Dl-.Prop 

*261-23. I- : P e Sei . D'P. = D'P . ~ E ! B‘P . g ! P . D . C'P c CIs refl 
Dem. 


(1) 


( 2 ) 

(3) 

(4) 


= C'P. 
( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 




K *91-52. 3 I- . P."(P.)*'a: = (P.),„‘a: 
(-. *91 -54. *260-22. D 


( 1 ) 


( 2 ) 

(3) 

(4) 

(5) 


1- : Hp . ® 6 C'P . 3 . (P,)*'a: = i‘x u {P,)^‘x . x ~ e (P,)„'x 
(-.*93-11. DI-:Hp.D.D'P, = C'P. 

[*90-18] D . C D'P, 

I- . *260-22- 3 (- : Hp . D . P, e 1 -+ 1 
I- . (1) . (2)^(4) . (5) . *73-21 . *91-74 . 3 

(- :. Hp . 3 : X € O'P . 3 . (K)*‘a sm ( A),„'x . (Ku'a; C (P0*'x . 

, 'a.'-tr\Wx-(P^^‘x. 

[*124-16] 3 . (P.)*‘x e CIs refl (6) 

I- . (6) . (3) . (4) . 3 h : Hp . 3 . g ! CIs refl n Cl'C'P . 

[*124-141] 3.C'PeCls refl :3K Prop 



124 

SERIES 

[part V 

*261*24. 

f- : Z^fScr.C'PeCIs induct -t‘A .3. E! fi‘P. E! 5‘P 



H . *261 -22 . 3 1- : Hp . 3 . 0'/"= D‘P, , 
[*261-23.Ti-an8p] D.EiZl'Z' 

(1) 


l-.ll)^. DH:Hp.3.E!fl‘/" 

(2) 

*26126. 

^■.(l).(2). 3h.Prop 

V-..P( Sei- . 3 : C‘P t CIs induct - t‘A . = .P = R . E 1 5‘P . E 1 B'P 

When 

[*261-22-24*2I] 

^ ~ E * P*P . ~ E ! B^ P, P is a progre.s.sioii : 


when 

P ~ Pfw • E ! B'P . ~ E ! B'P, P is u regres.sion 



(i.e. the convei-sf (if i\ progression); and when 

P = Pr„.>^Kl]i^P.rs.El B^P, 

I is the Slim of a regression and a progression. These propositions will be 
proved in the next number. 


*261 26. V\P € Ser . o C C*P . g ! a.a e CIs iniJuct . D . E ! minp'a . E ! max/a 
Bern. 

H . *205*17 .DhrHp.ael .D.E! inin/.‘a . E ! maxp*a (1) 

h . *202*55 .DH:Hp.a^€l.D ,a = C\P f a) . 

[*2G 1 *24] D.E! B\P t o) . E ! 5*Cnv‘(P f a) . 

[*205-42] D.E! min^ ‘a . E ! max/a (2) 

K(l).(2).Dh.Prop 


*261'27. yi.Pe Ser : a C C'P . g ! « . D. . E ! min/a . E ! max /a : D . 

/* = P,n • ^*P f CIs induct 

Dein, 

I-. *2.50 121 .3t-:Hp.D.Pen. 

[*250-21] D.D‘i>=D‘P.. 

[♦260-.3] 3.D'7'=D‘P,„ (1) 

l-.(l).Dh:Hp. . y e U‘P . D . y e D'Pi„ . xP,„y . 

[*200-201] 0 . y , P,„‘Jp,„‘x . 

[*200-1 2.*201 18] :3.yeP"P„‘x. 

[*205 111] 0 .y^ maxp‘Pi„‘x 

!■ . (1) .(2) . Traiisp . 3 h : Hp . a-e I)‘P . D . max /.'/*, „‘.r= B'P 

h . *250 121-1.3 . 3 I- : Hp . a ! Z' . 3 . E ! il‘P . 
f(3)] 3. («'/")/'„, (fl'Z'l. 


( 2 ) 

(3) 
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[*260-11] D . p {B^p HH n^P) e CIs induct . 

[*202181] D.C^PeCls induct 

1- . *120-212 . D h : P = A . D . e‘P e CIs induct 
l~ . (4) . (5) . D 1- : Hp . D . C‘P e Cls induct . 

[*261-22] D.P = P,„ 

l-.(6).(7).Dh.Prop 


(4) 

(■^) 

( 6 ) 

( 7 ) 


*26128 


I- :: P e Ser . D 

a C C*P . a ! o . . E ! min^'a . E ! max^a : = , C*P 6 Cls induct 

[*261-26-27] 


*261*281. h : 7 € Cls induct — 1 . D . 7 c C“Ser 
Dem. 

D h . A e C‘'Ser 
D h . A u 1 
D f- : ic = y , D . t'o; w € 1 
D H :a:=|=y , D . Pa: w Py € C“Ser 
D h . u /‘y € 1 u C'^Ser , 
Dl-:7€l.D.7wt‘y€lw 6 ^“Ser 
D h : 7 € 0“Ser . y e 7 , D . 7 u Py e C“Ser 
h . *204*51 . *161-14 . D f- : 7 e (7“Ser .a! 7 *^~e 7 .D. 7 wpy€ C^Scr 
I- . ( 6 ) . (7) . D h : 7 € C“Ser - a ■ 7 • ^ • 7 e C“Ser 

I- . (2) . (5) . ( 8 ) , D h : 7 € 1 w C“Ser . D . 7 u t‘y e 1 y C“Ser 
H . ( 1 ) . (9) . *120-26 . D h : 7 e Cls induct . D . 7 e 1 w C^Ser Oh. Prop 

*261 '29. h . Cls induct = 


H . *204-24 . 
h . *52-22 , 
h. *52-22. 
h. *204-25. 
l-.(3).(4). 
[*52-1] 
l■.*51•2. 


(1) 

(2) 

( 3 ) 

(4) 

( 5 ) 

( 6 ) 
(7) 
(«) 
( 9 ) 


Dem. 


1 U a»P fP 6 Ser : a C C‘P . a ! a . D. . E ! min/a . E ! maxp'al 

= 1 w A Cnv«n) 


h . *261-281 . D h 7 € Cls induct - 1 , D : (aP) : P e Ser . 7 = 0‘P ■ 

[*261-28] 

^ • (S-P) • P e Ser ; o C 0‘P . a • ® ! minpa . E ! max/>‘a ; 7 = C*p ; 

[•37-6] 3:7eC“PlPeSei:aCC‘i>.a!a.D..E!min/a.E!max/al (1) 
t-.*261'28.3t-:.PeSer: ' ’ 

a C C‘P . a ! a . D. . E ! minp'a . E ! niaxpa : 7 = C‘P : D . ^ e Cls induct ■ 
[*37-6] 3 I- : 7 ^ C»P (P e Ser : a C C‘P . a ! a . D. . E ! n.in,‘« . E ! n>axp‘a) . D 

. 7 e Cls induct (2) 

h. *120 213. Dh. 1C Cls induct 

h . (1) . (2) . (3) . D 

I- . Cls induct = C-P IP e Ser : a C C‘P . a 1 a . D. . E ! minpa . E ! maxpal 
[*250121] = C“(n A Cnv“n) . D I- . Prop 
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[part V 
consequences of Ihe 


The following four propositions are immediate 
propositions already proved. 

*261‘3. f- :: Pe Ser . D 

OPeCh induct. = : Pe H : a C . g ! a . D. . E ! max/a 
[*261*28. ★250*121] 

★261-31. 1- P 6 Ser . D : C^P e Cls induct . = . P e ft [*261*3 . *250*121] 

*261*32. h . Ser n C^CJIs induct = SI induct = n r» Cav“n [*261*31'14] 

On account of this proposition, we do not introduce the notation "Ser 

induct for ‘ Ser r\ C*‘Cls induct,” because a series whose field is inductive 
is a well-ordered series, and therefore the notation '* fl induct "gives all that 
is wanted. 


*26133. I":P, Qcn.QCP.D.Qefl induct 

Dein. 

y . *204*2 . D h : Hp . D . y 6 Ser . y G P . 

[*250*14] 3 - y e Ser n Bord . 

[*250 12] D.y^n. 

[*261*32] D . y € n induct Oh, Prop 

This proposition (which is due to Cantor) is of great importance in the 
theory of well-ordeied scries. It shows that, however great a well-ordered 
.series may be, any descending well-ordered scries contained in it must be 
finite. (A descending series in a given scries is a series contained in the 
converse of the given scries.) 


* 26134 . 


Deni. 


h : t' fl , O^Pi — Q‘P . K ! B* P . D , C*P e Cls induct 


h . *250 23 . #21412 . D h Hp . a C C*P . D : E I inaxpa . v . E ! aeqpa ( 1) 
h . *206 181 . D h : Hp . a C C‘P . y ! o . E ! seq/o . D . seq/a e G'P, . 
[*204*7] D.E!P,‘seqPa. 

[*206*451] D.E!max/a (2) 

h . (1) . (2) . D h Hp . D : aCC*P . y ! a . . E ! niaxpo : 

[*26 1 *3] D ; C'P € Cls induct : , D h , Prop 

*261 36. h P e n O : C'P c Cls induct - . h . Q^P, - (I‘P . E ! P‘P 

[*26I*22-24*34] 

Observe that " (I'Pj = CI'P . E ! /PP ” occurs as hypothesis in *253*51 
and some succeeding propositions. Thus this hypothesis is equivalent to the 
hypothesis that the field of P is an inductive existent class. It follows that 
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if P is an inductive well-ordered series, Nr*/*; = Nr'i-*, whereas if P is a 
well-ordered series which is not inductive, Nr'Pj = Nr‘P-j- i ; also that 


jK261'36. h P 6 n . D : CP e Cls induct — i‘A . = . Nr‘P 4= i -j- Nr‘P 

[*253-573 . *261-35] 

*261-37. h Pe n . D : C'Pe Cls induct. = . 1 -(- Nr‘P = Nr‘P + 1 

[*253-574 . *261-35 .*161 2 201] 


*261-38. 1- :. P e n . D : C‘P e Cls induct - i‘A . D . Nr'P, = Nr‘P : 

C‘P~€ Cls iniluct — t‘A . D . Nr'Pj = Nr‘P-i- 1 
[*2.53 .56 . *261-35] 


( 1 ) 


( 2 ) 

.(3) 


*261-4. 1- : P e n - n induct . D . 1(P,)*‘P‘P1 1 P. e Prog 

Deni. 

I- . *204-7 . DI-:Hp.P = P,.D.P6l->l 
t-.*120-212.Dl-:.Hp.D:3!P: 

[*250-1.3] 3 : E ! S‘P : 

[*250-21] D:P = P, .D.5‘PfD‘P 

h. *260-22. DI-:Hp.P = P. .D.Pp„Cy 
h . *93-103 . *202 52 . D 

l-:Pen.P=P. .g! *R^‘B‘P - D‘P . D . B‘P e*R^‘B‘ P . 

[*93-101. *91 -54] D . (B‘P)R^(B‘P) . 

[*260-27] D . (P<P) (p<p) . 

[*2612] D . C‘P 6 Cls induct 

h . (4) . Transp .Dh:Hp.P = P, .3. R^‘B‘P C D‘P . 

[*250-21] D.P*‘P‘PCD‘P 

I- . (1) . (2) . (3) . (5) . D 1- : Hp . P = P, . D . 

1 1 . B‘P € D‘P . ~ ((P‘P) R,.^ (B‘P)] . ^t^‘B‘P C D‘P . 

[*122-52] D . (X‘.B‘P) 1 R e Prog : D h . Prop 


(- 1 ) 


( 5 ) 


*261-401. h : P e n - n induct . D . g ! n CPCP . CP e Cls red 
Deni. 

I- . *261-4 . *123-1 . D I- : Hp . D . D‘ j(P, VP'Pj -] p, ^ 

1- . *121-305 . D I- : Hp . D . D‘l(P.)7‘P‘Pj -| p, C C P 
t-.(l).(2). DI-:Hp.3.g!N„nCl‘C‘P. 

[*124-15] D.C'PrCIsreH 

h . (3) . (4) . 3 I- . Prop 


( 1 ) 

(2) 

(3) 

(4) 
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»261-41. 1- . n - n induct = n infin [*261-401 . *261 1 1 . *124'271] 
*26142. h . n 6n = n induct [*261'41 . Transp . *124'271] 

VVc shall henceforth use “ fl 6n ” in preference to “ fl induct." 

*261-43. h . C“n C CIs induct w Cls refl [*261-401 14] 

*261431. l-:Pen-t‘A.D. 

1 r*P,.‘B‘P = P, I (i‘B‘P u *P,„‘B‘P) 

= U‘B‘P « P,„‘B‘P) 1 P, 

Dem. 


1- . *2.50-13-21 . D h : Hp . D . B‘P(D‘P, . 

[*260-31] 

I- . ( 1 ) . *260-27 . 

[*260-34] 

[( 2 )] 

h . (3). (4) . *3.5-1 1 . Dl- ; Hp . D. [(/’, = P,t{i‘B‘P v/ 'P,^‘B‘P) 

h . (3) . (4) . (5) . D I- . Prop 


D . i‘B‘P w P,„‘B‘P = (P,)t^‘B‘P 
D h : Hp . 0 .*P,„‘ l^P = (P^‘ B‘ P . 

:>.P,rK‘B‘P=\(P~)^‘B‘P]‘\P, 

= (i‘B‘P^*P,^‘B‘P)‘\P, 


( 1 ) 

(2) 

(3) 

(4) 

(5) 


*261-44. h :. /■ € n . D : P, [■ P,„‘B‘P e Prog . = . Pifl inHn 

Dem. 

• 

[♦12415] D.r;*PeClsrefl. 

[#2611] D-PcHinfin 

h ,#261-4*4;il-41 . D h : 7^ e fl inrtn . D . P. T e Prog 

l-.(l).(2).DI-,Prop 


*261-46. h . a infin - fl a P (P, ^ Pr„‘P‘P f Piog| [#261-44] 

*261 46. h ; P € fl . D . Cl'C'P C CIh induct w Cls reH 
Dem. 

h. #250-141 .#202-55.3 

h:Hp.«CC‘P.a~el.D.Pta€fl.a = C‘(Pta). 
[#261-43] 3 . a cCls induct w Cls refl 

I- . #120*213 . 3 I- : a f 1 . 3 . ac Cls induct 
l-.(l).(2).3l-.Prop 


(1) 

( 2 ) 


(1) 

(2) 


#261*47. I- 7^ c fl . o C C‘P . 3 : a e Cls induct . s . a ~ c Cls rcH 

[#261-46. #124*271] 

#261 6. I- :. P€ fl . C'PC n . Nc‘C‘P = v . 3p . IMPf fl : 

ve Nc induct — e‘0 — t'l : 3 : 

g^n , c fl . Nc*C'g- i/+o i . 3 q . n*g e n 

Dem. 

I- . #204 272 .31-: Nc'D'Q = 1 . Q « Ser . 3 . Q c 2, . 

[*56112] 3.C‘g«2 (1) 
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( 2 ) 


( 3 ) 

(+) 

D . 

( 5 ) 


l-.(l).Transp.DI-:yeli.C‘yCn. Nc'C'V^ = i- +„ 1 . 

v e NC induct - i‘0 — i‘l . D . D‘(2 ~ e 1 
t- . *2l)l-2-4- .31-: Hp(2) . 3 . E ! . 

[(2).*204-461] 3. y = QD • 

[*172-32] 3. n‘l^siii..r ll‘(y [ ])‘y) x 

I-. *110-63. 31- : llp( 2 ). 3. Ne‘l)‘g f . 1 = n-, 1 . 

[*120 311] 3.\(,‘1)‘(^ = :, 

I- . (4) . 3 t- :. Hp C‘J’ C 11 . Nc‘C‘J>=r . 3,. . 1 1 ‘7' 1 11 

n‘(Q[D‘g)en . 

[(3).*251-,i,i] 3.n‘(^en 

I- . (5) . Exp . 3 

I- :. Hp. 3 : Qt n . C'QCn . 'Sc‘C‘Q= 1 . 3 . II‘y e n 3 |- . Prop 
*261-61. l-:Penfin.C‘PCa.3. IlfPen 

Dem. 

I- . *261-6 . 3 I- : 7^6 n . C'‘P C n . Nc‘C‘7->= :/ . 3^ . II‘7 ^ 6 n :. 3 : 

1 / € Nc intiuct — - «‘l . D : , D . (i 7 1 ) ( j ) 

I-. * 200 - 12 . 3 l-.~(a 7 '). 7 '£ll.C'‘ 7 'Cn.Nc‘C‘ 7 '= 1 . 

[*10-.53] 3 l- : Hp (1 ) . 3 . i/>l ( 2 ) 

1-. *172-13. *250-4. 3 1-:Hp(l).3.(^0 ( 3 ) 

I-. *172-23. *251-55. 3 h:. r+il. Y.Z^a.O: n‘(Y ^ Z),\V(Z i E) e H : 
[*55-54.*204 13] 3 : 7^ e .Scr . C‘7' = i‘ E u 3 . n‘ 7 > e n ( 4 ) 

l-.(4).*54-101 .3l-:Hp(l).3.(#.2 ( 5 ) 

*■•(-)• (3) . (5) . 3 h :. Hp(l) . 3 : <^0 : we t ‘0 u i‘l . . 3 . i^(i. 1 ) ((j) 

• (1) • ( 6 ) . 3 h :. Hp(l) . 3 : w e NO induct . i/>w . 3., . <^ (w 4 -„ 1) : <^0 : 

[*12013] 3 : ae NC induct . 3. . ( 7 ) 

t- . (7) . *13191 . 3 H : 7^ £ n . C‘P C 11 . Nc'C'P e NC induct . 3/. . H'P e 11 : 

[*261-14-42] 3 h : i-- e n 6u. C'P C Q . Dj. . n‘P e H : 3 t- . Prop 

*261-62. t- : 7^ £ n . y e n fin . 3 . PV £ 11 
Dem. 

1- . *251-51 . 3 I- : Hp . a ! 7^ . 3 . P 4 , e n 

(-.*165-20. 3l-:Hp.3.(7‘7^_4,:QCn 

I- . ( 1 ) . *165-25 .*261 18 • 3 I- : Hp . 3 ! 7-* . 3 . P 4 IQe fi fin 

K(1).(2).(3).*261-61 .3l-:Hp.a!P.3. ri'P^lQen. 

[*176-181-182] 3.7-’«£ll 

1- . *176-151 . *2.50-4 . 3 1 : P = A . 3 . P« e n 

I" . (4) . (5) .31-. Prop 

K.4!W. III. 


( 1 ) 

( 2 ) 

( 3 ) 


( 4 ) 

( 5 ) 
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*261-63. I- : E ! jB‘7? . P G Q , X € . D . 

(t‘x) t C^R e ri 

Dem. 

I- . *1161 2 . D I- : Hp . D . {i*x) f C"P € (O'Q t C'‘P)4‘(7*P . 

[*17614] D.(t‘x)tC'P€C‘g« (1) 

I- . *11612 . *93-1 1 . D h :. Hp . 5 e (C‘P t P‘P)a‘C‘P . T= (I'x) t C'P . D : 

(S‘P‘P) Q {T^B^R ) : - (gy) . yR (B^R) : 

[*10-53] D : (S‘P‘P) Q (P'P'P) : yR {B*R) . y 4= P‘P . . iST'y = P'y : 

[*176-19.(1)] D:,Sr(g^)r (2) 

h . (2) . *176-16 . D 1- :. Hp . D : S € C'P'^ . 3 . S{Q^) ((t'x) f C'P) (3) 

l-.(l).(3).3l-.Prop 


*261'64. h : P c 12 fin - t‘A . P less Q ,0 . fess 
Dem. 


h,*254'55. D h: Hp 
[*261-63.*250-13] 
[*176-35-22] 
[*254-55.*261-62] 


D . (gF) . P' smor P G Q . g ! n p*Q^^C*P' . 

D . (gP) . P smor P . P G Q . g ! 0*$^' ^ 

D . (gil/) . M smor P^^ . ^1/ G Q" . g ! C^Q‘^ r\ p*Q‘‘^*C*M . 
D . P^ loss g^ : D h . Prop 


*261'66. h ; P c n infin , g € H fin . D . g less P 
Dem. 

h , *261*11*14-42 . D h : Hp . D . C‘P c CIs refi . O^gc Cls induct . 
[*124-26] D . Nc'C'P > Nc'C'g . 

[*255 76] D . g lessP : D f- . Prop 



*262. FIN ITE ORDI N A ES. 


Summary of *262. 

Finite ordinals are defined as the ordinals of finite well-ordered series ; 
infinite ordinals are defined as the ordinals of infinite well-ordered series. 
In virtue of *26142, finite ordinals are those whose members have fields 
which are inductive, and are also those whose members have fields which are 
not reflexive. Finite ordinals have the formal properties which cardinals have 
but which relation-numbers and ordinals in general do not have, i.e, their 
sums and products are commutative, and the distributive law holds in the 
form 

/i X (V -i- W) = (/A X r) -i- (/A X w), 

as well as in the form 

(y -j- ct) X /A = (i' X /a) -i- (bt X /a), 
which was proved generally in *184'35. 

The di.stinguishing properties of finite ordinals arc most readily 
established by means of their corre.spondence with inductive cardinals. In 
general, two well-ordered series whose fields have the stiine cardinal need 
not be ordinally similar, but when the cardinal of the fields is inductive, 
the two scries must be ordinally similar. Uence the ordinal of a finite well- 
ordered series is determined by the cardinal of the field ot the series. We 
put generally 

/A, = nrtC‘V Df. 

The result is that, if is an inductive cardinal, is the ordinal of all those 
series whose fields have /a members. Thus there is a one-one correspondence 
of inductive cardinals and finite ordinals ; and in virtue of this correspondence, 

the formal properties of finite ordinals can be deduced from those of inductive 
cardinals. 

It will be observed that, according to the definitions already given, 

h . 0, = n n by *250-43, 

V . ~ VI f\ C“2 by *2.50 44. 
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Heiicc the noUitioiis 0^, 2^ arc particular cases ot the general iKilutiun fir. 
But in virtue of *200*12, we have, by the definition of 

so that 1,. dues not take its place in the series of finite ordinals. 

Our definitions in this number arc 

NO fin = Nor'‘n fin Df, 

NOinfin = Nor“ninfin Df. 

= n A Df. 

It will be observed that for the sake of convenience we have defined NO fin 
and NO infin so as to exclude A. The definition of fir is chieHy tisefui when 
fi is an inductive cardinal. 

The number begins with various elementary propositions, partly embody- 
ing the definitions, partly ct)nceroed with We have 

*262*12. )-\P€fir,= ,PiO., C*P € fi 
*262'18. h : /t € NC . g !/*,.. D . /a = C*'fir 

This proposition docs not require that fir should be a relation-number. 
If /A is a reflexive cardinal, fir is not a relation-number unlc.ss it is null, 
because series of many different relation-numbers can be maile with a given 
cardinal number of terms. When /* is a cardinal, “g ! /a/’ means that classes 
having fi terms can be well-ordered. 

*262*19. h /A, V € NC .g!/Ar.D:/A = i'. = ./A,.= Vr 

Thus the relation oi fi to fi, is one-one so long as ^ is the cardinal number 
of a class which can be well-ordered. 

We next prove that if ^ is an inductive cardinal other than A or 1, /a^ is 
a finite ordinal, and that every finite ordinal is of the form fi, for an appro- 
priate fi. We have 

*262*21. y i fi€ NC induct — t'A - t‘l . D . g ! /a,. 

*262*24. V i fie NC induct — t'A — . D . /a^ e NO fin 

We prove this by means of an inductive proof that two series are similar 
if their fields are inductive and similar. 

*262*26. h : a e NO fin . = . (g/A) . /a e N„C induct - t‘l . a = /a,. 

Hence we easily obtain the properties of finite ordinals from those of the 
corresponding cardinals. Assuming that /a. v are inductive cardinals other 
than 1, we have 

*262*33. /A,.-i-i/r = (/A+ov)f 
*262*36. /Ar-i- 1 = {fi +ol)r, if M + 0. 

*262*43. /ir ^ >'r - 0* Xfl v)r 
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*262-53. /i^Gxp,.z/,. = (^*')^, if i;^=0, 

*262*7. V , ^ Vf 

Hence if a, /S. 7 arc finite onlinal.s, 

*262 6 . a -i- = ;9 -i- a 

*262 61. axy9 = y9xa 

*262 62. a X -i- 7 ) = (a X ^) + (a X 7 ) 

*262 63. (a X exp,. 7 = (a exp,. 7 ) X exp^ 7) 

'Ihns tlie arithmetic of finite ordinals obey.s the 
ariiliinetic of inductive cardinals. 


same formal laws j\s the 


*262 01. NO fin = N„r‘*n fin Of 

*26202. NO infill = N,.r“n infin Of 

*26203. /i, = nna‘V Of 

*262-1. I- : a e NO fin . - , (a /*) . /' e n fin . a - N.,rO" 

*262-11. h : a 6 NO infin . = . ( 3 /*) . P c O. infin . a = N..rO' 

*262111. I- or f NO fin . = : a c N„0 :a^i-i-a,v.Q = (),. : 

= : a € NO : a 4" i -i- a . V . a = 0, 

I Jem. 

h .*262-1 . D 

NO fin. = :a€N,.0:(3y*),7^nfin.a=Nr'/'*: 

[*2(iI -36] - : 0 6 N„0 : (a^*) : NrO^^" * + NrO* ,v.P^ 

[(*2r).'5 03)J = : o 6 NyO : o 4 = i -i- a . v . o — 0, : 

[*IS0-4.*15.^’5]- :o6NO:a4r i + fl.v.a=^ 0,. 

Prop 


[(*262*01)] 

[(*262-02)] 


A : 0 = Ni 'P : 

( 1 ) 

( 2 ) 


*262*112. h : Q 6 NO infill . n . o 6 N„() - i‘0,. . 1 + « = a 

[*262*1 1 1 . Transp . *261 13] 


*26212. i- : Pefi. . - . /*6 11 . (J^Pef^ [(*26203)] 

*262-13. h : Ni-PeNO fin . = . /^e fl fin . = . n . 6 CIs induct 

Dem. 

t- . *2G2 I . 3 h : Nr‘/' e NO fin . = . ( 5 )^) . Q t ft fin . NrO' = 'Nj ‘Q . 
l*i.G2:j5.*ir,r. i;t| = . (^q) . y c n fin . p sn.oi- y . 

I* 2 <ii i«:t] =./>cnfin. 

t *2(i I 42 14] = . /• e fl . C‘ /' ( CIs indnel 

I- .<I).( 2 ).DI- . l>,o|. 


( 1 ) 

( 2 ) 
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*26214. h : Nr‘P e NO infin . = . P e n infin 

[Proof as in *262*13] 


[part 

P 6 ft . C*P e Cls refl 


*262 16. f- a e NpO . D : a e NO fin . = . C“a e NC induct 
Dem. 

h. *26213 . *120-21 .D 

h : Nof'P € NO fin . = . P 6 ft . NpC'C'P e NC induct 
h.(l).*2:)ll.D 

f“ N of'P e NO . D : N(,r‘P e NO fin . = , NoC*(7*P e NC induct ■ 

[*152-7] = . C»Nor‘P c NC induct 

h. (2). *155-2. Dh. Prop 


( 1 ) 

( 2 ) 


*262*16. hr.afNoO.^: 

a e NO infin . = . C“a ~ e NC induct . = , C**ti e NC refl 
[Proof as in *262 15] 

*262 17. h : P e ft . D . P € (N c‘C‘P). 

Dem. 

h . *100 3 . D h . C'Pc Nc'C'P (1) 

l-.(l). *262*12. Dh. Prop 

*26218 I- : /1 6 NC . g I /ir • ^ . /i = C*‘fir 
Devi. 

1-. *262-12. D f- . C'V, C /I (1) 

h. *262*12. Dh:a€/i.PcMr.^.«, C'Pc/i (2) 

h , (2) . *100*5. D I- : Hp .ac/t.Pc^^.D.asm C*P , 

[♦73*1] D.(giSr).5'6l->l .a = D'5.(7'P = a‘5. 

[*151*1 .*1 50-23] D . (giST) . 5! P smor P . C'flfJP = a , 

[*25 1*111 .*262*1 2] D . (giS) . iS! P f ft . C'^JP = a . 

[*262*12.Hp] D . (g5) .S^Pe^, C"^;P= a . 

[*37*6] O.aeC^^fir (3) 

h. (3). *10-23. DI-:Hp. (4) 

|-.(l).(4).Dh.Prop 

*26219. h :.fi, vcNC .gI/x,,D:/i = v. = ./iT-»'r 

Dem. 

h . *262*12 . D I- = V . D ./ir = I'r (1) 

h . *262*18 , D : Hp , fir~ Vr C**Vr 

[*262*18] =v (2) 

h.(l).(2).DI-.Prop 
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*262*2. I- . Cls induct - 1 = C"‘(n n Cnv“n) 

Dem. 

V . *261*29 , D 1- . Cls induct - 1 = C“(n n Cnv^fi) - 1 
[*20012] = A Cuv“f2) . D h . Prop 

*262*21. P : /i e NC induct — t‘A — i*l . D . g ! 

Dem. 

h . *120*2 . *100*43 , D h : Hp , D . (ga) . a € /x . a 6 Cls induct . a e 1 . 
[*262*2] D . (ga, P) . a e /x , P € n . C'P = a . 

[*262*12] D . g ! /Xr : D P - Prop 

*262*211. P : a € Cls induct — 1 . D . g ! (Nc'a)^ r\ ioo‘a 
Dem. 


h .*262-21 .*10312 
[*262 12] 

[*6313] 

[*64-24.*35 9] 
[*64-11] 


D t- : Hp . D . a ! (N„c‘o), . a e N„c‘a . 

^ ■ P « (Nc‘a), . C‘P e N„c‘a . a c NjC'a 

3 . (gP) . P € (Nc‘a). . C‘P e t‘a . 

3 . (gP) . P e (Nc‘a). . P « t‘{a a) . 

3 . g I (Nc‘a), n ti^'a : 3 h . Prop 


* 262 - 212 . t-:A + 0 .At+l .P 6(,t+,l),.3.Ppa‘P£;t, 

Dem. 


h .*262-12 

[*110-4] 

I- . *93-103 
[*110 63] 

[(1).(2)] 

[*120-311.(1)] 

[*202-55.*260-141] 

[*262-12.*100-3.(2)] 


3 h : Hp . 3 . C‘P e +, 1 . P e H . 

3 . /t e NC — i‘A 

*250-13 . 3 I- : Hp . 3 . C‘P = i‘B‘P u (l‘P . P'P^eQ'P 

3 . Nc'C'P = Nc'Q'P +„ 1 . 

3./*+.l = Nc‘a‘P+„l. 

3./:* = Nc‘a‘P.P£n. 

3 . /z = Nc‘a‘(P tH'P) . P tH'Pe n . 
:>.PDa‘P£/i,:D|-.Prop 


( 1 ) 

( 2 ) 


*262-213. l-:./i4=0./i=t=l :P,Qefi,. 3i.,g . Psraor Q : 3 : 

-P> C *(/* +c l)r ■ 3p Q . Psmor Q 

f- . *262-212-12 . *120-124 . 3 

P:Hp.P.Qe(/x+,l),.D.PCa‘P,Qta'Qe^,P^Q^n-i‘A. 

[*111 .Hp] D . P t Q'P smor Q I C'Q . P, Q e n - t‘A . 

[*250*17] D , PsmorQ: D P , Prop 
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*262*22. h : ^ € NC induct * P, Q e fi, , 0 , P smor Q 
Dem. 


t- .*1.5.3101 .*2(i2'12. 

^ h : P, Q € 0, . 0 , P smor Q 

(1) 

f-. *2001 2. 

D1-.1, = A. 


[*10 53] 

^ : P, Q € \, ,0 . P smor Q 

(2) 

1- .*153-202 . 

D h : P, t 2,. . D , P smor Q 

(3) 

l-.(2).(3).*202. 

Dl‘:./x = 0.v./x=l : 


J*. Q € fi,- • 

. P smor Q lO : P. Qe ifi-j-^X ),. . 

D/>,y . Psmor Q (4) 


t-. (4.). *262-213. D 

H P,Q€fir* ^r.Q - PsmnrQ : D : P, Q e (/x 1 ), . D;._y . Psmor Q (5) 

H . (5) . (1 ) , Induct . D t- . Prop 


*262-23. h P. y € a rin . D : C^P sin . P smor Q 

Dem. 

h. *262 17 13. D 

I- : Hp. rPsni C*0.O . J\Q€(Sv*C^P). . Nr'P'Pc NC induct . 
[*262*22] D. /’.smor V (1) 

|-.(1).*15I1S.DI-. Prop 

The above is (he fundamental proposition in the theory of finite ordinals, 
since it enables us to reduce relations among finite ordinals to relations among 
the corresponding cardinals. 


*26224. 

Dem. 


i fie NC induct — (‘A - PI . D . fi, € NO fin 


1- . *262-21 . 

D h : Hp . D . [►! ! 

(0 

h . *262*22 . 

DI-:Hp.Pe/x,.D./irCNr‘P 

(2) 

h. *262*12. *151 1.8 

.DI-:Pf/x,.D.Nr‘PC/x. 

(3) 

h . (2) . (3) . 

D 1- : Hp , P € fi, * fir = Nr*P 

(4) 


DI-:Hp.D./x,eNR-PA 

(“>) 

h. *262*1 2 . 

D h : Hp . P f ^ . C*P € CIs induct . 


[*2G2-13.(4).(5)] 

D . /x^e NO fin 

(6) 


l-.(l).(G).Dh.Prop 


*262*241. NC induct . P e O . D : = Nr‘P . h . /t = Nc'C'P 

Dem. 

h .*100*3. D h : Hp./i= Nc‘C'‘P. D . C^Pefi. 

[*262*12] O.Pcfir. 

[*152‘45.*2G2*24] D.^, = Nr‘P (1) 

h . *152-3 . *262*18 . D I- : Hp . /x. = Nr'P . D . ^ = C“Nr‘P 
[*1.52-7] (2) 
f-.(l).f2).DI-. Prop 
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^262'25. h : (g//) . /i e NC induct — I'l — . o — /Xr - = • « e NO fin 

Deni. 

K.3(t262‘l-13,D 

I- : o e NO fin . D . (gP) . P e D fin . a = Ni ‘P . Ne‘C‘P 6 NC induct . 

[*•262-241 ] D . (gP) . P € n fin . a = Nr‘P . (Nc‘C‘P), = Ni-‘P . 

Nc‘0'7^ 6 NC induct . 

[*13172] D . (gP) . a =(Nc‘C‘P), . Nc'C'Pf NC induct . 

[*200-1 2.*262 1 .*1 55-1 3J D . (g^) . c NC induct - i‘ 1 - t< A . a = ( 1 ) 

I" . *26424 . D t- : (g^) • « NC induct — t‘l - t‘A .a = /ir-3-acNOfin (2) 

f- . (1) . (2) . D I- . Prop 

*262 26. t- : a e NO fin . 3 . (g^) . fi e N„C induct — i‘l . a = fjL, 

[*262-25 . *103-13-34] 


*26227. l-:a,/ieNOfin.D.a + /36NOfin 
Dem. 

I". *180-21. D I- : Hp . P 6 a . Q c /9 . D . P + <3 f a + /8 (1) 

I-. *251-24. DI-:Hp.D.a + /96NO (2) 

H . *180-111 . D I- : Hp (1) . D . Nc‘C‘(P + Q) = Nc‘(C‘P + C‘Q) 

[*110-3] = Nc‘C‘P +„ Nc‘C‘Q (3) 

y . *262-13 . D I- : Hp (1) . D . Nc‘C‘P, 'tic‘C‘Q e NC induct . 

[*120-45] D.Nc'C'P+^Nc'C'QcNCindiiet (4) 

I- . (1) . (2) . *155-26 . *251-122 . D 

l-:Hp(l).D.p + Qen.a + /3 = N„r‘(P + Q) (5) 

I". (3). (4). D I- : Hp (1) . D . C‘(P + Q) f CIs induct (6) 

1-. (5). (6). *20-2-l .*261-42.31- : Hp (1) . D . a + ^e NO fin (7) 

I-. *262-1 .*155-13. Dl-:Hp.3.g!a.g!/9 (8) 

y • (7) . (8) .31-. Prop 

*262-271. l-:a.y36NOfin.3.ax/3eNOfin 


[Proof as in *262 27, using *184-12 . *166-12 . *251 55 . *120 5] 

*262272. t-:a, ;96NOfin.3.aexpr/36NOfin 

[Proof as in *262 27, using *186-1 . *17614. *201 02 . *120 52] 

*262-31. 1- : 1-6 NC . 3 . /ir-i- "r C (|t +e a), 

Dem. 

1-. *180 2. 3 

y z e n, + Vr . = •. (gP, Q).fir= N„r‘P . v, = N„r‘Q . Z smor (P + Q): ( 1 ) 

[*180-1 11. *151-1 8] 3 : (gP, Q).H-r= N,r‘P . = N.r'Q . C‘.^sm (C‘P + C‘Q ) : 

[*155-12] D ; (gP, Q) . P 6 /r, . Q 6 a, . C‘Zem (C‘P + C‘Q ) : 

[*262 1 2] 3 : (gP, Q) . C‘P e ^ . C‘Q e i> . C‘Z sin (C"P 4 C'Q ) : 

[*11021] 3: Hp.3.C‘.Z-e/a+„j- (-2) 


10 
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[part V 


l-.(l).*2G2-12. *15512.3 
H : ^ 6 /ir + P/- . 3 . (g/*, Q) . P, Q e n . ^smor (P + Q) . 
[*251-25.*180*11-12.(*18001)] D.ZeH (3) 

h . (2) . (3) . *202*12 . 3 h Hp . 3 : Vr • ^ (/a +c v)r :• 3 1“ • Prop 

*262*32. Zfi,v€ NC induct . P t . Q c . 3 . P + Q € + 1 /^ 

Dem. 

H . *200*12 . *20212 . 3 h : Hp . 3 . /i, v e - t‘1 - t'A . 

[*262-24] 3./x„i.,eN0. 

[*180-211 3 . P + + : 3 I- . Prop 

*262*33. h : /X, V e NC induct — t'l . 3 . /x^ + = (/x +o v)^ 

Dent,. 

H . *262*12 .3h:./x = A.v.v“A:3:p;. = A.v.i/r = A: 

[*180-4] + = ^ (1) 

t- . *110*4 . 3h:./x = A.v.i/=A:3./x+<,v=A, 

[*26212] 3.(M+o»')r = A (2) 

h . *262*32 . 3 h : Hp .P6/x,.Qei/f.3.P + Qc/x,-j-i^,.. (3) 

[*180*42.*1 52-45] 3 . /x^ + »^. = Nr‘(P + Q) (4) 

l-.(3).*262-31 .3f*:Hp(3).3.P + g€(/x+o*')r. 

[*120-45.*202-24] ^ . P + $^(^+0 i/)r • (m +o NR . 

[*152-45] 3 . (/* +e v)r = Nr‘(P + Q) (5) 

h.(4).(5).*10-23.*262-21.3H:Hp.aI/x.aIi/.3./Xr + i/r = (M+c*')r (6) 
f-,(l).(2).(6).3h.Prop 

The above proposition still holds (as we shall now prove) when one of 
fi and V is equal to 1, but not both. When both are equal to 1, /Xr + Pr» A, 
while (/A +5 v)r^2r. 


( 1 ) 

( 2 ) 


* 262 * 34 . l-:/x6NC-t'0.3.AAr+iC(/4+el)r 

Dem. 

I- . •ISl^ .0}-:.Ze/ir + i' = s (a^. *)•/*. = N.r'P . Zsmor (P 4» 

I- . .1810 . *152-7 . D I- : a I P . D . Nc‘(7‘(P 4* ®) = No‘C‘P +, 1 
K(l).(2).3 

+ (aP) . = N.r'P . No‘C‘Z= Nc'C'P +. 1 . 

[*262-241 12] 3 . (aP) • = N.r‘P . Nc‘£7‘^= M +. 1 ■ 

[*100-3] ^.C‘Ze^+,1 

1- . (1) . *262-12 . *166-12 .Dl-:^eM, + l.D. (aP) .Pen.fir=- N.r‘P . 
[*251-1-132] 3.;i, + l<NO. 

[*251-122] Zen (*) 

h.(3). (4) . *262-12 . D h Hp . D : 2 « /*,+ i . 3 . l)r ^ • P^P 


(3) 
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*262*341. h : ^ 6 NO induct 
Dem. 


y . *200*12 . *262 1 2 .DhrHp.D./xe— i‘l — (*A. 

[*2G2*24] D./x,eNO. 

[*181*21] D . P Atj + i : 3 . Prop 


*262*36. \- : NC induct — t‘0 — i‘l . D . i = (// 1 

Dem. 

y . *26212 . Df-:/i = A.D.Ai^ = A. 

[*181-4] D.(u.,+ i=A (1) 

*110-4. DI-:m = A.D.^+„1 = A. 

[*26212] D.(/i+^l), = A (-2) 

1-. *262-341. DI-:Hp.Pc/i,.3.P4*ice^r+i. (3) 

[*181-42.*152-45] D.^+i =Nr‘(P4*^) (4) 

I" . (3) . *26234 . D I- : Hp .Pe/i^.D.P4**c(M+ol)r. 

[*1 20-45. *262-24] D.P4»ie(M+cl)r.(M+cl)reNR. 

[*152-45] D.(/x+. l), = Nr‘(P4*ar) (5) 

K (4) . (5) . D I- : Hp . a ! Mr . 3 . + i = (m +c 1 ). : 

[*262-21] Dh:Hp.a!/i.3.M, + l=(M+ol)r (6) 

l■.(l).(2).(6).^^-.P^op 


*262-36, 1- : Me NC induct — 1‘0 — t‘l . D . i + Mr = (1 -foM)r 

[Proof as in *262*35, by means of analogues of *262*34*341] 

*262*41. h : /A, 1/ 6 NC . D . X Vr C (/a x„ »/),. 

[Proof aa in *262*31, using *184*1*.') .*113*21] 

*262*42. y i fj.,v € NC induct , P e fir • Q € Vr • P yi Qe firXvr 

[Proof as in *262*32, using *184*12] 


*262*43. y X fi,v€ NC induct — i‘l . D . /a^ X Vr = (/* x© *')r 

[Proof as in *262*33, using *184*11 . *113*204 . *184*15 . *120*5] 

*262*61. I- : /A € NC . e NC induct . D . /a^ expr Vy C (fi'')T 
Dem. 


H . *186*5 . D h : /Ar, € NoR . + 0 . i2 c/a^ exp,, ^ • C*R€{C^*fir)^*' 
y . *186*1 1 . D h : i2 € /A,, exp^ ^ . g ! /a^ . g ! 
y • (1) . (2) . *262*18 . D h ; Hp , v^O . R e fiy exp,, ^ • C*R e /a" 

l“. *262*12. Dh.^Cn. 

[(2).*251*1.*186*11] D h : e;*, exp, iv . 3 . /a, e NO 

I-. *262*24. DhiHp.v+l .I/ + A .D.j.,€NOfin 

•■•(2).(4).(5).*261-62.DI-:Hp.)/+l .i2e>A,exp,i/,.D.i2en 

y . (2) . *20012 . D h : J2e^,exp, >/, . D . 1 

^ • (3) . (6) . (7) . D h :. Hp X Re fir exp, »/, , D . « H . C*Re fi'^ . 

[*262*12] :>.Re(fi^)rX,:>y, Prop 


( 1 ) 

( 2 ) 

(3) 

(4) 

( 5 ) 

( 6 ) 
(7) 
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*262 52. h : v e NC induct . P € fi,. • Q ^ t^r - ^ • (PcxpQ) t (fi^ exp^ Vr) 
Dem. 

1- . *200 12 . *262 12 . D h : Hp . D . »;e - t'l - i*A . 

[*262-24.] 

[*180'ld.*I 52’4.'j] 0 .(P fxp Q) € exp, t/^) ; D h , Prop 


*262 53. h : p., i^e NC induct - (‘1 . i/ 4=0 . D . /x,.exp,. = (/x*-),. 

Dem. 

1- . *262 12 .*186 1 1, Df-:./i = A.v.i/ = A: D . exp^ »/,.= A (1) 

h . *116-204 . *262 12 . D h = A . v . i/ = A : D . (/*-), = A (2) 

|- . *262 r)2 . D f- : Up . Pefir.Qe iv . D . (/*cxp Q) e(Mr oxp,. t/f) . (3) 

[*186 I3.*Io2-45l ^ . Nr‘( /* exp (^) = ;i,. exp;. (4) 

f'.(3).^2G2 5I . Dh : Hp(3) . D . (/Vxp e (^-), (5) 

H . (5) . *120-52 . D I- : Hp(3) . D . m" f ^C indu.-t (H) 

D1-: Hp(3).D.:^! 

(*20012.*262 12] ^ . M*' + * (7) 

I" . (6) . (7) . *262 24 . D h ; Up . D . (/i' e NO (8) 

I“.(5).(8).*152 45.DI-; Up (3) . D . Nr*(/* .-xp Q) = (m**), . 

[(4)] D (9) 

1- .(!)). *262 21 . D I- : Hp . g ! /1 . 3 . D . /i,.cxpr iV = (/A‘')r (10) 

H . ( 1 ) . (2) . (10) . D h . Prop 


We are now in a position to establish the commutative property of 
addition and multiplication of finite ordinals. This is effected by means 
of *262-33 and *262-43. 


*262 6. l-:ay9eNOHn,D.a4-/^ = /:^ + a 

Dem. 

V . *262'26 . D h : Hp . D . (a^t. v ) . /*, e c NC induct. — 1 . ol = ^ ~ Vr • 

[*1312] D . (a>i, i^) . /X, V e NC induct — (‘1 . a + )3 = Mr + >V • a = /^r • • 

[*262-33] D . (a/*, v) • fi.ve NC induct — (‘1 . a + )9 = (m +c ® = Mr • = *V • 

[*110-51] D . (aM* *') • M» ^ induct — 1*1 .a-f/9 = (*^+c M)r . fir * * 

[#202-33] D . (aM> v) * NC induct — t*l . a + )9 = 'V + Mr • ® = Mr • * 

[♦13-22] D . o-i-)3 = /8-i- a : D t" . Prop 

*262-61. h:o,/3eNOfin.D.aX)9=)9xa 

[Proof as in *202-6, usin^ *262'43 and #113-27] 

*262'62. H : a. )9,7c NO fin . D . a x()9 + 7 ) = (a X/9) + (a X 7 ) 

Deni. 

l-.#262-27-6I .Dh: Hp.D.ax(^ + 7) = 03-i-7)*« 

[*184-35] ^{^'ka)-\‘{y9.a) 

[*26201] =(a>:^) + (a>;7)!3''-P™p 
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*26263. h:a, / 3 , 7 eNOHn.D.(ax /3) exp, 7 = (ot exp, 7 ) x (y3 exp,. 7 ) 

Dent. 

h. *262-26. D 

f- : Hp . D . V, ct) . i/, ar 6 NC inHuot — i*\ » a — ~ »v . 7 = cr,. ( 1 ) 

h. *262-43. D 

: fjL, V, -or € NC induct — (‘1 . D . (/x,. X e,) exp,, za-r = (/a io, exp,, ct,. (2) 

h . *1 13 602 .Df':/i = 0.^ = 0.D./iXci'=t^l (3) 

I" . *117-631 ,0\- z fjL,v€ NC — (‘0 — 1*1 . D . /A X(. i = 1 = 1 (4) 

^-.(3).(4). Df-:Hp(2).D./AXee+l (5) 

h . * 120-5 . D f- : Hp (2) . D . /A Xg e e NC induct (6) 

. (5) . (6) . *262'53 . D H : Hp (2) . cr 4 ^ • (m t')^cxp, cr,. = [{fx x^. 

[*116-55] ={fx° X, 1 /“^), (7) 

H . *1 17’652 . D h : Hp (7) . /i 4" ^ ^ '^c'^ • 

[*117-631] D.m-^ + I ( 8 ) 

1-.*116 311 .Dh: Hp(7)./A = 0,.D. a-^+l (9) 

H . ( 8 ) . (9) . D h : Hp (7) . D . + 1 (10) 

Similarly h : H)) (7) . D . =}: 1 ( 11 ) 

H . ( 1 0) . (I I ) . *120-52 . *262 43 . D I- : Hp (7) . D . (/a*^ x, v^), = (^“^), x ( 1 =^), 
[*262-53] = (/A, expr ct,.) x (e,. exp,, cr,.) ( 1 2) 

K(2),(7),(12).D 

h : Hp(7) . D . (^,.x r,)oxp^ cr^ = (/a^ exp,, ar,) X (v, exp,. o-,.) ( 13 ) 

(1). (13). *202-19. D 

1- : Hp .7 4=0,.. D . (axy3)expr7 = (a expr 7 ) X (/9cxp, 7 ) (14) 

H. *186-2. *184-16. D 

h : Hp .7 = 0r . D. (ax/ 3 )ex|V 7 = 0, . (aex|V 7 ) X(^ex|V 7 ) = 0,. (15) 

l-.(14).(15).Dl-.Prop 


*262-64. l-:acN06n.D.a+i 
Dein. 

l-.*262'35-3()2G.*110 51 

I-.*1G1-2'201 . 

h.(l).(2).DI-.Prop 


% 

= 1 +a 


Dh: Hp.a^0,..D.a-j- i = j -j-a 
D h : a = 0^ . D . o -i- i = 0.. . j + a = 0,. 


C) 

( 2 ) 


*262-66. 

Deni. 


*26266. 


za,/3 € NO 6n . + 0,. . D . ax(/3-i- i) = (ax/3) + o 

h .*262-(a . 3 h : Hp. D .aX(/5+ i) = (yQi i)xa 
[*184-41] =(^Xa)-j-a 

[*202-61] = (a X /3) + a : D I- . Pn.p 

H : a, /3 e NO tin . ^ « X (1 +/3) = a + (n x /?) 

[Proof as in *262'65] 
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*2627. K 6 NO induct -i‘l . D : ^ > v 

Dem. 

K*262'21.*n7l2.Dh:Hp.^>^.D.a!/.,.3!..,. 

3.M = C'“k..' = C‘V, 

[*2.55 76.*262-24] 3./i, >i/ 


( 1 ) 

( 2 ) 

(3) 

(4) 


I- . *120 4.41 . D h : Hp . ~(^ > „) . D . ^ ^ „ 

•■•(I). 3 !■ ! Hp . yli < 1 / . D . /i, <3 Kr 

h . *262-21 . D 1- : Hp . M = sm'V . D . (g/-) . ^ = N.c'C'P . = sm‘ V . 

3 • (a-f') ■ = N,c‘C‘P . V = Nc'C'P . 
t*262-241 ] 3 . (gi.) . = Nor'P . = Nr‘P . 

[*155'4] D.^r = smor“v ( 5 ) 

I" . (4) . (.5) . *1 17104 . D h : Hp . jj . D ^ K, (g) 

I- . (3) . ( 6 ) . *255-483 . D 1- : Hp • ^ (m > k) . 3 . ~ (^, > v,) ( 7 ) 

K (2) . (7) . D I- . Prop 

*262-71. I- : o 6 NO 6 n - r‘ 0 , . D . (^,3) . >9 c NO fin - 1 ‘ 0 , u t‘i , o = / 9 + i 

Dem. 

}■ . **262 1 1 . *2fil 24 .Dl-:Hp.D.g!an a^(Ii j Cnv) ( 1 ) 

I- . (1) . *204-483 . (*181-04). D |- . Prop 

*262 8 . H : a,^€ NO . 7 ^ NOfin.a</:^ . 3 . aexpr 7 < ySoxp^ 7 [*261-64] 

*262 81. h za NoO . 7 c NO fin . oexp ,7 = cxpry • 3 . a = smor‘';Q 
Dem. 

I- . *262 8 . Transp , *25o'42 • 3 h : Mp . 3 , ^ (o <5 ^5) . '^(a J> yS) , 

[*255- 1 1 2j 3 . a == sinor**^ : 3 h , Prop 

*26282. t- : acNOfin ./9f NO infin . 3 . a < [*261-65] 

*262 83. 1" : a e NqO — 1*0^ .^, 7 eNOfiii •/^^7.3,aexp;.y^<aexpr7 
Dem. 

I- .*255-33.3h:.Hp.3:(3o7).CTtNO-P0^.7 = /3-f-CT.v./34:0^.7=y9+i ( 1 ) 

I- . *254-51 . 3 h : Q G P . 3 . ~ (7^ less Q) ^2) 

h. (2). *255-1 .3h:7 = ^4-w . 3 . (7 < (3) 

1" . (3) . *262‘82 , Transp .31": Hp . 7 = -i- cr . 3 . cr f NO fin ( 4 .) 

I- .*]ft 6 I 4 , 3 1 - : Hp(4).cr 4 = 0 ^.^=t= 0 r. 3 .aoxp ,7 = (aexpr)9)X(aexp, cr) ( 5 ) 

H, *262-71-272. 3h : Hp(5).3. (35), Sf NR -t'0,w Pi, aexp,)3 = 5+ i. 

[('^)*(4).*255-573] D , aexp^ 7 > acxp^^ ((>) 

h . *255-51 - 3 h : Hp (4) . tir 4 0^ . = 0, , 3 . a exp, 7 > a exp, 0 ( 7 ) 

h . *1 8622 .31-: Hp .^ + 0, ,7 = y9+1 . 3, o exp , 7 = (a exp, ^) x yS . 

[*262-71, *255*573] 0 . aexp ,7 > aexp,^ ( 8 ) 

1- . (1) . ( 6 ) , (7) , ( 8 ) , 3 1- : Hp . 3 . a exp, 7 > aexp,y9 ; 3 I- . Prop 

*262-84. h : 7' t n - t*A , <l H e H fin . Q less J{,0,PQ lesa 7^« [*262-83] 



* 263 . PROGRESSIONS. 


Stutimary of *203. 

If is a progression in the sense dehnod in *1*22, i.e. a one-one relation 
whose Held is the posterity of its first term, then 7^,,^ is a .serial relation, and 
the series generated by is of the type which Cantor calls w. i.e. the 
smallest of infinite series. It is easy to prove that all progres.sions are 
ordinally similar, and that, if all inductive cardinals exist, the .-series of 
inductive cardinals in order of magnitude is of the type oj. Thus w is an 
ordinal number, which is not null if the axiom of infinity holds. 

Most of the properties of a> are easily deduced from the corresponding 
properties of “Prog,” which have been proved in *122. The definition is 

oj = P Kai?) . R 6 Prog . P = R^] Df. 

The axiom of infinity implies that “less to greater” with its field con- 
fined to inductive cardinals is a member of o). or, what comes to the .same 
thing but IS easier to prove, that RNC induct) 1 (-P, 1 is a member of a, 
(^263 1 2) Thus the axiom of infinity for the type of ^ implies the existence 
of c in the type (*263132); and generally the existence of a, in any 
type of relations is equivalent to the existence of in the type of their 
helds (*263T31), because H,, — D“a) = C“a) (*263*101). 

By using the fact that in a progression R (in the sense of *122) all the 
terms are values of where every inductive cardinal occurs as a value of 
(which was proved in *122). we easily deduce that if there are progressions 
they are the series that are ordinally similar to the series of inductive 

-lation-nunibers 

! 9 rs nf H Moreover, by *122-21'23, a, consists of well-ordered series 
(*20t3 11 ). Hence <o is an ordinal number (*263 2). 

We next prove that progressions arc infinite series (*263 23) and tint 
a series contained in a progression is finite if it has a ma.ximum’(*263-27) 
and IS a progression it it has no maximum (*263-26). It follows that 
assuming the existence of progressions or the axiom of infinity, a. is the 
smallest ordinal which is greater than all the finite ordinals (*263-31 32) 
Connected with this is the fact that the predecessors of any term in a 
progression are an inductive class (*263*412). 
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*263 44 48 give various formulae for any one of which might be taken 
as the definition. We have 


*263 44. h . « = n - (‘A A P (Q'P, = Q'P . ~ E ! JS‘P) 

I.e. progressions are c.xistent well-ordered series in which every term 
except the first has an immediate predecessor, and there is no last term. 

*26346. I- .w = n A P(E!if‘P. .~E! P'P) 

I.e. progressions are well-ordered series in which there is only one term 

having an immediate successor but no immediate predecessor, and there is 
no last term. 


#263-47. h . ct) = n n 7^ loC C'P. Da : a e Cls induct . = . g ! C'P r» 

I.e. a progression is a well-ordered series in which any sub-class a stops 
short of some point of the series if a is inductive, but not otherwise. This 
proposition will be useful in the next section. 


*263’49. l-.nfinwft) = nn7^ (CI*7^i = (I‘P) = H n P (7^ = 7^,^) 

I.e. finite well-ordered series and progressions together arc those well- 
ordered series in which every term except the first has an immediate pre- 
decessor, and are also those in which every interval is an inductive class. 

Krorn *261*45 it follows that, if P is an infinite well-ordered scries, P 
confined loathe terms at a finite distance from B*P is a progression, i.e. 

*263*6. h : 7^ c a infin . D . 7^^ (e‘7?‘7' w e w 

Henci; it follows at once that an infinite ordinal is at least as great as a>, 
and therefore infinite ordinals other than w arc greater than to. i.e. 

*263*54. h : o 6 NO infin — t‘&> . D . a ^ co 

The remaining propositions of this number arc occupied in proving a> x 2,.='6> 
(*263'63) and wXa = w if a is finite and not zero i[*263*(>6). It is not the 
case that 2 ^X 0 ) = o) or a x a> = eu. 

Cantor has varied his definition.s of multiplication as regards the order of 
the factors. Originally, he a<lopted the same rule as we have adopted, but 
in later works he inverted the rule, so that what we call 2rXfi> he calls 
a)X2r, and vice versa. Thus with his definitions in his later works, 2^X0) = <o 
but (ax2r^oi. We have reverted to his earlier praetice, for various reasons, 
but chiefly in order to have Nr‘ri‘(P4, Q) = Nr'Px Nr'Q (cf. *172). Which- 
ever rule we adopt, there are some inconveniences, so that the question as to 
which is cho.sen is not of great importance. 
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*26301. = IV.g.7^- /^,„1 l)f 

*26302. iV= p D j/ic NC induct . 1/ = (/i. +(. 1) r» Dll [*263] 

The above temporary dcHnition of N is the same as that in *123. 

*2631. y tPeay . {^R) , R e Pro^r . R = R^^ [(*2t)3 01)] 

*263101. f- . No = [*123 1 . *122 141 . *91-.504] 

*26311. I- . w c n 

Bern. 

y . *122-23 141 . *263 1 . D I- : 7> . a. . a C C‘P . g ! a . D . K ! mii,/a (1 ) 
l-.(l).*250125.D[-.Pro|) 


*26312. h : Infill u.\ . D . e o) [*123 25 . *203 1] 

*26313. t- : g ! No (a.) . = . g ! 01 n t"‘x 
Bern. 

h. *263 101 .(*6502). D 

I- : a ! No (a) . = . (gP) , P e ay . C^P e tH*x . 

[*64-57.*63*5] he . (gi ^) , P e w . P e : D h . Prop 


*263131. I- : a ! (No)a . = . a ! £*> A too'a [Proof as in *263 13] 


*263132. h : Infin ax (a) . = , a ! co a . 
Bern. 


h . *125-23 . *26313 . D h : Infin ax {x) 
[(*64-01 1-014)] 


a!a»A^«'‘P<x. 
a ! a> A Oh. Prop 


This proposition asserts that, if the number of individuals of the same 
type as a; is not an inductive number, then there is a progression whose 
terms are of the type of V'x. This progression will be that of the inductive 
cardinals which are applicable to classes whose terms are of the same tvne 

a5? fr 


*263-14. 

Bern. 


[*121-31.*1221-16] 

[Hp] 

[*260-27 .*26311] 
[»26015.Hp] 


An = R,„.R = P, 


■ 3 . A = . 

3 . A = . 

^ ■ (-^OlK) — P - 

(1) 


(2) 

^ ■ -^fn = P 

(3) 


R. 6c w. in 
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*263141. t- : P 6 w . D . i*. t Prog . P = (/>,), „ = (P,),^ 

Dem. 

I-.*2631 .3f-:Hp.D.(aP).P€Piog.P = P^. 

[*26314] Prog.P, = P.P = p,„.p = p^. 

[*I 31!J5] D . P, 6 Prog . P = (P,),„ = (P.)p„ : D I- . Prop 

The above proposition shows that every interval P(i-i-iy) in a progros- 
siuo is an inductive class. 


*263142. }-:R,S€ Prog , . R = S 

Dem. 

I- . *263-14 . D I- : Hp. D . 

[*26314] =5:D^.P^op 

*263143. h : P, Q 6 w . P, = Q. . D . P = Q 

Dem. 

1- . *263-1 . D h : Hp . D . (gP, 5) . P. 5 e Prog . P = Ppo • C = = Q. • 

[*263-14] D . (aP,S) . P, 56 Prog . P = P,, ■ 5,.. . P = P. . 5= y. . P. = ft . 

[*13-17] D.(aP.5).P.56Prog.P=Pp«.y = 5p„.P = 5. 

[*13-17] D.P^yOh.Prop 


*263-16. I" : P 6 Prog .5 = 5D(i/6NC induct . j: = (i/ +g 1)^1 . D . 56 Psmor P 


Dem. 

I- . *123-3 . D h : Hp . D . 5 6 1 -» 1 . D'5 = D‘P . 0*5 = NC induct (1) 

h , *123-21 . D h . NC induct = C^N (2) 

h . *110*56*643 . D h : Hp . (/i +o 1) ^"( 1 / 1) . D . v +o 1 ’= /i +0 2 (3) 

h . (3) . D h Hp . D : 

x(SfN)y, = . (a/i) . u 6 N(; iniluct . a: = (/i+o 1 )j? • .7 = +e 2 )r . 

[*121-332-131] = . (sm) . m e NC induct , (P*P) P^ x . (P*P) (P^ \R)y. 

[*122-341.*121-342] = . xRy (4) 

h.(l).(2).(4),Dh.Prop 


*263’151. I" ; P 6 Prog . D . P smor N 
*263162. H : P 6 Prog , Q smor P . D . y 6 Prog 
*263*16. h : P 6 Prog . 3 . Prog = Nr‘P = Nr* JV 
*263161. I- : a ! Prog . D . Prog = Nr'P" 
*263162. h. Prog 6 NR 


[*263-15] 

[*123-32] 

[*263-151-152] 

[*26316] 

[*263-161 . *154-242] 
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*26317. 

Dem. 


*26318. 

*26319. 

*263-2. 

*26322. 


H : P e CO , D . O) = Nr‘P= Nr‘iV^,^ 

h . *2631 . D h : Hp . D . (g/?) . R e Prog 

[*263 151] D . (gi?) . R smor N , P = R^ . 

[*151 ’56] D . P snior . 

[*152-321] D . Nr‘P = Nr^V^ 

1- . *151*59 \ P e (o smor P . D . Qj smor P, . 

[*263'141'152] D . Qi € Prog 

I- . *150*83 . D : P e CO . *8 e Q Miior P . ^ = S'^{P^) 

[*263*141] = ^Sp 

[*151*11] =. Q 

1“ . (3) . (4) . *263*1 . D h : P e CO . Q smor P . D , Q e co 
l■•(l). DI":P, ^eco.D.P smor Q 

H . (5) . (6) . D h : P e a> . . CO = Nr‘7^ 

l'.(7).(2),Dh.Prop 

H : g ! CO . D . oj = Nr'iV^po [*263*17] 

- w e NR [*263*18 . *154*242] 

t- . w € NO [*263*19*11 . *256*54] 

I- : P e a> . D . Q'P C D‘P , ~ E ! P‘P . E ! P‘P 
[*122*141 . *263*1 . *122*11] 


( 1 ) 

( 2 ) 

C^) 


(4) 

( 5 ) 

( 6 ) 
( 7 ) 


*263*23. h . CO C n infin 
Dem. 

1- . *261-35 . Transp . *263*1 1 *22 . D h ; P e o) . D . C^P ^ e Cls induct - t‘ A (U 


1“ . *263*22 . D h : P c CO . D . g ! C'P 
• (1) . (2) . D h ; P 6 CO . D . C‘P 6 Cls induct . 

[*26M4*41.*263-11] D . Pe n inHn : D h . Prop 

*263*24. 1“ : g ! CO . D . CO € NO infin [*262*14 . *263*17*23] 

■V263 26. H : P 6 co . g ! a n C*P . ~ E ! maxpo . D . PT o e o) 

Dem. 

1-. *263*1. *205*1 23. D 

1- : Hp . D , (gP) , R € Prog . P = . g ! a n C"P . a n C^R C P “a 

[*1 22-442-45] 3 . (g/e) . R e Prog . P = R^. ^ iPla)U Pr”g . ‘ 

[*2631] D.Ptae^oOKProp t “= 1-P C D «)’!,«, • 


( 2 ) 


*26327. 

Dem. 


h : P 6 CO . E ! max Pa . D . P t « e n fin 

r ^ ^ = Hp . 3 . o n C‘P 6 Cls induct . 

H . *263 11 . *250141 .31-: Hp . 3 . P ^ a e 12 
I- . (1) . (2) . *261 14-42 .31-. Prop 


( 1 ) 

( 2 ) 
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«26328. 

*263 29. 

*2633. 

Dem. 


*26331. 


Deni. 


f- : P t 6) . D . Ser r, RI‘P C w u H fin [*204 421 . *263'26-27] 
t- : P € o) . y e n fin . D . Q less P [*261-65 . *263-23] 

I" : P e o) . D . lcss‘P= fl fin 

I-. *254-1 .*263-1 7. D 

I- : P € a> . Q less P . D . g ! Nr‘Q n KI‘P . Q € to , Q O, , 
[*263 1 7] 3 . (gP) . P e Nr'Q n RI‘P . P ~ e e. . 

[*263-28] D.(gP).PeNr‘Qrtnfin. 

[*261-18.3] D.Qenfii. 

h.(l). *263-29.31-. Prop 

l•:.g!a).3:a<3(u.£;.oe NO fin 


1- . *255-17 . *263-17 . 3 I- :. P e a, . 3 : Nr‘Q < o) . - . g less P . 

[*263-3] H . Q e n fin . 

[*262-13] =.Nr‘geNOfin: 

[*152-4] 3 : a e NR . a <S u . = . a e NR . a c NO fin : 

[* 255 - 12 . *262-1. * 152 - 4 ] 3:a^a}. = .a6 NO fin :. 3 1- . Prop 



*263 32. 1- :. Infill ax . 3 : a < <a . H . a e NO fin [*263-31 12] 

*263-33. h ; a < b) . 3 . a e NO fin 
Dem. 

y . *2551 . *155-13 .31-: Hp . 3 . g ! a> (1) 

l-.(l). *263-31. 31-. Prop 


*263*34. h • i 4* 

Dem. 

h . *202*112 ■ *263*24 . D h : Hp .a!ft),D.i-i-a) = a) (1) 

1-. *181*4. DI-:<u = A.D.i-i-<k» = A (2) 

h.(l).(2).Df*.Prop 


*263 35. h : a € NO 6n . D . a + &> = o) 

Dem. 

K . *180*61 . *263*18 .DI-:3la).D.0, + a) = a) 

I-, *180*4. Df-:a) = A.D.O, -|-co = A 

l-.(l).(2). 3l-.0r + o) = a> 

H . *181*57 . *263*34 .DI-.2, + <i>=i+a» 

[*263*34] = 

h . *262*36 . D h :/i c NC induct - t‘0- t‘l . D . (/i+a 1)^ + o) - ^ + i + 
[*263-34.*181*68] =/*r + a> 

H . (5) . D h : /i e NO induct - i‘0 - t'l . /i, -i- w = w . D . (/* 1)^ -i- w = w 

h . (4) . (6) . Induct . D h : ^ e NC induct — I'O — t'l . D . 4- w = 

|- . (3) . (7) . D I- : /* e NC induct — t‘l . D . 4- w = a* : 

[*262*26] Dh;a€N0 6n.3.a4-<u = AiOI-. Prop 


( 1 ) 

( 2 ) 

(3) 

W 

(5) 

( 6 ) 
(7) 
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*263'4. h : P € 6, . 3 . D‘P, C n fin . Nr“D‘P, = NO fin 
Dem. 

t- . •254182 . 3 f- : Hp . 3 . D'P, C Ims‘P . 

[*263-3] 3. D'P, Cn fin ( 1 ) 

I- . *263-31 . 3 h Hp . 3 : a < Nr‘P . = . a e NO fin : 

[*256-11] 3:afNr“D‘P, . = .aeNOfin (2) 

t-.(l).(2).3l-.Prop 

*263-401. h : P € 0 ) . a € sect'P — i‘A — i‘C‘P . 3 . E ! max^'a 
Dem. 

I- . *250*65 .DhrHp.D.P^o^c Nr‘P . 

[*263*17] D.Ppo<-*^€&). 

[*263*26. Transp] D . E ! maxp'a : D I- . Prop 

*263*402. h : P e &) . D . sect'P - I'A - I'C'P = P 
Dem. 

V . *205131-22 . *263*401 . D 

H : Hp . a e sect'P - t'A - t'C'P . 3 . a « P"a = P'maxp'a u t',nax;,'a . 

[*211 l.*91 54] 3.a=’A‘maxp'a. 

[*205-111] 3.aeP*“C‘-P 

I-. *21 1-3-13. 3 h . ^“C'P C sect'P 

(-.*90-12. 3 (- . ^''^'PC-t'A 

I- . *20.5-197 . 3 I- ! Hp . a:e C"P . 3 . E ! max/P*':c . 

[•263-22] 3.?*'a:+C'P 

. (2) . (3) . (4) . 3 1- : Hp . 3 . P^“C‘P C sect'P — ('A — i‘C‘ P 
l■.(l).(5).3l-.Prop 

*263-41. I- : P c <a . 3 . P, t D'P, = P [jA? P 
Dem. 

H .*2131M4M51 . D 

I- :. Hp. 3 ! Q(P, p D'P,)P. = . (ga,^). a,y9esect'P-i‘A-t'C"P.aC/8.a=j=/S. 

[*263-402] Q = -Pt®‘-R = PC^. 

- • (a*. y).‘c.ye C‘P . C p,'y . p^‘x + . Q = p ip^‘x. p=p r 

[*200 391] V^*y- 

= ■ (a*.y) .x.y, C‘P.'p^‘a: CP^‘y . » + « . Q = P f P*‘* . P = P r P.'a 
[*204*32.*90*12] U ■'^* y ■ 

~ . (a*.y) . a:P*y . ® 4= y . p,^'* c p*‘y . Q = P t p*‘® . P = P t p*‘y ■ 


( 1 ) 

( 2 ) 

(3) 


(4) 

(5) 
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[part V 


[*2011415] = . (gx.y) , xP^y . a: + 3, . Q = P f . R = P[.%‘y 

[*20118] = . (ga;, y)^Py . Q = P p 'p^‘x .R = P f P^«y . 

[*1501] =.e(Pr:P,:P)P:.DKProp 

*263-411. I- : Peo) . D. C'^D'Pi \j i*\ 

Dem. 


h. *213-1 41 . *263-402.3 
I- : Hp . 3 . 0“D‘P, = 

[*93-103] = C7“Pt»P^“a‘Pu('C‘PtP^'J5'P 

[*201-521.*202-55] = P^,f“a'P w t'C'Pf ^'P‘P 

[*201-521.*200'35] = P^»a‘P w t‘A : 3 h . Prop 


*263-412. I- ! P e w . 3 . P*ir, Pjjf'aJc CIs induct 
Dem. 


h . *205-197 . 3 I- ! Hp . a: e C'P . 3 . E ! nmxp'P*'ar . 

[*263 27,*202-55.*120-213] 3 . Pj|(*a:c Cls induct . 

[*120'481] 3 . P'iT € CIs induct 

l-.(l).(2).3h.Prop 


*263-42. I- : P € w . 3 . sgm'P = A j {C*P) 

Dem. 

H. *212-21. *21112. 3 

I- !. Hp.3:a(sgin‘P)/9. = .a = P‘<a.^=P“;9.oC/9.af /9 

I-. (1). *211-1 .*206123.3 


( 1 ) 

( 2 ) 



I- ! Hp . a (sgm'P) /9 . D . a, /9 e sect'P . ~ E I maxp'a ,~E I maxj.‘/9 . 


[*263-401] 0.a.Ret‘AxJi'C‘P (2) 

•■■(1).(2). 31-:Hp.a(8gm‘P)/9.3.a = A.y9=(7‘P (3) 

l-.*3729. 3l-:a = A.D.a = P‘‘a (4) 

I- . *263-22 . 3 h : Hp . ^ = C‘P . D . /9 = P“/8 (5) 

I- . (1) . (4). (5). 3 h : Hp . a= A . /8= (7‘P. 3 . a( 8giii'P);8 (6) 
h . (3) . (6) , 3 1- . Prop 


*263-43. h:Pea..3.a'P, = a‘P 

Dem. 

I- . •263-141 . 3 1- ; Hp . 3 . a‘P = a‘(P,)p„ 

[*91 604] = a‘P. : 3 h . Prop 
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3K263 431. 

Dem. 


h : P e n - i‘A . tt‘P, = a‘P . ~ E I B‘P . D . P e 


0) 


I- . *261'35 . Traiisp . D H : Hp .O.PeCl infin . 

[*261-44] D . P, f P,„<P‘P 6 Prog 

[*261-212] D.P,[P‘P‘P6Prog. 

[*202-524] D . P, 6 Prog 

h. *261-212. Dh:Hp.D.P = (P,) 

l-.(l).(2).*263-l .31-. Prop 


DO 


( 1 ) 

( 2 ) 


*263-44. t-.a) = n-i‘Ar»P(a‘P, = a‘P.~E!P‘P) [*263-43-22-431] 


*263-46. h . « = n - 1‘ A n P (P = P,„ . ~ E ! B‘P) 


[*261-212 .*263-44] 


*263-46. l-.ca = nr.P(ElP‘P,.~E!P'P) 

Dem. 

I- .*121.305 .*93-101 . 3 

h : P e n . ~ E 1 B‘P . Q'P. + <1‘P . 3 . 3 ! Q'P - Q'P. . Q'P = D‘P -i‘B‘P. 
[*250-21] 3 . 3 ! D‘P, - Q'P. - i‘B‘P . 

[*93-101] 3 . 3 ! 'B’P, - i‘B‘P 

h .*121-305 . *250-21 . 3 H : Pe n - t‘A . 3 . B‘Pe'B‘P, 

h . (1) . (2) . 3 I- : P e n . ~ E ! P‘P . Q'P. + Q'P . 3 . P‘P. ~ c 1 

[*53-3] 3 . ~ E ! P'P. 

>■ . (3) . Transp . 3 h : P e fl . E ! B‘P, . ~ E I B‘P . 3 . a*P, = Q'P . 

[*263-44] 3 . P e a> 

I- . *250-21 . *263-44 . 3 I- : P e w . 3 .^‘P. ='B‘P . 

[*250-13] 3 . E I P‘P, 

I- . (5) . *263-44 . 3l-:Pe<a.3.El P‘P, . ~ E ! B‘P 

h . (4) . ( 6 ) .31-. Prop 

*263-47. h .<a = nn.^(aC 0‘P . 3. : a c CIs induct . = . 3 I C‘P n p^“a\ 
Dem. 

I- . *254-52 . 3 h : Pe <a . a C C‘P . 3 ! C‘Pnp‘*P‘<a . 3 . (P f a) less P . 

3.PDa«n6n. 

[*261-42-14] 3 . c‘(p ^ ^ _ 

[*202-55.*l 20-213] 3 . aeClsinduct ( 1 ) 

I- . *261-26 . 3 I- : P e (O . a C C‘P . a e CIs induct . 3 ! a . 3 . E ! maxp‘a . 

[*263-22] 3.3!P‘max,‘a. 

[*205-65. *40-69] 3 . 3 ! C‘Pnp‘P“a ( 2 ) 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 



152 


SERIES 
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t-.(l). (2). *40-2.3 

h P e CO .aC C‘P . D : a f Cls induct . = . g ! C‘P n p^“a (3) 

h. *40-2. *120-21 2. 3 


H :: P 6 n a C C‘P . 3. : a e Cls induct . = . g ! C‘P n p‘P“a 3 . g ! P (4) 


I- . (4) . *200-51 . 3 I- : Hp (4) . 3 . (7‘P~€ Cls induct (5) 

h. *250-1 6. 3 

I- : Hp (4) . g ! Q'P - Q'P, . 3 . P^min/(a‘P - Q'P,) c Cls induct . 

[*261-26] 3 . E l maxp‘?minf‘(a‘P- Q'P,) . 

[*205-252] 3.min/(a‘P-a‘P.)ea‘P, (6) 

H . (6) . Transp . 3 h : Hp (4) . 3 . Q'P, = H'P (7) 

I- . (5) . (7) . *261-34 . 3 I- : Hp(4) . 3 . ~ E ! P‘P (8) 

l-.(4).(7).(8). 3t-:Hp(4).3.Pea. (9) 

I- . (3) . (9) . 3 1- . Prop 


*263 48. I" . (a = n n P |a C C'P . 3. : a ~ c Cls red . - . g 1 C‘P n p‘P“aj 

[*26.3-47. *26 1-47] 

*26349. 1- . n 6n u = n r> P(a‘P, = a‘P) = n « p(p= p,„) 

Devi. 

V . *261?2 . *263 44 . D h : 7* c O fin u o) . D . Q*/'. = Q'P (1) 

f- . *261;H . #263-44 . D h : P e O . (PP, = G'P . D . 7^ e H fin u w (2) 

H . (1) . (2) . D h . n fin w w = n n P(a‘P, = a‘P) 

[*261-2 12] = n P (P = P,„) . D h . Prop 


*263 491. h : P f n fin u w . D . P = (P,)^ . P. = (P,), 

Dem. 

1“ ■ *263-49 . *261-212 . D h : Hp . D . P = (P,)po . (1) 

[*91-602.*121 103] D.P(arhHy)= P,(xt-Hy). 

[♦121-11] D.7'. = (P,). (2) 

h . (1) . (2) . D h . Prop 


*263-6. h : 7V n infin . D . P ^ (i‘P‘P w l^B^P) e 
Dem. 

y . #261*45 . D h : lip . D . P, f Pr„‘P*P e Prog (1) 

y . *260 33 27 . D I- : Hp . D . (P, = P,n t (('P‘P 

[*260-32] = P I {i*B*P sj%^‘B*P) (2) 

l-.(l).(2).#2631 .Dl-.Prop 
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^263‘51. h ; P e n infin . D . 


Dem. 


i^B^F Ptn'B^P e D‘(P* n I) . i^B^P SJ Pt^^B^P e Q^sgm^P 


( 1 ) 


I- . *263‘5'22 . D h : Hp . D , E ! maxp‘(t‘fi‘P u P^^^B^P) 
t" . *26011 . D l~ : Hp . y e Q‘P — Pfn‘P‘P . x e P^^^B^P . D . 

P (P‘P »— I y) e Cls induct . P (B‘P j-h :r) e Cl3 induct . 
[*120-49] D . Nc‘P (P‘P HH y) > Nc‘P (P'P kh a:) . 

[*1 17-222. Transp] D . ~ {yP(^) (2) 

H . (2) . Transp . D h : Hp . D . P‘‘PVn‘5‘^ C i*P u (3) 

H . (3) . *93101 . D h : Hp . D . P^\i^B^P C%^*B^P) C t^B^P u (4) 

I- . (1) . (4) . *21 1-41 . D h : Hp . D . i‘P‘P w Pf„‘P‘P e D‘(Pc n T ) . (5) 

[*212152] D . t'P'P y P^'P^P e Q^sgm'P (6) 

1“ . (5) . (6) . D 1- . Prop 

*263-62. |-:Peninfin-<y.D. (g^) , a; 6 Q'P ,'P,„‘P‘P u t‘P‘P = 7‘a: 

Dem. 

h . *263 49 . Transp . D h : Hp , D . 3 ! Q‘P — Q‘P, . 

[*260-27] D . a ! a‘P - P,„‘P‘P . 

[*250-121] D . E ! minP(a‘P- P,„‘P‘P) . 

[*263-51,*206-25.*2U'726] D . (gx) . a: eQ^P .^,„‘P‘P u £‘P‘P=i^a- 

D f* . Prop 

*263'53. h : P € ft infin — a> . D . Nr‘P •> a> 

Dem. 

H . *253-13 . *263-52 . D h : Hp . D . P t (^f„‘P‘P w e‘P‘P) e D‘Ps . 
[*263-5] D . a ! a> n D^P , . 

[*255-17.*26318] D . Nr‘P > w : D h . Prop 

The above proposition shows that (a is the smallest of infinite ordinals 
The sjinie fact is otherwise expressed by the following proposition. 


*263 64. 

*26366. 

Dem. 


I- : ac NO infin - . D , a >■ 0 ) [*263-53] 

h:Pe&),^, 6 0) + !. 9‘P € o) + i 


t-.*253-511.*263-44.DI- 

l-.*252-372.*263-44.Dh 

l-.(l).(2).DI-.Prop 


Hp • 3 ■ Pi f tt> -p i 

Hp . D . 9‘P c a> -p i 


(1) 

(2) 
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[part V 


The following propositions are lemmas for proving (ox2r^(o (*263*63), 
*263-6. ^•:PeSer,x^y.M=Px(xiy),-:>:.RM,S, = : 

('3i»)*'>i€C*P ,R^xlu.S = ylu,v .{^u, v),2iP^v, R~.ylu,S^xlv 


Dem. 

h • *166 1 1 1 . D h Hp , uPv = = 

RM{ylv),(ylu)MS. 

[*201*63,*204-55] :> .r^(R^f,S) (1) 

Similarly H Hp . uPu . = y J, « . 5 = y j t, O . '^(72Af|5) (2) 

h. *166111 .D 

h : Hp . uPw . wPv .R = ylu,S=xlv.'^, RM(x iw) .(x ^w) MS , 
[*201*63.*204‘55] D . ^ {RM,8) (3) 

H .-(1) . (2) . (3) . Transp . *1661 11 . D 
h Hp . RM^S . D : (gu) ,R — xlu,8 = y^u.u€ C*P . v . 

(a?/, v) . xiPiV .R = ylu,S=xlv (4) 

f-.*lC6111.DI-:Hp.i? = ariu.iS = yJ,w.i?JW'(a:4,u).D.*Sr^(a:iv) (5) 


h . *1661 11 . D l- Hp .i2=:a:^u.iS = y^«. RM{y ^ u) . D : « = u . v . uPv : 

[*166*111] D:yiv = 8,v.SM(yiv) (6) 

I-. *166*111.3 

l“:Hp.i2 = y],“''Sf-^i^* ^PiV • RM(y j w) . 3 . SM(y I w) (7) 

h . *166*111 .31-:. Hp .i2 = y|u.5 = a;4v. uPjV . RM(x ^ w) . 3 : 

a: i m; = 5 . V . 8M (x ^ w) (8) 
h . (5) . (6) . (7) . (8) . 3 h Hp : ueC^P ,R = xlu,S = ylu,y. 

uPjV • R — y lu .S = x Iv . RMiS (9) 

h . (4) . (9) .31". Prop 


*263*61. h ; PeSer •x^y,M=Px(xly),0. (l*Mi = y y^C*P\^x X**Q*Pi 

[*263-6] 

*263*62. \-:p€ta,x^y*0,Px{x I y)€(t> 

Dem. 

h . *263*61*43 . 3 h : Hp . 3 . Q'lP x(xl y)), = y l**C*P u a: 4“a‘P 


[*166*111] *=a*lPx(a:4y)l (1) 

I- . *251*55 . 3 h : Hp . 3 , P x (a: ^ y) e fl (2) 

I-. *166*14. 3h:Hp.3.Px(a:iy)e-('A (3) 

h . *166*16 . *263-22 . 3 h : Hp . 3 ."fl'Cnv'lP x (a: J, y)} = A (4) 


h . (1) . (2) . (3) . (4) . *263*44 .31-: Hp .3.Px(a;^y)ea»:3l-. Prop 


*263 63. h .<ax2r = to 
Dem. 

h. *263*62*17. 3l-:P€«.Qe2r.3.Nr'(PxQ) = w (1) 

l-.*lH413.*263*I7.3h:Pea>.Qe2r.3.Nr‘(PxQ) = a>>t2^ (2) 

h . (1 ) . (2) . 3 1- : a I a> . a I 2r . 3 . X 2r = a> (3) 

h. *184*11 . 3I-:6)*A.3.«>:2^ = A ( 4 ) 
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h . *123-14 . *263101 .Dl-:a!6).D.al2. 

[*262-21] 3-3 ! 2, (5) 

H , (3) . (4) . (5) . D 1- . Prop 


The following propositions are lemtnas for proving *263 66. 

*263 64. I- : P. Q € Ser , ir € C'P . zQ,w . 3/ = P x Q . D (2 J, x) TIf, (w j, a:) 
Dem. 

H . *166*111 . D l- : Hp . D . a:) M (w ^ a*) 

1“ . *166 111 , D 1“ Hp •{z ^x) M {u ^y) \ - v . a: — y . zQu : 

[*204-71] D : xPy ,x = y ,u — w ,x = y , wQy : 

[*1661 11] ^ i y) , V . (10 lx) = (u I y) 

h - (2) . *204'55 • D I" : Hp (2) . D . ~ [(u ^ y) M (w ^ a )J 
h.(l).(3).*201*63.DI-,Prop 


( 1 ) 

( 2 ) 

( 3 ) 


*263-641. t-:P,Q€Ser.z=B*Q,w = B^Q,xP,y.A/ = Px Q. D . 

I- . *166*111 . D h : Hp . D . (2 i a:) I y) (1) 

H . *166-111 . D h Hp . (^ I x)M(u lv).D:xFv: 

[*204-71] D:v = y,v.yPv (2) 

h, (2). *166-111 ,D 

^''^P*{^ia:)M(ulv),0:vlv = wly.v,(wly)M(ulv); 

[*204*55] ^ l(u I u) M('u; I y)\ (3) 

^ • (^) • (3) • *201*63 . D h . Prop 

*263-642. I- : P, Q € Ser . il/ = P X 0 . D . (C‘P x a'Q.) C Q'jlf. [*263-64] 
*263-643. I- : P, Q 6 Ser. E ! P‘Q . E ! P‘$ . Jl/ = p X Q.D.(P‘0) I “Q'P Qa‘M 

[*263-64] * 

*263-65. H:Pe6>.Q€nfin-i‘A,D.PxQc(i, 

Dem. 

H . *251*55 . D h : Hp . D . P X Qc n 

h . *16614 . D h : Hp . D . P X ^ - t'A 

h. *263*642-643. *261-24. D ' ^ 

I- : Hp . D . (C‘P X a-g,) u (B<Q) i»a‘P, C a‘(P. X Q). . 

[*263-49] 3 . {G‘P x Q'Q) w (B‘Q) 4,«a‘P C a<(P x Q), . 

[*166 12-16] D . C'(P X Q) -Is-iP x Q) C a‘(P x Q), . 
[*93-101.*201-63] D . a‘(P x Q) = a‘(P x Q). (3) 

H.(l). (2). (3). (4). *263-44.31-. Prop ^ ^ 

*26^66. l-:arNO6n-r<0,.D.o,xa = <„ [*263-65] 

The proof proceeds as in *263*63. 



*264. DERIVATIVES OF WELL-ORDERED SERIES. 

Summary of *264. 

The principal purpose of the present number is to show that every 
infinite well-ordered series is the sum of a series of progressions followed 
by a finite tag, which may be null. For this purpose, we proceed as follows : 
It is auy member of it must belong to the family, with respect 

to P„ of some member of (7‘P-a‘P,, unless x = B*P and £‘.P~ca'P,. 

Assuming that we have either ~ E ! or B'Ped^P,, and assuming 
further that P is an infinite well-ordered series other than a progression, 
It follows that every member of C^P belongs to the family, with respect 
to P,. of some member of C'V'P, because, by *216*611, 0^*P^ Dt^Py-Q^Px 
in the circumstances contemplated (*26415). Now P limited to any one 

family with respect to P, is a progression, unless that family includes B^P\ 

and if it includes B*P^ it is finite. Hence our proposition follows. 

An important consequence of the above proposition is that every cardinal 
which is not inductive and is applicable to classes that can be well-ordered is 
a multiple of No (*264-48). 

tor the purposes of this number we need a notation for the series of 
series each of which consists of the family of some member of C*V*P. We 
therefore put 

4 ' 

^pr = ^C5(-P,)*;V‘P Dft[*264]. 

Here “pr” is intended to sugge.st “progression." When Peflinfin-w, 

P pr is the series of progressions (possibly ending in a finite tag) whase 
sum is P (or in one case). Before using this definition, some 

preliminary considerations are necessary. V*P is the series of limit-points 
of P, including B*P. In order that V*P may exist, there must be at 
least one limit-point besides B*P. Now the limit-points of a series are 
C*P — G*Py,t.e. the limit-points other than B*P are Cl'/* — CI'P, (*216*21). 
Hence when B^P exisLs and Q'/* — Q'P, exists, V*P exists. Hence by 
*263*49, 


*264*13. h :. /* c n . D : a ! V'/* . = . /^ e H infin - 6> 
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l.e. a well-ordered series whose derivative exists is one which is infinite 
and not a progression. We have similarly 

*264 14. I- : P € n infin - w . D . C'V‘P = C‘P - Q'P, 
and 

*26412. H : P e n . D . Q* V‘P = (VP - Q' p, 

We next proceed (*264'2— -261) to study tbe posterity of a term x 

with respect to P,, i.e. the aeries P D We show that if tliis scries 

has a last term, it is finite (*264'21), and ends with B‘P (*264-2), while 
if not, and if xeC‘P^, i.e. if x has either an immediate successor or an 
immediate predecessor, the series is a progression (*264-22), Hence we have 

*264 23. I- :.P€n.a:eC‘V‘Pr, C‘P, . D : 

E ! maxP(P,)#‘a; .m.x = P‘Cnv‘V‘P . E ! P'P 

Moreover, if xeC'P,. the ancestry of x with respect to P, must end with 
a member of the derivative' of P. i.e. 


*264-233. I- : P e fl infin - m .xeC'P ^ . Zi . m\np‘{P^‘x e C‘V‘P 

We thus arrive at the result that if P has a last term so has V‘P 
(*264-24), and if x is any member of the derivative except ’the last, the 

series P P (P.)*<X is a progression (*264-25), while if a: is the last term of 

tioJosof ^ - finite 

(*264 252). Moreover the supposition that P ends with a member of the 

denvative is equivalent to the supposition that P ends with a term which 
has no immediate predecessor (*264‘26). 

We now proceed (*264-3-403) to consider the relation P„ defined 
above. If we take any term y in a well-ordered series, there is some term 
® belonging to CP - Q'P. such that the family of y with respect to P. 
IS the ^aterity of x. This results from *264 233 above. Thus we may 
divide the field of P into mutually exclusive stretches, each of which is the 
postenty of some member of C'P-Q'P. with respect to P,. The series of 
series thus obtained is P„. There is an exceptional case, when the series 
ends in a term having no immediate predecessor, for then the posterity of 

this term with respect to P. is null, and therefore P„ omits this term 
Otherwise, we shall have 2>Pp, = P; i.e. we have 

*26439. iPeH infin — w . {B*P e (7‘V‘ P) . D . 2'P = P 

*264*391. I- : P e n . P'P c C'V'P . D . S'Pp, = P ^ D<P 
Moreover we have 

*264*36. H : P g a . 3 . Pp, smor V'P . P g Rel^ excl 
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From what was proved earlier we know that, assuming Peil, we have 
T)‘P„ C o> (#264-40 Ij : if P has no last term, C‘P„ Ca>; if P is infinite and 

has^a last term, B‘P^, is finite, and if the last term of P belongs to C‘V‘P, 

Hence, using #251-63, which assures us that, in virtue of 
#264 36 above, if C‘P^, C <v, S‘P„ is a multiple of <>,, we find (#264 44) that 
every well-ordered series has an ordinal number of the form (a>(a>) + B. 
where o and B may be any ordinals, including 0, and i (putting i x a = a to’ 
avoid exceptional cases). The above account omits the exceptional cases, 
which require special treatment and render the proof long; but in the end 
the above simple result is obtained. 


Since a multiple of is not increased by the addition of an inductive 
cardinal, it follows (*264‘44) that the cardinal number of the field of an 
infinite well-ordered series is always a multiple of (*264-47). Hence 
if all classes can be well-ordered, all cardinals which are not inductive are 

multiples of No. In virtue of Zennclo’s theorem, the same result follows if 
the multiplicative axiom is true. 


*26401. = Dft[*264] 

*26411. h i' e n . 3 ; a I sgm'i^ , = , PeQ infin 
Dent. 

h . *263-51 . 3 h : i'e n infin . D . a ! sgm'P 

h . *21 21 52 . *21 1-41 . D 1- : n . a ! sgin‘7^ ■ ^ • 3 1 scct'P- t‘A - 

[*261-28.Transp] D . P e O infin 

l-.(l),(2).Df-.Prop 



G'maxp. 



*264-12. h : 7" e n . D . (PV‘7' = iVP - iVl\ 

Dent. 

h . *216-61 . D h : Up . a ! 7^ D . a‘V‘7* = GG* - G*7^ (1) 

I- . *216 612 . *33 241 . D h : /» = A . D . G‘V'7'= A . G‘P - G‘7^. = A (2) 
h.(l).(2).DI-.Prop 

*264 13. h 7^ 6 n . 3 : a ! V‘7\ = . 7^ € n infin - w 
Dem. 

H , *264 12 . D h Hp . D : a ! V‘7^ . = . a ! G‘P G‘7^ . 

[*263*49] ~ . P eil infin — o) O h , Prop 


*264-14. h j 7^ € n infin - . D . C*V*P = C*P - (1*P, [*26413 . *216 61 1] 

*264 16. h P e n infin - w : - E ! v . i?'7^ e G‘P, : D . C^V^P = “b^P, 
Dem. 

I-.*26414. *93103.3 I- :Hp.^E!5‘/'.D,C‘VG*=G'P-G'P,.G'P-D'P. 
[*93*101 .*250-21] D. (1) 
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t- . #931 01 . D 1- : B‘Pea‘P , . 3 . C‘P - Q'P. C D‘P 

H'. (2) . *26414 . 3 h : Hp . B‘P € a<P, . 3 . C‘V‘P = D‘P - Q'P, 
[#93101.*250-21] =^‘P, 

t-.(l).(3).3h.Prop 


( 2 ) 


(3) 


*264'2. 1- : P e n . E ! max p‘(P,)^‘x . 3 . iTiaxp‘(Pi)^(^'x = B‘P 

Dem. 


I- . *206-42-46 . D h : Hp . D . seqp‘(P,)*'^ = . 

[*9016] 

[*206-2] 

[*250126] 


D - seqp* (P,)^ ^a.- C {P,)^*x . 

D . seqp‘(/*,)3^‘x = A . 

D . maxp‘(P,)*‘a: = B*P Of-. Prop 


*264 21. 1- : P 6 n . E ! maxp‘(P,)^^x . D 

P D (PiW^ e n fin . P (j hH B^P) e Cls induct 


( 1 ) 


Dem. 

y . #200-35 . 3 I- : Hp . = t'x . 3 . P [; = A 

I- . #260-27 . 3 t- : Hp . (P,)*'® + Pa . 3 . a:P,„ 

mHXp‘(P])^'a: . 

[*2G0 11] ^ , p (a:»-Hjiiaxp‘(P,)jjj*xj € Cls induct, (2) 


^ - C‘P ^ (P,)j(j‘a: 6 Cls induct 


6 a> 


[*205-2] 

l'.(l).(2).(3).*264-2.DI-,Prop 

*264 '22. h : P 6 n . ^ E ! inaxp'(P,)j^'a; , x e C'Pi . 3 , P ^ 

Dem. 

y . #260 32-34-27 . 3 H Hp . 3 . (P C = (^7^-;^.,) . 

[*122-52] 3 . (P C (KV*}. e Prog 

I- . (1) . *260-33 . 3 H : Hp . 3 . [(P t (P.Va-!.]^ = P p (P^‘^ 
I- . (2) . (3) . #263-1 .31-. Prop 

#264 221. I- : P e n . ® ( V‘P) y . 3 . P (a - j,) ~ e Cls iiid uct 

Dem. 


( 1 ) 

(2) 

(3) 


h . *207-34 . *21 6-6 . D 1- : Hp 
[*207-25] 

[*207-13] 

[*261-26] 


D - xP^ . ij = Itp'P'^ , 

3 . xP^y . y = \tp^{P*x n P^y) . 

3 .^y E ! max/>‘(^‘x a 7^'y) , 

3 . P*x A P'y e Cls induct Oh. Prop 


*264 222. h : P € n . P*x e Cls induct . 3 . a: t D‘V‘P [*264-221 . Transp] 
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*264-223. \- : Pefl , 7^(x' -y)^e CIs induct - D . g ! (1*V‘P n P{x~iij) 
Dem. 

I" . *261 3 . D f- : Hp . D . (ga) - a C /*(a: — , g ! a . E ! maxp‘a . 

[*250122] D , (ga) .aC/’(;r-y),g!a.E! \tp‘a, 

[*206-213] D . (ga) . a C P (a: - y) . g ! a . It/a e P (a: -t y) , 

[*206-181] D . g ! mtp r^(I^PnP(x~^y), 

[*216-602] D . g ! a*V‘P n P(a:-^y) : D K Prop 

*264-224. \--.Pen.x= B‘Cny‘V‘P . E ! D . P‘x e Cls induct 

Dem. 


h . *204-22;j . Transp . 3 h : Hp . D . P (x - B‘h f Cls induct : 3 K Prop 

*264 225. !■ :. P 6 fl . X 6 C'P, . 3 : E ! mA\p‘(P^)^‘x , = . (P^)^‘x e Cls induct 

[*264-21-22] 

*264 23. l-:./'en.xeC‘V‘Pr>C‘y^,.3: 

E!maxP(P,)*‘x. = .x=5‘Cnv‘V‘P.E!5‘.P 

Dem. 

h . *264-2 . D h : Hp . E ! . 3 . E ! P‘P (1) 

h . *264 21-222 . 3 h : Hp(l) . 3 . a:- € D‘V*P . 


[*93*103] 

3 ,x= P‘Cnv*V‘P 

(2) 

h, *264-224. 3h:Hp.a: 

= B‘Cn.v‘V‘P . E ! P‘P . 3 . P‘x e Cls induct . 
> 

[*120-481-251] 

3 . (P,)j(j'a:€ Cls induct . 


[*90'12.Hp.*261-2(i] 

3 . E ! maxp‘(P,),)j*a; 

(3) 

l■.(l).(2).(3).3l-.Prop 

*264231. l-:P6n.a;eC7‘V‘P 

- C‘P, . 3 . a: = P'Cn v'V'P = P‘P 


Dem. 

. *250*21 . 

3 h : Hp . 3 .a;^eT)‘P. 


[*93*103] 

0.x^H*P, 

(1) 

[*2166] 

3 . a:*^ c D'V'P . 


[*93-103] 

3.a:=P'Cnv'^‘P 

(2) 


f- . (1) . (2) . 3 I- . Prop 


#264*232. l-:.P€n.a:eC7'V‘P.3: 

{P^^x € Cls induct . = . a: = P'Cnv'V'P . E I P'P 

This proposition differs from *264'23 by not assuming that xeC^Pi. 

If P‘P has no immediate predecessor, P'PeC'V'P — (7*Pi, so that P‘P 
satishes the hypothesis of *264*232, but not that of *264*23. 
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K . *9013 . 
[*264-231] 

I- .*120-212 

h. *264 225 


D h ; Hp , = A . D , X’ • 

D.x = fi‘Cnv‘^‘P. E!5‘P 
D h : Hp (1) . D . CIs induct 


(1) 

(2) 


1“ Hp . e CIs induct . = . E ! max p^{P^)^^x . 

[*264-23] ~,x = B^Gx\\^V^P,E\B^P (3) 

t-.(l).(2).(3).DI-.Prop 


*264 233. : P € fl indn — w . xe . D . e C*V*P 

Dem. 


h . *2o0121 . D h : Hp . D . E ! minp‘(P,)^*x 

I- . *90172 . D 1“ : Hp . y . zP^y . D , ^ e {Py) 4 f*x r\ Phj , 

[*20514] ^ 

1“ . (2) . Transp . D h : Hp , y = . D . y ~ e Q'Pj . 

[*264-14] D.yeC'V*P 

h . (1) , (3) . D h . Prop 

*264-24. 1- : P € n infin . E ! P‘P . D . E ! P‘Cnv‘V‘P 

Dem. 

f- . *264 12 . D h : Hp . P‘P ^ 6 C‘Pi . D . P‘P e C' . 

[*216 6] D . P‘P= P‘Cnv‘V‘P 

t- . *264-233 . *263-22 . D I- : Hp . B‘ P e C ‘l\ . D . minp‘(P,)^‘B‘P ( C‘V‘P 
I- . *205-55 . 3 I- : Hp (2) . a: = ininp‘(i-’,)*‘ii‘P . 3 . B‘P= msiXp‘^^)^‘x . 
[*264-23.(2)] 3.a: = fi‘Cnv‘V‘P 

I- . (1) . (3) . 3 h . Prop 

*264 26. l-:Pen.a:eD‘V‘P.3.PC e a> 

Dent. 

H . *264*232 . *250-21 . D h ; Hp , D , e CIs induct . x e D‘P, , 

[*264-225] D , ^ E ! inaxp‘(P,)^(t‘a: . x e D'Pj . 

[*264-22] D . P p {P^‘x € a> O h . Prop 

*264-261. h : P 6 n . ~ E ! B‘P . ® € C‘ V‘P . 3 . P t (P,)*'® e o) 

Dem. 

y . *250-2i . 3 h : Hp . 3 . a: e D‘P, . 

[*264-23.Hp] 3 . ~ E ! maxp‘lp,)^‘x . a: e D‘P, . 

[*264-22] 3 . P f (P i)jjt‘a: e a> : 3 h . Prop 

R. 4 w. in. 


( 1 ) 


( 2 ) 


( 3 ) 


( 1 ) 

( 2 ) 


( 3 ) 
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*264-262. h : P e n . E ! 5‘P . X = P‘Cnv‘ V‘P . D . P ^ (Pi e H fio 
Dem. 


h . *264*23 . D h : Hp . x e C‘P, . D . E ! maxj.‘(P,)^jf‘a: . 

[*2G4-21] 0. PI (I^^x e fin 

I- . *9014 . D h : C^Pi . D . P ^ {Pj)^‘x= A 

f- . (1) . (2) , D I- , Prop 

*264 26. h P € n . D : P‘P e V‘P . = . E ! B*P G'P, 

Bern. 

h.*14 21. DI-iP'J'ea^V'y^D.ElP'P 

h . *264-12 . D h : Hp . P‘P 6 C‘ V‘P . D . P‘P - t G'P, 

1- . *264 1 2 . D f- : Hp . ^‘P c Q'P, . D . P‘P e C‘ V‘P 
f-.(l).(2).(3).Dh.Prop 

*264 261. I- P f n . D : ~ (P‘P e C* V‘P) , = . C^P = C‘P, 

Dem. 


( 1 ) 

(2) 


( 1 ) 

(2) 

( 3 ) 




V . *264-26 . D h :: Hp . D (P‘P e C‘ V'P) . - 

[*202-52] = 

[*250-21] H 

[*121-322] H 

*264-3. 1- : qP„.R . = - (a^:. y ) . x- {V*P)y.Q^ Pi Pi (Pji'y 

[(*264-01)] 

*264 31. H P e Scr . D : QP^,R . = . 


E!/y‘P.v.P‘P€(J‘P, : 
B*pca*p,x 
C^P C C^P , : 
C'‘P=(7‘7^::Dh. Prop 


(a^. ^xPy.Q=Pi (y».)#v . p = p t (P.)i„'i/ 

[*207 -35. *264-3. *21 6-6] 

*264-32. h . O'Pp, = P t “(^,)#“C‘V‘P [*150 22 . (*264-01)] 

*264 321. h : P e Ser . j: 6 C* V‘P . D . (P,)*‘a: e 1 
Dem. 

h . *216-611 . D h : Hp . D . a; e (7*P - G^P, 

4 

V . *90-14 . D 1- : a: ~ e G‘P, . 3 - (Pi)*'^ = A 
h . *121*305 . D h ! Hp . a: c D'P, . ^ . a ! (PiV^ " • 

A 

[*9012] D.(P,)*‘«~el 

h.(l).(2),(3).3H.Prop 


( 1 ) 

( 2 ) 


( 3 ) 


*264 33. h : P e .Scr . D . G“C'P„ = (P.)*“C‘ V‘P 

[*264-321 . *202-55 . *264-32] 
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*264 34. 

Dem. 


ViP C*P . P I (Pt)^‘x == P t (PiWy ^x = y 


I- . *264-321 . *202-55 . D h : Hp . D . (P,)*‘a: = (P,)*'y 
h . (1) . *9012 . D h : Hp . 6 C'P, . D . x{P^)^y . y (Pi)*x 

[*260-22.*91-541] D . a; = y 

h . *250-21 . D h : Hp . X -> € C‘P, , D . x = 

h . (1) . *9012-14 . D I- : Hp . e C‘P, . D . y ^ e C‘P, . 

D . y = P‘P 

D h ; Hp . X e 0*P, . D . x = t/ 


[*250-21] 
t-.(3).(4). 
l-.(2).(5),Dh.Prop 


( 1 ) 

(2) 

(3) 

(4) 

(5) 


*264-341. h : P € Ser . x, i/ € 0‘V‘P , x{Pi)^y .0 .x = y 
Dem. 

h . *216-611 . D h : Hp . D . 3/^ € Q'P, . 

[*91-504] D.~(a.(P.)^yl. 

[*91-54] D , X — : D h , Prop 

*264-35. h : P e Ser .x,ye V‘P . g ! (^P^)^*x r\ (P,)*‘^ . D , x = ?/ 
Dem. 

V . *96-302 . D I- Hp . D : x{P^)^y . v .3/(P,)^,tX ; 
[*264-341] D : X = y D h . Prop 

*264-36. h : P 6 n ■ D . P^^ smor V'P . Pp^ e ReP excl [*264 34-35] 
The followiog propositions lead up to *264-39-391. 


*264 37. t- : P e 12 infin - &> . D . s‘C'P^, = P 

Dem. 


fn 


I- . *2(i4-:i2 .31-:. Hp.3 :a (i‘C‘P,„) ,/ . = . ('da).aeC‘V‘ P .u:,y i(P,)^‘a.xPy . 
[*26032-27] 

[*264. 233-35] 

[*13-195] 


= . (ga) .a eC‘V‘P.x,ye (i*,)*‘a . xP,„y . 

= . (ga) .a^iiup\P,)^‘x = ininx\P,)^‘y . xP,„y . 
= . niinP(P^‘x- = ininP(P,)*‘^ • xP,„y 
h . *260-27 . 3 t- : Hp . xP,„y . 3 . (P, . 

[*205-5] 3 . nunp\P,)j^‘x = minp‘(P,)^‘y 

H . (1 ) . (2) . 3 h :. Hp .D:x {s‘C*P p^) y . = . xP f^^y :. 3 1- . Pnip 

*264-371. I- : P € Ser . a (7‘P) 5.3. tPi)*‘a C P‘6 

Dem. 

h, *216-6. DI-;Hp.D.«e7^‘6 

h . *204-71 . D h : Hp . xP6 . xP,y . ~ {yPh ) . D , « = 6 . 

[*33-14] 3.6ea‘P. 

I- . (2) . Transp . *216-611 . 3 t- :. Hp . 3 : xP6 . xP,y .-^.yPb 
t- . (1) . (3) . *90-112 . 3 I- :. Hp . 3 : a(P,)*a: . 3 . xPb :. 3 (- . Prop 


( 1 ) 


( 2 ) 


( 1 ) 

( 2 ) 

(3) 
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*264-372. h : P e Ser . D . C: 

Dem. 

h.*264‘3-321. *202-55, D 

I- :. Hp . D : x{FiP^,) y . = . (ga, 6) . a (V‘P) b.xe (P, . y € (P^‘6 . 

[*264-371] D.xPy 

I- . *264-35 . D t- : Hp . o ( V‘P) 6 . 1 e tP,)*‘(i . y 6 CP,)#‘6 . D . y ~ e (P^‘a 
[*9017] D .y ~ € (P,)j((‘a: 

[*260-27] D.~(xP,„y) 

I- . (1) . (2) . (3) . D 4 : Hp . D . p:p^, G P^P,„ : D 4 . Prup 


( 1 ) 

( 2 ) 

(3) 


*264-373. 4 : P 6 n . ~ (P‘P f C‘V‘P) .0 . P-^P,„(IF'>P^, 

Dem. 

h . *264-261 -233 . *263-49 . D 

4 : Hp.®(PJ.P,„)y . D . miii/(P,)*'x. minf<(P^‘y e C‘V‘P (1) 

4 . *96-301 . D 4 Hp . niiD/(P,),^‘x = miD,'(P, py . 3 :*(P,),y . v . y(P,%x : 
[*260 27] D : X = y .V . xP,^y . v . yPi^x (2) 

4.(2). Tfansp . D 4 : Hp (1 ) . D ■ miaf ‘(P,)^‘x + ininp‘(P,)*‘y (3) 

4.(1). *264-371 . D 4 : Hp . minp‘(P,)#‘y P niinP(P,)*‘x . D . yPx (4) 

4 . (4) . Transp . D 4 : Hp (1) . 3 . ~ jminf'(P. Vy P minP(P.)*‘xl (5) 

4 .(3). (5) . 3 4 : Hp(l). 3 . iuinf‘(P,)j,f‘xP minP(P,),,‘y (6) 

4.(l).(6).34:Hp(l).3. (go, 6) . a (V'P) 6 . x e (P,)*‘a . y e ^,),‘6 . 
[*264-3-321 .*202-55] 3 . x (PJPp,) y : 3 4 . Prop 


*264-38. 4:P6n.~(P‘PcC‘V‘P).3.p:Pp, = P.^P,„ [*264-372-373] 

*264 381. 4 : P e n . P<P e (7‘V<P . 3 . FiP„ = Pl D‘P.^P,„ 

Dem. 

I- . *264*33 . D f- : Hp . D . «‘C“C‘Pp, C (7‘P, . 

[*264-26,*42*2] D . P‘P ~ € C'PJPp, . 

[*264-372] D.p;Pp,<iPCD'P^P,„ (1) 

I- . *250-21 . D I- : Hp . a:(P[ D‘P-^P,n)y , D . a:, y c 6"P, . 
[*264-233,*263-49] D . miDp'(^ Va:. minP(P. Vy e C' V'P (2) 

Thence as in the proof of *264*373, 
h ; Hp , a: (P p D'P-^ P,p) y . D . a: (P'Pp,) y 
h . (1) . (3) . D h . Prop 


( 3 ) 
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*264 39. I- : P e n iufin - w . ~ (P‘P e C‘ V‘P) . 3 . l‘P„ = P 

[*264'37-38 . *26012 . *162 1] 

*264391. H : P e n . B‘P t C‘V‘P . D . 2<Pp,= Pf D‘P 
Dem. 

1- . *26413 .DhiHp.D.PcH in6u — u> 

H . *260-27 . D H : Hp . D . P,„ = P,„ C C‘P, 

[*264-26] = P,„ [ D<P 

I- .(1). (2). *264-37 .*260-12 .31-: Hp. 3 .s‘C‘P 
h . (3) . *264-381 .31-. Prop 


( 1 ) 


( 2 ) 

= P,„.P,„GPt:D‘P (3) 


*264 4. l-:Pen.~E!P‘7^.3.C‘Pp, Co) [*264-251.32] 


*264 401. h : P € n . 3 . D'P^, C « 


Dem. 


V . *151 5 . *264-34 . 3 t- : Hp . 3 . D‘P 
l-.(l). *264-25.31-. Prop 


= Pt“(P.),“D'V‘P 


( 1 ) 


*264-402. h : P e n in6n . E ! B‘P . 3 . P‘Pp, e H 6n 


Dem. 


I- . *264-24 . 3 h : Hp . 3 . E ! P‘Cnv‘V‘P . 
[*151-5.*2G4-34] 3 . B‘P„ = Pl(P^^‘B‘Cav‘V‘P . 


[*264-252] 


3 . B‘P„ € n fin : 3 h . Prop 


*264-403. [- : P 6 n . B‘P e C‘V‘P . B‘P„ = k 

Dem, 

t- . *264-26-231 . 3 h : Hp . 3 . B‘P ~ e G‘P, .B‘P= B‘Cav‘ V‘ P . 

[*9014-] 3.^0^‘B‘Cnv‘V‘P = A. 

[*151-5.*264-.34] 3 . P‘Pp, = A : 3 t- . Prop 

The following propositions deal with the various different cases that ari.se. 
Their net result is expressed in *264 44. 


*26441. H : 7^ € n infin ! B*P. D . Nr‘P = Nr'V'P 

Dem. 


Xo) 


h . *264-36-4 . D h 

[*251-63] 

[*264-39] 


Hp 


D 

D 

D 


P^,r€ Rel^excl r»Nr‘V*p. 

7^ 6 Nr* V *7* X &> : D h . Prop 
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*264*42. I- : P e n . 5‘P ~ e C^V*P . V‘P € 2, . D . Nr‘P - « + 

Dem. 

y . *264-36 . D [- : Hp . D . Pp, = (B'P,,) i (B‘P„) . 

[*]62-3.*264 39-13] D . P = . 

[*264-36-401] D . Nr‘P = 6> + P‘P„ : 3 I- . Prop 

*264-421. 1- : P f n . fi'P f C‘ V‘P . V‘P e 2. . D . Nr'P = o) + i 

Dem. 

I- . *264-36 . D : Hp . D . P„ = {B‘P„) i {B‘P„) . 

[*162-3.*264-391-13] D . Pp D‘P B‘P„^B‘P„ 
[*264-403.*! 60-21] =B‘P„. 

[*264-401] D.PtD'Prw. 

[*204-461] D. Pe«.+ i Ol-.Prop ■ 

*264-422. P:Peninfin-w. B‘P ~ f C‘ V‘P . V‘P ~ e 2. . D . 

Nr'P = |Nr‘(V'P)t (D‘ V'P) x a.] + Nr‘P'P„ 

Dem. 

y . *264-36 . *204-272 . D h : Hp . D . D'P^, ~ e 1 , 

[*204-46 1 .*264-24-36] 3 . Pp, = Ppr t D‘P„ -t» B‘P „ . 

[*162-43.*264-39] D . P= 2‘(Pp,t D‘Pp,)4:P‘Pp, (1) 

1- . *264 36-401 . *251 63 . D 

h : Hp . D . Nr‘S‘(Pp,D D‘P„,) = Nr‘(V‘P)p (D'V'P) k o, (2) 

I-. (1). (2). *264-36. Dh. Prop 

*264-423. h : P e n . P'P 6 C' V'P . ^‘P ~ € 2. . D . 

Nr'P= (Nr'(V'P)p(D'V'P)xa)j + i 

Dem. 

As in *264-422, 

I- : Hp . 3 . Pp, = Pp, t D'Pp, 4» P'-Ppr . 

[*162 43.*264-391] 3 . Pf D'P= 2'(PprD D'Pp,)4iP‘Pp, 
[*264-403] = 2‘(Pp, t D'Pp,) (1) 

1- . *264-36 401 . *261-63 . 3 

h : Hp . 3 . Nr'2'(Pp, [ D'Pp,) = Nr'(V‘P) f (D' V'P) >c « (2) 

I- . *204-461 . 3 1- : Hp . 3 . Nr'P= Nr‘(Pt D'P)+ 1 (3) 

h.(l).(2).(3).3h.Prop 
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*264-429. ixa = a Df 

This definition is merely intended to enable us to include 1 with ordinals 
in general formulae. 

*264 44. 1- : Pen . .3 .(ga, P).a e NO u i‘i .;8 e NO fin u tO . Nr‘P=(a X oj) + /9 

Deni. 

y ■ *160-22 . *16613 . D h : P e n fin . D . Nr‘P = (0. x a)) + Nr‘P (1) 

I-. * 16021 . 3l-:P=a,.D.Nr‘P = (ixa>) + 0 . ( 2 ) 

H . *264-41 .*160-21 . D 

I- : P e n infiu - ro . ~ E ! P‘P . D . (ga) . a e NO . Nr‘P = (a x a,) + 0, (3) 

h. *264-42-402. D 

l-:Pen.P‘P~eC‘V‘P.V‘Pe2^,.D.(g/3)./3eNOfin.Nr‘P=(ixa.) + ^ (4) 

I-. *264-421 . 3l-:Pen.P‘P6C‘V‘P.V‘P£2..D.Nr‘P = (ix&.) + i (5) 

I- . *264-422-402 .Df-iPeninfin-m. B'P ~ e C‘ V‘P . V‘P ~ e 2, . D . 

(go^^) . a e NO . /3 e NO fin . Nr‘P = (a x a.) + /8 (6) 
I- . *264-423 . D I- : Pen . B‘'p eC‘V‘P . V‘P~e 2, . D . 

(ga).aeNO . Nr‘P = (a!<<u)+i (7) 
I- . (1) . (2) . (3) . (4) . (5) . (6) . (7) . D I- . Prop 

f .u propositions apply the above results to the cai-dinal number 

ot the field of a well-ordered series. 

*264 46. I- : P e n . V‘P e 2, . D . Nc‘C‘ P = 

Dem. 

H . *264-42-402 . *180-71 . *152 7 . D 

h : Hp . B‘P ~ e C" V‘P . D . (g^) . ^ e NO induct . Nc‘0‘P = C“a, + u . . 
[*263-101.*123-41] D.Nc'C‘P = K. (1) 

h . *264 421 . *181-62 • 3 h : Hp . P‘Pe C>V‘P . D . Nc‘C‘P= C»a> + 1 
[*263-101.*123-4] ^ ° 

h ■ (1) . (2) . D h . Prop 

*264 461. 1- : P e n infin - a, . ~ E I P‘P . D . Nc'C'P = Nc‘C‘V‘ P x K 
Dem. ® ® 

H . *264-41 . *184-5 . D h : Hp . D . Nc‘C‘P = Nc‘C‘ V‘P x C“r, 

=Nc«C<V.Px:N.Oh.Prop 

*264-462. I- : P e n infin - a, . V‘P~e 2, . P‘P.^ e C‘V‘P . 3 . 

Dem. Nc‘C‘P = Nc'D-V'P x„ N. 

h . *264-422 . *184*5 . *180-71 . D 

h : Hp . 3 . (a^) . e NO induct . Nc'C'P = (Nc'D-V'P x, N.) ^ ( 1 ) 
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h . #123’43 . *117‘62 . D f- : Hp . ^ e NC induct . 3 . < Nc'D'V'P Kq . 

[*117*561] 3 . (Nc‘D‘V‘P x, Ko)+,m < (Nc‘D‘ V'P x. No) +„ {Nc‘D‘V‘P x, Np) 
[*1 23-421 .*1 13-43] < Nc‘D‘ V'P x. No (2) 

h . (1) . (2) . *117-6-25 . 3 h : Hp . 3 . Nc‘C‘P= Nc‘D‘ V‘P x. No : 3 h . Aop 


*264463. h:Pf ninfin-a».E!P‘P.V‘P-e2,.3.Nc'(7‘P = Nc*D‘V‘Px,No 
Dem. 

As in *264-452, 

h . *264*423 . 3 h : Hp . P'Pe (7' V‘P . 3 . Nc'C'P = Nc‘D‘V‘P x^ No (1) 
l-.(l). *264-452. 3 h. Prop 


*264-46. I- : Pc n infin Nc‘C'*P= Nc'C'^'P x,No 

Dem. 

V . *123*421 . *264*45 . 3 I- : Hp . V‘P e 2, . 3 . Nc‘P‘P = Nc'C' V‘P x. No (1) 
h. *264*453. 3 

h : Hp . E I P‘P . V'P c 2, . Nc*0‘ V‘P = /X 1 . 3 . Nc‘C*P = /i X, No 
[*123*421.*H3-43] = (/x x„ No) +« Xc No) (2) 

h. *117*571*6. 3 

h : Hp . 3 ,/x XoNo^(;i+o 1) XflNo . (/i+c l)_><oNo<(/* XgNe)+c(M x^No) (3) 
h . (2) . (3) . 3 1- : Hp . 3 . Nc'C'P^ +« 1) Xp No 

[Hp] =Nc‘C‘V‘Px,No (4) 

1- . (1) . (4) . *264*451 .31-. Prop 

*264-47. H : P € n infin . 3 . (g/x) . /x f NC - «‘0 . Nc‘C‘P = m Xp N,, [*264*46] 
*264*48. h : a c C“fl — Cla induct . 3 . Ne'er 6 D‘(Xo No) [*264*47] 



*266. THE SERIES OF ALEPHS. 


Summary of *265. 


In the present number, we shall confine ourselves to the most elementary 
properties of the ordinals and cardinals considered. Ihe most important 
propositions to be proved are the existence-theorems. These all depend 
upon the axiom of infinity; moreover, as the numbers concerned grow 
greater, the existence-theorems require continually higher types. 

In virtue of the definition in *262, (Ko)r is the class of well-ordered series 
whose fields have Kq terms. This is not an ordinal number, but the logical 
sum of a certain class of ordinal numbers, namely of Nr“(Ko);.. 

wi is the smallest ordinal whose field has more than No terms. We do 
not, however, take this as the definition of oj, ; we define a>] as the clas.s of 
relations P such that the relations less than P (in the sense of *254) are 
those well-ordered series which are finite or have No terms in their fields, i.e. 

a,, = P (less'P ^ (No), u n fin) Df. 

By *254-401 it follows immediately that if Peo)., P is a well-ordered 
series and o), is its ordinal number (*265-11). Hence o), is an ordinal number 
(*265 12), though we need the axiom of infinity to show that o). exists. 

Assuming the axiom of infinity, the existence-theorem for w. is derived 
from the series of ordinals which are finite or belong to series of N„ terms 
For notational convenience, we temporarily define this series as N\ thus 

^^iOt (NO fin u Nr‘<(No),) Dft [*265]. 

It is also convenient temporarily to write M for “ < ” : thus 

M=<: Dft [*265]. 

It is easy to prove that if N, exists, N is an a., (*265-25). Hence we 
obtain the existence-theorem for cu, in either of the forms; 


*266‘27. I- : a ! No n . D . a ! n 

*265 28. H : Infin ax (x) . D ,a I n 

It IS ^sy to prove that a>, is greater than the ordinal number of any 
senes of No terms (*265-3), and that if o), exists, ^ 


= NO fin u Nr“(No)r (*265-35), 

‘r “PP'y terms or of 

a finite number of terms. 


12 
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We define N, as C“a),, i.e. as the class of those classes which can be 
arranged in a series whose ordinal number is o),. It follows from *152-71 
that N, so defined is a cardinal number (*265-33). and that if exists, 
K > K (*2G5-34). 


In a precisely analogous fashion we can put 

a,, = P |l^s*P = (H,)r u (K)r n finj Df. 





Theorems similar to those mentioned above can be proved for a)j and N, 
by similar methods. We can proceed to and where p is any ordinal 
number. But our methods of proving existence-theorems fail if p is not 
finite, since at each stage the existence-theorem is proved in a higher type 
and we know of no meaning that can be assigned to types who.se order 
is not finite. 


It is easy to prove that the sum of two ordinals which are less than ai, is 
less than o),. Much of the accepted theory of (Ko)r and o), depends upon the 
proposition that the limit of any progression of ordinals less than w, is less 
than o), , .so that in the series N, every progression has a limit within the series. 
This proposition — or at any rate the current proof of it — depends upon the 
multipiieative axiom. The proof, in outline, is as follows: 

It is easy to prove that an ordinal which has Ko predecessors must be 
a member of Nr‘‘ (N.)., U must be, in Cantor’s language, an ordinal of the 
second class. Now consider any progression P contained in W, i.e. consider 
a series o,, aj,... of increasing ordinals of the second class. The interval 

bctw’een any two conseciitive terms of this series is cither finite or has Nu 
terms. Hence N**C*P, i.e. the class of ordinals preceding the limit of our 
scries, is the sum of No clas.ses each of which is finite or has No term.s. It is 
then argued that, because No x,. No = No, the whole cla.ss N**C*P must consist 
of No terms. This conclusion, however, except in special cases, requires the 
multiplicative axiom, since it depends upon *113*32, i.e. 

h Mult ax . D : /a, i/e NC , neprs Cl^jxcl*^ . D . s'oe < x^, p. 

It follows that, unless for those who regard the multiplicative axiom as 
certain, it cannot be regarded as proved that Wj is not the limit of a pro- 
gression of smaller ordinals. With this, much of the recognized theory of 
ordinals of the second class becomes doubtful. For example, Cantor pro- 
ceeds to define a host of ordinals of the second class as the limits of given 
series of such ordinals. It is probable that, in regard to all the ordinals which 
he has defined in this way, a proof that they belong to the second class can 
be found, by actually arranging the finite integers in a series of the specified 
type. But the mere fact that they are limits of progressions of numbers of 
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the second class does not, of itself, suffice to prove that they are of the second 
class. 

As another example we may mention the very interesting work of 
Hausdorff*, much of which is based upon the proposition that a term which 
is the limit of an chosen out of a given series cannot he the limit of an 
o) chosen out of the same series. This proposition is a consequence of the 
proposition that w, is not the limit of a progression of smaller ordinals, and 
must therefore be regarded as doubtful. Hausdorff constructs by means of 
it many remarkable series, for example, compact series in which no pro- 
gression or regression has a limit. The existence of such series appears, 
however, to be open to question, iinless the multiplicative axiom is assumed. 

It is not improbable that a proof, independent of the multiplicative axiom, 
can be found for the proposition that a>, is not the limit of a progression ; but 
until such a proof is forthcoming, the proposition cannot be regarded as 
certain. 


*26601. 

(*>1 = P (less'P = (Xo)r w n Hill 

Df 

*26602. 


Df 

*266 03. 

o), = P [l^s'P = (X,b ^ {KX ^ n Hn| 

Df 

*266 04. 

etc. 


Df 

*26606. 

This 

M = < 

definition is revived from *256. 

Dft [*26.5] 

*26606. 

N^Ml (NO fin u Nr*‘(Xu),.| 

Dft [*265] 


The existcnce-theorein for oij is derived from iV, since, if N„ exists N 
*2661. i. P € (D, . = : Q less P . ^ e n . e CIs induct w N,. 


€ W,. 


[(*265 01)] 


*26611. l-:P6a>..D 

Deni. 

h. *265-1. 

[*254T] 


6>,^Nr‘P.Pen 


3 I- : Hp . D . A less P . 

D.Pen 


1- . *254-401 . (1) . (*205 01) . D t- : Hp . Q c a., . 

I- . *254-401 . (1) . (*265-01) . D h : Hp . (,)smor 
[(*265-01)] 

K(l).(2).(.3).Dh.Prop 


D . Qsmor P 
P . 3 . less*(j/ 

^ , Q € a>j 


-(Ko)rwn 


(1) 

(2) 

fin . 
(3) 
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*26612. f- . ft), c NO [*265*1 1 . *256*54] 


*26513. H : aeNO infin . D . f A/'aeo 

Dein. 

I- . *256-202 . D 1 - : Pe hinfin . 3 . f (^‘Nr‘P) = Nr‘(Pt Q'P) 
[*262-112] =Nr‘P (1) 

f-.O). *262-11 .Dh. Prop 

*265 2. l-.a‘.Ar=NOfin-t‘0,uNr“(No), = ^‘0, [*255-51] 


*26521. 


Dem. 


I- : a ! No . a 6 NO fin w Nr“(No). . D . 

M t M*a les.s N . aM (Nr‘W) . a C l^s'JV 


1- . *253-13 . *265-2 . D I- : Hp . a e NO 6n u Nr“(N„), T)‘N , . 

[*254182] D . 1 jif'a less iV 

h . (I) . *265-13 . D I- : Hp . a f Nr“(N„V • 3 • aMCNr'N) 

I- . (2) . *263 31 101 . D h : Hp . a € NO fill . D . a.l/<u . eoll/(Ni-‘iV) . 

[*256-1] D.aill(Nr‘iV^) 

I- . ( 2 ) . (3) . ■) I- : Hp . a € NO fin u Ni-“(NoV • 3 . aMjNr'N ) . 

[*255-17] D.aCl^s'iir 

I- . (1) . (4) . (5) . D I- . Prop 


(1) 

( 2 ) 

( 3 ) 

( 4 ) 

(5) 


*265 22. I- : a ! . D . O fin u (N„), C less'iV [*265 21] 

*265 23. 1- : P e D'jV, . D . ( 30 ) . a e NO fin u Nr“(No).. •P=-A/ ■ Nr<P = a 

[*265 2 . *253-13 . *265 13 . *262 7 . *120-429] 


*265 24. l-:PeD‘A^, .D.Penfinu(NO. [*205 23] • 


*265 25. h : a ! No . D . 6 ft), 

Dem. 

h . *254-41 12 . D h : P less A'’ . D . (a^?) . Q e D'A”* . P smor Q . 
[#2G5-24.*26MS.#15MS] D . e fl fin w (No). (0 

I- . (1) . *265-22 . D I- : Hp . D . = H fin w (No). . 

[#265-1] D, Ac ft), Oh. Prop 

*266-26. h : a e No . D . Nor ;(Ies3 I C“Cl*a) c ft), . N„r;(Icss t C'^CVa) = A^ 

Dem. 

I-. #254-431. *150 370 

I- . N„i-i(lcss I C“Cl‘a) = (N„r;ic.s.s) f N.r‘'(n n C“CI'a) (O 

I- . *123-16 . 3 I- : ae N, . D . N.r“(n n C‘‘C\‘a) C NO fin u N„r‘‘(N„), (2) 
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h . *123 14 . *202 18*21 . D h : a e No . ^ e NC induct — i‘l . D . g ! n 6'“Cl‘a : 

[*262-25] D h : a e No - 1 / € NO fin . D . a ! 1 . A C^^Cl^a . 

[*152-45] :>.i;e Nor“^“Cl‘a (3) 

I- . *152-7 ■ D t- : P € (No), . a e No . D . a e C“Nor‘P . 

[*60-34] D.Nr‘PeNor“C“CI‘a (4) 

I- . (3) . (4) . D h : a e No . D . NO fin Nr*‘(No), C Nor“(C^'‘Cl‘a n il) (5) 

I- . (2) . (5) . D h : a 6 No . D ■ NO fin w Nr“(No), = Nor‘‘(C‘‘Cl‘a n fi) (G) 

h . (1) . (6) . (*255 01 . *265 05*06) . D h : a e Nq . D , Nor*(less I C‘‘Cl'a) = N . 
[*265-25] D . NorJ(iess I C^^CVa)eo>, : D h . Prop 


*266-27. K : a ! No A . D . a ! <iJi A 
Deni. 

h . *64-55 . D I- : ;9 e i‘a . C^P C ^ . D . P e ( l ) 

h . (1) . D h : e . D . P“CPy3 C . 

[*1 55*12.*63 5] D . Not^C^CP/^ C ^‘^oo'a . 

[*64-57] D . NorJ(lcss I C“CP/3) e (2) 

h . (2) . *265-26 . D h . Prop 


* 266 * 28 . h : Infiu ax (a;) . D . a • «*>i 

Dent. 

h . *123*37 . D h : Hp . D . a ! frfo i'P'x , 

[*265*27] 3 . a • ■ 

[*64-312] D . a ! n Oh, Prop 

Propositions concerning N^ and 6).,, and generally N^ and o)^, where is 
an inductive cardinal, are proved precisely as the above propositions are 
proved. There is not, however, so far as we know, any proof of the existence 
of Alephs and Omegas with infinite suffixes, owing to the fact that the type 
increases with each successive existence-theorem, and that infinite types 
appear to be meaningless. 


*266-3. h : a € Nr“(No), O . a < w, [*265-22-25] 

*266 31. h : a ! . 15 . Ni > 

Dem. 

h . *265-25 . D h : Hp , D , C‘Net<, 

h , *265-2 , D h . NO fin - t‘0, C 

h . *262*19-21 . *123-27 O h : Hp , D . NO fin - e No 

h . (2) . (3) . D h : Hp . D , Nc‘C‘i7 ^ K, 

h . (1) .(4) ■ D h. Prop 


( 1 ) 

( 2 ) 

(3) 

(4) 
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*26532, l-:3!No.3.N. + «..N.nK. = A 

Dem. 

I- . *26.5-3 . 3 t- : P 6 ft . C‘ P e N, . 3 . P ~ € to, . 

[(*265-02)] D.C‘P~fN, 

H . (1) . *262-18 . (*265-02) . D I- . N„ n N, = A . 3 f- . Prop 

*265 33, I- . N, e NC [*152-7 1 . *2651 2] 

*265-34. I- : a ! . D . N, > [*265-31 32 33 . *255 74] 

*265 35. I- : a ! oj, . D . jl/'w, = NO 6n u Nr“(N„), 

Dem. 

H . *2f)5*3 . *263 31 . D h : Hp . D . NO fin u Nr“(No), 

f . *265 1 1 . D h : 7^ € o), . Nr‘Q . D . Q less P . 

[*2651 ] 3 . Nr'g c NO fin y Nr»(K„), 

l-.(l).(2).Dl-.Prup 


*266 361. h : 7-*c w, . = . a ! w, . Nr^D'y^ = NO fin u Nr“(No)r 
Dem. 

I- .*256 11 .*265-350 

I- : 3 ! o), . Nr“D‘7\ = NO fin u Nr“(NO, . = . 3 ! a>, . = M*to , . 

[*256'1 .*204'34] = . P c o), : D h , Prop 

*265 362. I- : 7'e 01 , . D . N^“D‘7^ =^‘oj, [*265 35*351] 

*266-36. h : a. /:#€ Nr»(NoV • ^ . a-i-y9€ Nr“(No), 

Dem. 

h .*18071 . Dh : Hp , D , 

[*262-12] 

[*123-421] 

[*262-12] D.a4-^€ Nr“(No),:Dh. Prop 


#266-361. I- . a,)3 e NO fin w Nr‘*(Ko), . D , o + ^€ NO fin u Nr“(Ko)r 

[Prooi as in *205-36. using *120-45 and *123-41] 

*2664. h : P 6 w, . a C G*P . P,(f“acCls induct u , D . 3 Ip‘P‘'o 
Dem. 

y . *265-1 . D h : Hp . D . (P t P*“a) less P . 
[*254-51] 3.P»“a + (7‘P. 

[*202-504] D . a ! p‘y«>o : D I- . Prop 

*265-401. h : 7' e tu, . a C C‘P . P“a e CIs induct w K, . 3 . a ! p‘P“a 
Dem. 

I- . *205131 . D I- : Hp . D . P^“a = P“a u maxpa . 
[*205-3.*l 20-251 .*123-4] D . P*“a e CIs induct w N, . 
[*265-4] 3 . 3 ! p‘P“a : 3 I- . Prop 



( 1 ) 

( 2 ) 
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*266-41. K : P e o), . D . P“0‘P C u Cls induct . C K, u CIs induct 

Dem. 


y .*254182. 


Dh 


[*265-1] 

*120-251 .*123-4.Dh 
l-.(l).(2).Dh.Prop 


. Hp . D : xeC^P . D . (P ^ P^x) less P . 

D . P‘x€ So w Cls induct ( 1 ) 
Hp . D : a:€ C*P . 0 . P^*x e u Cls induct (2) 


*265-42. 

Devi. 


I- ; P € a>, . D . a‘P C D‘P 


I- .*265-4 41 . D h : Hp . a: e G'P . D . 3 ! /j^P“/‘x . 

[*53 01-31] D . X e D‘P : D h . Prop 


*265-43. h : P e oil . X 6 C‘P . D . P [ P/u‘x e a> . E ! \lp*Pi^'x 
Devi. 


1- . *264 2 . *265 42 . D h : Hp . D . ~ E ! maxp'P^n^x . 
[*264-22] D.PtK'^eo. 

h . (2) . *265-41 . *123-421 . D h : Hp . D . P“K‘^ e K . 
[*265-401] D . 3 ! . 

[(1).*250123] D . E ! 

h . (2) . (3) . D h . Prop 


( 1 ) 

(2) 


(3) 


*265 431. yzPeiOi.QQP.xe C*Q . Q*x C Prn**^’ • ^ • 3 1 p*P**C*Q 
Dem. 


h . *265-43 . D I- : Hp . D . C‘0 C PMtp‘Pj/x : D h . Prop 
*265 44. h : P e 0)1 . X e (7‘P . D . P P^/^'x e o)i 

Dem. 

h . *253-13 . D I- : Hp . D . D‘(P I P*‘x), = R (( 3 ^) . xP^i / . P = P [ P(xh-y)| ( 1 ) 
h . *254101 . D h : Hp . xP^y . D . Nr‘P t P(^i— y) ^ Nr‘P f P'y . 

[*265-352] D . Nr‘P C P (x 1 - y) € .^'o», 

h . *265-352 . D h : Hp , D . Nr‘P f'P'x € ^‘o), 
l-.(3).*265-361’35.D 
b : Hp . a e JI/‘o)i . D . Nr‘P [ P‘x-i-a e ilf‘o)i . 

[*265-351] D . ( 3 y) . Nr‘P t P'x + a = Nr‘P I IpUj . 

[*253-47-11] D . ( 3 y) . xP*y . Nr'Pf P'x-i- a = Nr'P I P‘y . 


( 2 ) 

(3) 
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Dem. 


[*204-45] 3 . (32/) . xP^y ■ Nr'P f /“a: + o = Nr‘P ^ + Nr‘P f P (a: i- y) . 

[*2.-,5-564] D . (3y) . xP^y . a = Nr‘P t (xi-y) . 

[(!)] 3.a£Nr“D‘(PtP*‘a:), (4) 

I- . (2) . (4) . D I- : Hp . D . Nr‘‘D‘(P fP*'®), =]?'„. . 

[*205-35-351] D . P P Pif:‘x £ Q>, : 3 1- , Prop 

*266 441. I- : P £ Ser . Q, P e 01 n RI<P .PCQ.O. 

P"C‘R = P“C‘Q . Q"C‘R = C‘Q 

1- . *263-27 . Transp .3h:Hp.D.~E! maxg'C'P . 

[*205 123] 

[*37-2] 

[*37-15-2] 

t- , *26347 . Transp . D h : H] 

[(1).*202-51] 

[*201‘5.Hp] 

[(2)] 

h . (3) . (4) , D h , Prop 
*266 45 I- :.Pew.£OGP;a:€C‘O.X 


O.C^RC Q‘*C*R . 

(1) 

D.P“C"PCP«g«(7‘P 


CP‘*C*Q 

(2) 

.D.p‘V“C'‘P = A. 


:>.c"g=g»o‘i2. 

(3) 

D.P»(7‘gCP“C‘i2. 


0,P^^C*R^P**C*Q 

(4) 

3 I Q*x - Pfn^a: : g c w , 



Dem. 


S = aif){x€ C‘Q . y = - Pto‘^)] ,R = S \‘ ; 0 . 

R^eay.R^QQ, P^*C^R^ = P‘*C*Q 


(3) 

(♦) 


h . *32181 . D h : Hp . D . iSG Q . (1) 

[*91-59.*201T8] O.R^QQ (2) 

I- . *263 1 1 . D I- Hp . D : € (7‘Q . D* . E ! S'j: : 

[*71571] D : ^ 6 Cla -► 1 . (7'Q C D^S : 

[(!)] DriSfeCIs-^l .Q'lSrCD'iSr; 

[*1 22-51 .*96*2 1 ] D : i2 € Prog : 

[*203-1] 

1- . (2) , (3) , *265-441 . D h : Hp . D . P**C‘R = P^*C*Q 
t-,(2).(3).(4).Dh.Prop 

*266451. H Hp *265*45 . D : a; e C^R . D .P(«t— i2i'a:)eKo 
Dem. 

h,*265 45.*263l4.3h:.Hp.3:x€C'P.D..^'a; = 5'«:. 

[Hp] 3 • 

[*260*131] O.P(xt-R,‘x) •^cClsinduct (1) 

I- . *265*41 . D Hp . D : « € C*R .^.P(xt- ^*x) « K# w Cis induct (2) 
h.(l).(2). Dl-.Prop 
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♦266'462. h : Hp *265'45 . g ! P (a: f- Ri*x) n P (y . D . x = y 

Dem. 

V , *20118 . D h Hp , D : a:P(P/y) . yP(P/a:) : 


[*14-21] 

[*204-41 ,*265-45] 
[*204-71] 

[*4-41] 

[♦204-13.*265-45] 


D : a;, y e C^R , xP (P/y) . yP (P/ar) : 

D : a:Ppo (P/y) ,■ yPpo (Pi ‘a;) : 

D : a: = y . V , xPp^y : y = a: . v . yPpoa; : 
D : a:=- y . V , arPp^y , yPpoX : 

D : a: = y : . D 1" , Prop 


*266-463. h : Hp *265 45 . « = a ((ga:) . a: f C‘P , a - P (a: i- P/x)] , D . 

K 6 No A Cl excPKo . s^K = P“C‘P n P*“(7‘P [*265-451-452] 

*266-464. h Hp *265-453 : « c Ko n Cl excl'K„ . D. , f O . 

P»C‘PnP*“C‘P€No [*265-453] 

*266-46. h P £ 0 ) 1 . Q € o) n RPP : x € , D* . g - P,„'x : 

* € Ko A Cl excPKo . D. . C No ; 3 . P^C'Q e K* 
[*265-41-454. *123-421] 

*266-461. V : Hp*265-46 . D . g I p‘P‘‘C‘Q [*265-46-401] 

*266-47. ^':■Peo)l.Q€o)nRl<P;«€KoAClexcl'Ko.D«.5VcNo:^. 

g Ip'P“C‘Q [*265-461-431] 

*266-48. l-:.«cKoAClexcl'No,D,.s‘*6NoO:P6o)i,Q€a,nRpP,D E!lu<C‘0 

[*265-47 .*250-123] 

*266481. V : Mult ax . D . Hp *265-48 [*113-32 . *123 52] 

*266-49. I- Mult ax.D;Peo>, .Qfo,^ Rl‘P . D . E ! ItpC'Q [*265-4848 1 ] 

This proposition shows that, assuming the multiplicative axiom, any 
progr^ion of ordinals of the second class (f.e. consisting of series having 
terms) has a limit in the second class, because iVeo)i. 

*2666. 


Dem. 

y . *205*11 . 
[*201-18] 

h. *205-197. 


h,Pea>i.Q6o>. C*Q C C^P , E ! raaxp'C'Q . 

P = ^ (x e C‘Q . y = minQ‘(P‘x n Q'x)) . S = P . D . 

-Spo € O) . Ppo c P . P**C^S^ = P«C‘Q 


B&W HI. 


DhrHp.D.PCP.PGQ. (1) 

^ . 5 po e ( 2 ) 

3 I- : Hp . ® * C'Q . c P*‘® . D . * = ( 3 ) 

(4) 


t- . »263 412 . *261-26 . D I- ; Hp . * * O'Q . D . E ! 
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I- . (3) . (4) . *2051 93 . D h : Hp . e C . D . E ! maxp'C'Q (5) 

I- . (5) . Transp . D h Hp . D : a: e C*Q . D . g ! , 

[*91*542.*202’103] D . g ! Q^x n P*x . 

[*250121] D.ElP'a: (6) 

h . (1) . (6) . *122-51 . D h : Hp . D . 5 € Prog ■ 

[*263-1] (7) 

h . (2) . (7) , *265-441 . D h : Hp . D . P^^C^S^ = P“C‘Q (8) 

I- , (2) . (7) . (8) . D h , Prop 


*266-51. h : Hp*265'48 . P e w, . a e Ko a CPC^P , E ! maxp'a , D . E I Itp'a 
Dem. 

h . *265-5 . D h : Hp . D . (gS) . S e o. n RPP . P*‘C^S^ a (1) 

h . (1) . *265*48 . D h . Prop 

The following propositions follow easily. 

*266*62. h Hp *265*48 . P c oji . D : 

a n 0‘Pc No CIs induct . = . g ! (7'P n p'P“(a a C'P) [*265*51*41] 

*266'53. h :: Hp *265*48 . 3 Pe co, . = : 

P f n : a n C*P € No w CIs induct . . g ! C*P n p*P*\a n C'P) 

*266*64. h : P e 0 ), . D . Q'V'P C lti>“C“(a> n RPP) [*265*5] 

I.e. every limit-point in an 6)t is the limit of a progression, which is what 
(following Hausdorff) may be conveniently called an a>-limit. 

*266*66. h : P € a», . D . a* V‘P = a Rl'P) [*265*54 . *216*602] 

This proposition does not, like *265*48, assert that every progression in 
P has a limit, and therefore it does not require the hypothesis of *265*48. 



SECTION F. 


COMPACT SERIES, RATIONAL SERIES, AND CONTINUOUS SERIES. 
Summary of Section F. 

A compact series is one in which there is a term between any two 
in wh.ch PCP>, where P is the generating relation. We may call 
any relation P compact when PeP>; then a transitive compact relation 
will be one for which P = P> Hence a serial relation P is compact when- 

Compact senes in general have certain properties, some of 
which have been already proved ; but the majority of the interesting pro- 
positions in this subject come from adding some other condition besides 
compactness. Thus senes having Dedekindian continuity, which have many 
im^rtant properties, are such as are compact and Dedekindian. Rational 
series (t.c. such as are ordinally similar to the series of all rational numbers 
^sitive and negative, or, what is equivalent, to the series of rational proper 
fractions) are defined as such as are compact, without beginning or end and 

““y important properties. 
A ccmttn^ series (in Cantor’s sense) is a Dedekindian series containing 

a rational senes in such a way that there are terms of the rational series 

^tween any two terms of the given series. This species of compact series 

aUo has many important properties. It consists of all series ordinally similar 
to the senes of real numbers including 0 and oo . ^ 



*270. COMPACT SERIES. 


Summary of *270. 

The propositions of the present number are mostly either obvious or 
repetitions of previously proved propositions. The latter are repeated here 
for convenience of reference. 

We put comp = .P (PGP*) Df, 

so that the class of compact series is Ser f\ comp. We have 

*27011. H Pecomp . = : xPy , • 3 I P'xn P‘y 

*270 34. h : P c trans a comp , D . ?‘P = sgm'P 

The proposition s‘P^(^ = sgm*P^(^, which was proved in *212, is a particular 
case of the above. 

*270*41. h : P e Ser a corap . 0 • Nr'P C Ser a comp 

I.e. a series which is similar to a compact series is a compact series. 

*270 66. b ; P e Ser . Q e 11 . E ! B*P , E I B‘Q , D . P^ e Ser a comp 

This proposition gives us a means of manufacturing compact series of 
various types, such as wexp^o), ft>exprO>,, etc. 


*27001. comp = /(P CP*) Df 

Here "comp” is an abbreviation for "compact.” "Compact” series are 
the same as the series which Cantor calls “tlberall dicbt.” 

*270*1. (-:Pecomp, = .PGP* [(*270*01)] 

*270*11. b !. P e comp . = : wPy , , g I P*x a P*y [*270*1] 

*270*12. b : Pecomp. = .Pecomp [♦270*11] 

*270*13. b : P e trans a comp , P — P* [*270*1 . *201*1] 

*270*14. b : Pe Ser A comp. = . PeRl^A connei.P=P”. = . PeSer , P=P* 

[*270*13] 

b : P e Ser a comp • = . P e Ser . P| = A [*201*66 . *270*14] 


*270^15 
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*270*2. h : P e comp . D . a ! maxp‘P‘a: [*205*25 . *270*1] 

*270*201. h : P € comp . D . a * niin/.‘Q‘P . ^ a • noaxp'D'P 
Dem. 

h . *37*25 . D h . nTTnp'Q^P = P'‘D‘P - (P*)“D‘P 

h . (1) . *270*1 . D h : Hp . D . minp‘Q‘P — A 

Similarly h : Hp . D . maxp‘D‘P = A 

H . (2) . (3) . D H , Prop 


( 1 ) 

( 2 ) 

(3) 


*270202 


h ; P ecomp . D , 3 1 niinp‘P‘‘fl • ~ 3 1 maxp‘P*‘a 

[Proof as in *270*201] 


*270*203. h : P € comp . D . ^ 3 • seqp‘t‘a: 


[*200*42. *270*1] 


*270*204. h : Pe Ser n comp . E ! seqp'a . D . E I maxp‘a 

[*206*451 .*270*15] 


*270*206. h ; P e Ser r» comp . D , Itp = seqp 


[*207*1 .*270 204] 


*270*21. I- rPfRIVr* comp . x e .0 . a:\tp(P‘x) [*207*31 .*270*1] 

*270*211. h : P e Rl‘</ a comp , D , D'ltp = C‘P [*270*21] 

Thus if a relation is compact and contained in diversity, every member 
of its field is a limit-point. 

*270*212. H : P c connex . DMtp = C*P . D . P € comp 
Dem. 

I- . *207*34 . D I- : Hp . D . C‘P C - a‘(P-i. P») . 

[*33*251] D . a‘(P^ P») = A . 

[*270*1] D . P e comp : D f- . Prop 


*27022. 


*27023. 

Dem. 


h :. Pe RP*/ a connex . D iPe comp 
[*270*211*212. *207*18] 

h ; P e com p — A . D . P e Bord 


= . DOtp = C‘P. = . a‘P C DMu 


H . *270*201 . D h : Hp . D . (aa) . a C C"P . a 1 « • 3 * min/a 

[*250101] 3 . P/^ € Bord : D 1- , Prop 

*270 24. I- : P e Ser a comp - i*A . D . C'P ~ e CIs induct 
Dem. 

h . *270-23 .DH:Hp.D.P-^en. 

[*26 1 *3 1 ] D . C'P € CIs induct Oh. Prop 

*270*3. h : Pe Ser a comp . D . sect'P — D'P* = P*“C*P 

[*211-351 .*270*15] 



SERIES 


182 


[part V 


#270-31. 

#270-32. 

#270321. 

#270-322. 

#27033. 


I- : P € trans f\ comp . D , D‘Pe = D‘(P, n /) [*211-51 . #27014] 
h : Pe trans n comp . D . P'j^e D‘(P, rs I) [*211-452 . *270*1] 
[. . P‘*C'‘PCD'(P, n /). D. Pecomp [*211*451 .*270*1] 

Pf trans . D : P**C*P C D‘(Pf o /) , = . Pe comp 

[*270-32-321] 

P e Ser . D : P t comp . = , Q'maxp n Q‘seq/> = A 
[*211-551 .*270-14] 


*270-34. h : Pe trans comp. D . 5'P = 3gm‘P [*270-31 .(*21201-02)] 

*270-36. h :. P f trans n connex n comp . D : P e Ded . = . a*max/> = - G'seop 

[*214-4. *270-13] 


*270-361. h :. P 6 Ser . D : P f comp r» Ded . = . Q'maxp = - Q'seo/, 

[*214-41 .*270-14] 

A senes which is compact and Dedekindian is one which has Dedekindian 
continuity. Thus the above proposition states that a series which has Dede- 
kindian continuity is a series such that every class has either a maximum or 
a sequent, but not both. 


*270-362. h : Pc Ser n comp Ded . a e sect'P. D . limaxp'o = IiminP(C"P - a) 

[*214-42] 

*270*36. h : P e R1‘/ n comp . D . S/C'P = Q'P . V‘P = P 

[*216-2 . *270-21 1 . (*216-05)] 

*270 4. h : P c comp . D . Nr'P C comp 
Dem. 

H. *201-2. DI-:SfP8'mbrQ.D.(fir;Q)> = 5;Q«.p = ^;Q (1) 

h . (1) . *2701 . D h : Pc comp . iSf ePsinor Q , D . SfQ G . 

[#1 60*31 ] D , Q G hsi Q * . 

[*151-252] D . Q G : D I- . Prop 

*270-401. h : Pc comp. = .Nor‘PC comp [*270-4 . *15512] 

*27041. h : Pc Ser n comp . D . Nr'PCSer n comp [*270*4 . *204-22] 

*270*411. h : Pc Ser a comp . = . N^r^P C Ser a comp [*270'41 . *155*12] 

*270*42. h : P c comp . D . P [ P^*a, P [ P*‘a; c comp 
Dem. 


h .*27011 . D 1- : Hp . y,z e P^*x . yPz , D .{'^w),yPw . wPz . 

[*9016] D . (gw) . w e P#'dr . yPtu . wPz 

b . (1) .*270*11 . D b : Hp . D . Pf 7^**^ « comp 

Similarly b : Hp . D . P [ P^'a? c comp 

b.(2).(3).Db.Prop 


( 1 ) 

( 2 ) 

( 3 ) 
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* 2706 . 


( 3 ) 

(4) 

(5) 


I- : P, Q 6 Ser a comp . C*P n C^Q = A . ^ (E ! B*P , E I B^Q ) . D . 

P^Q 6 Ser A comp 

Dem. 

h . *160-51 . D h : Hp . D .(P:f.Q)2 = D‘P “f C'Qo O'P 7 

[*93103.Hp] =P=»uQ>iyC‘P|C‘Q (1) 

t-. (1). *270*1 -Dh: Hp.D.PTLQGCP^Lg)^ (2) 

F . (2) . *204''5 . D h . Prop 

*270*61. h : P e Ser a corap . C‘P C Ser a comp . P e Rel^ excl . D . 

_ 2‘PcSerAComp 

Devi. 

h , *204*52 . D h : Hp . D . 2‘P e Ser (1) 

h .*1621 . D 

I- . {VPy = (s*C‘Pr (p;p)» a (s^c^p) \ (p;p) ^ (p;p) | (i^c'P) (2) 

h .*2701 . D h : np,x{s*C*P)y . D . (3Q) , QeC^P , . 

[*4113] D .x(s*C^Pyy 

h . *270*1 . D h : Hp . X (PJP) y . D . x (P;p=) y , 

[*163*12.*201*2] D , x{F‘*Pfy 

h . (2) . (3) . (4.) . *162*1 . D h : Hp ■ D . S‘P G (S‘ P)'- 
l“.(l).(5).Dh.Prop 

The hypothesis of *270*51 is in excess of what is required for the 
conclusion, which only requires, in place of Pc comp, that there should be 
no two consecutive relations in C'P of which the first has a last term while 
the second has a first term. This is proved in the following proposition. 

*270*62. h : P 6 Ser a Rel^ excl . C‘P C Ser a comp . 

P“P/'(C‘P A Cnv«a‘P) = A . D . S‘P c Ser A comp 

h . *2701 . *163*12 , D h : Hp . D , s‘C‘P G (s‘C‘Pp 

h . *201*63 . D h : Hp . D , p;p = F\P^xj p;p2 

H . *93103 . D f- Hp . QP,P , D : D‘Q = C*Q , v . Q'P = 0‘P 

H.(3).DI-:. Hp.x(p;P0 y.D: 

(aQ, R)ix€ D‘Q . y € C*R . V . X € n^Q . y e Q'P : QP,P : 

[*3313131-17] 

:5:(aQ.P.^):xQz.^€C‘Q.ycC"P.v.xcC"Q.zeC‘P.^Py:QPp. 

[*150'52.*201-03] D : x ((PC^P) | (p;p)j y . y . x ((PJP) I P)1 v • 

[*1621] D:x(S‘P)*y .4. 

h . *163*12 . *201*2 . D 1- : Hp , D , p;p* = ,5. 

h . (2) , (6) . *162-1 . D h : Hp , D . p;p G (2‘Pp /g) 

H . (1) . (6) . *162-1 . D H : Hp . D , S‘PG (2‘P)" (7\ 

h . (4) . (7) , *204*52 . D 1- . Prop ^ ^ 


( 1 ) 

( 2 ) 

(3) 
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*270 621. h P € Ser A Rel’ excl . C^P C Ser rt comp : 

C*P A Cnv^'Q'P = A . V . C*P a = A : D . S‘Pf Ser a comp [*270'62] 

*270'63. hiPcSer-Qf Ser Acomp ■ (ElP‘Q,E!P‘Q),D.Px Q € Ser a comp 
Bern. 

V . *1 661 . D h . P X Q = 2‘Q ;p (1) 

h . *165-21 . D h , Q 4, ;P 6 Rel^ excl (2) 

h .*165-25. *204*21. D H : Hp . g I P . D . Q|, JPcSer (3) 

y . *165-26 . *270*4 . D I- : Hp . D . O'C j SP C Ser a comp (4) 

h . *151-5 . *165*26 . D I- : Hp . ~ E ! P‘Q . D . C'Q i JP a Q'P = A (5) 

h . *151-5 . *165-26 . D h : Hp E!P‘Q . D . C'Q J, JPa C nv“a'P= A (6) 

h . (1) . (2) . (3) . (4) . (5) . (6) . *270-521 . D 

h : Hp . 3 ! P . D . P X Q € Ser a comp (7) 

h . *16613 .DI-:P = A.D.Px Qc Ser a comp (8) 

h.(7).(8).Dh.Prop 

*270'^. h : Pe Ser a comp ,<^El B*P . C‘P . 0 . P-f^xeSer a corap 
Dem. 

h . #204*51 . D h : Hp . D , P -f> ^ e Ser (1) 

h . *1611 . D 1- : Hp . D . (P -f> = P“ 'y D‘P f i*x 

[*93-103] =P*c;C"P|t‘a: (2) 

h . (2) . *2701 . D h : Hp . D . P a: G (P -f* a:)" (3) 

h.(l).(3).DI-.Prop 

*270-641. I- : P € Ser a comp . ^ E I B*P ,x*^€ (7'P . D , ir P t Ser a comp 

[Proof aa in *270-54] 

*270*66. I- : P 6 n . C‘P C Ser . ~ E ! P‘P . C‘P A Cnv»a‘P = A . D . 

n'PtfSerAComp 

Dem. 

V , *251-3 . D (- : Hp . D . H'P e Ser (1) 

h. *250 21 .*93-103.3 

I- : Hp . Q 6 (7'P . 3/ € Pa'C'P . 3 . (ga;) . (3f‘P/Q) (A'Q) ^ (2) 

I- . *200-43 . 3 

h:Hp(2).(3/‘A‘0)(P.‘e)^./i=3fr(-i‘A-Q)e;a:i(P,'e).3.3/(n'P)P (3) 

I- . *200-43 . 3 


I- : Hp(3) . Ne Pa‘(7‘P. (3PQ) Q {N^Q ) . M\P‘Q^ N\P^Q . 3 . L(n*P)N (4) 
h.(2).(3).(4).3 

h : Hp . 3/, Af € Pa'C'P . e e C"P . (3/‘Q) Q {N*Q ) . M\P*Q = ArrP'g . 3 

(aZ).3/(n‘P)x.Z(n‘P)Ar (6) 

h . (5) . *200-43 . 3 h : Hp . 3 . H'P G (H'P)* (6) 

h.(l).(6).3l-. Prop 
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*270-66. I- : P e Ser . Q e n . E ! P‘P . - E ! . D . P*^ e Sern comp 

Dem. 

H > *176'151 . D I" : P = A . D . P^ € Ser r\ comp (1) 

I- . *176181-182 . 3 h . P'^ smor WP J, yQ (2) 

I- . *165-25 . *251 121 , 3 h : Hp . g ! P . 3 . P | IQ e O (3) 

h. *165-26. *204-21 . 3 h : Hp . 3 . 0‘P J, IQ C Ser (4) 

h . *165*25 . *151-5 . 3 h : Hp . g ! P . 3 . ^ E 1 P^Cnv^P IQ (5) 

y . *165-26 . *151-5 . 3 h : Hp . 3 . C‘P i IQ a Cdv“Q‘P = A (6) 

h . (3) . (4) , (5) . (6) . *270-55 . 3 h : Hp . g ! P . D . n*P ^ IQ e Ser a comp . 

[(2).*270-41] 3.PVf Ser A comp (7) 

l-.(l).(7).3 h.Prop 

By means of the above proposition, compact series can be manufactured by 
taking series of such types as &) exp^ a>, to exp^ o), , co, exp^ o> , etc. Any power 
aexpr^ consists of compact series, -if is an ordinal having no immediate 
predecessor, and a is any serial number having no immediate predecessor 
{i.e. not formed by adding i to a serial number). 



*271. MEDIAN CLASSES IN SERIES. 


Summary of *271. 

We shall call a class a a "median” class in P if aCO'P and there is a 
member of a between any two terms of which one has the relation P to the 
other. When this is the case, we have 

xPy . D, „ . (g ^) , 2 ea , xPz . zPy, 
i.e. PQP\a\P. 

Thus P cannot contain any median class unless P is compact. Conversely, 
if P is compact, C^P is a median class. Hence relations containing median 
classes are the same as compact relations. Median classes are important in 
dealing with rational and continuous series: the rationals are a median class 
in the series of real numbers, and the series which Cantor calls continuous 
are characterized by the fact that, in addition to being Dedekindian, they 
contain a median class which forms a series of the same type as the rationals. 

If P is a compact series, the class P**(1*P is a median class in the series 
(*271 '31). This fact is used in proving that the series of segments of a 
rational series is a continuous series. 

Our dehnition is 

med = o^(aCC'P.PC/>rn|P) Df. 

Thus med‘P will be the median classes of P, and "PeQ'med” means that 
there are median classes of P. We have G'med = comp (*27118); also 

*271T5. h : a med P .P.P^ae comp 

*27116. h : (a A C*P) med P . = . (a n D‘P) med P . = , (a a Q'P) med P . 

= .(aAD‘PAa‘P)medP 

If P is a series, and a C C*P, a is a median class when, and only when, its 
derivative is Q‘P, i.e. 

*271 2. h P € Ser . a C C"P . D : a med P . = . Q'P = V« 

An important proposition is 

*271'39. I-: P.QcSerADed.a medP. ;8med Q. (P I a)smor(Qp ^). 0 . 

PsmorQ 

I.e. if P and Q are Dedekindian series, and «, are median classes of P 
and Q respectively, then if P t ® and are similar, so are P and Q, This 
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proposition is proved by showing that F is similar to the series of segments 
of Pfa, the correlator being It/, with its converse domain limited (^►271-37). 
Another important proposition is 

♦271-4. ^-iSePi^Q.^medQ. D . raed P 

I.e. a correlator of P with Q correlates median classes with median 
classes. 

The above two propositions are used in *275-3-31, which prove that two 
series which are continuous (in Cantor’s sense) are similar, and that a series 
Similar to a continuous series is continuous. 


♦27101. med = oP(a C C‘P . P G Pfa I P) Df 
♦2711. h a raed P . = : a C C'P . P G P T a | P : = : 

a C C‘P : . a ! a a a P*^ [(♦271 01)] 

♦27111. h : a raed P . = . a med P [♦ 2711 ] 

*27113. H:amedP.y3CC‘P.D.(av.;9)medP [*2711] 

*27114. h:amedP.D.C‘P t “med(Ppa) 

Dem. 

I“.♦27M.D 

h:.amedP.D:a;,yea.a;PyO.,„.(az).^ea.a;P^.^Pj,. 

r • (a^) • ^ e a . a: (P [ a)^ . r(P r a) w : 

[•35102.*271 1] D : C‘P C a med (P P a) D 1- . Prop 

*27115. t-:amedP.D.P,ppaecomp 

Dem. 

I-. *2711. Dh:Hp.D.PGP.. 

[*2701] S.Pecomp ( 1 ) 

l-.(l).*27M4.DI-:Hp.D.pp„ecomp ( 2 ) 

h . (1) . (2) . D I- . Prop 

*27116. I- : (a « C‘P) med P . ^ . (a « D‘P) med P . = . (« „ Q'P) med P . 

Dem. = • (oftD‘PAQ‘P)medP 

h. *271 1. *3315. 3 


(1) 

( 2 ) 


r*27Pn'^‘^^ ^ • - = -^3^ • . a I a . D‘P n Q'P nt‘a:r.r‘y.. 

; L ^ = (» « « a‘P) med p ^ 

^••(l)■(2).(3).^|-.Prop 


( 1 ) 

( 2 ) 


( 3 ) 
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[part V 


*27117. 

Dem. 


h : P c comp . D . (7'P, D‘P, (1*P e 


*27118. 

*2712. 


. *35’452 . *270*1 • D h ; P e comp 
[*27M] 

[*271*13] 

[*271*16] 

f-.(l).(2).(3).Dh.Prop 
h . Q'med = comp [*271*15*17] 
h Pe Ser , o C C'P.D: a med P.= 


D.PGPf'a'PiP 

D . Q'Pc med'P . 


D . (7'P€med'P 


D.D'Pemed'P 


( 1 ) 

( 2 ) 

(3) 


Q'P = Bp^a [*21613. *271*1] 


I- : Pe R1‘P n trans . a med P . D , P“a med (?'P) 


*2713. 

Dem. 

h ■ *271*15 . *270*34 . D h : Hp . D . ^‘P = sgm‘P , 

[*212*11] = (1) 
H.(l).*21112. DI-!Hp.^(5'P)Y.D.al7-^.p»^ = Y.p«y9W^, 
[*371] •xey — ,xPy .y ey . 

[*271*1] D , (gj:, y,z),X€y — ^ » xPz , zPy . £ e a . y €7 ■ 

[*20112] D , (ga:, y,z),X€y~~p. xPz . zPy . ^ e a , y e 7 . ~ (yP^) • 

[*32*18] 3.(a^).^ea.al A-y9.al7-P‘^. 

[(1).*270*322] D . (a^) . f e a . y9 (?‘P) (P‘/) . (p*z) (s‘P) 7 (2) 

I-. (2). *271*1. Dh. Prop 

*271*31. h : P € nVJ a trans a comp . 3 . P^Q'P med (s'P) [*271*317] 

The following propositions lead up to the proposition 
*271 37. h : P e Ser a Ded . a med P . 3 . It^ f" C7*5‘(P t «) « -P («‘(-P C®)1 

whence, if a is a median class of P, P is similar to the series of segments of 
P [ a. This proposition is used in proving that every continuous series is 
similar to the series of segments of a rational series. 

*271*32. h:PeSer.P = Pta.)9e . E I Mp^fi . 3 . AP'itf'yS 

Dem. 




h . *205*9 .31*: Hp . a a C*P e 1 . 3 . max^/S » max/ (a a 0) 

[*37*413.*211 11] ==> max,‘;8 

[*207 13] 

h . (1) . *200*35 . 3 h : Hp . 3 . max^')?* A . 

[♦211*42*12] 3.y8 = P“y8 

h . *207*231 . 3 h : Hp . 3 . P“0 ='PMt/^ . 

[*37*413] 3 . R‘^0 = a a P‘Itj>‘/9 

h . (2) . (3) . 3 h , Prop 


( 1 ) 


( 2 ) 


(3) 
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*271-321. h : P c Ser , i2 = Pp a . D . Up I' D‘P, e 1-*1 

Bern. 

I- . *271-32 . D h : Hp . 7 e D‘i7, . ltp‘/3 = ltp ‘7 . D . /9 = 7 : D h . Prop 

*271 ‘322. I- : P e Ser . P = P [ a . D . ItpJ^'P C P 
Dem. 

I- . *212-23 . D h Hp . D : a:(ltp;?‘P) y , = , 

( 3 ^. 7 ) • 7 € D‘Pe , ,x = ltp*/3 . y = Up *7 . 

[*207-231] D . 7 ) 7 ^ I>‘Pe . y9 C 7 . =1= -y . ~P*x = P“^ , 'p^y = p^ty , 

[*37-2.*27l-321] D , 'p^x C P'y . a: + y . 

[*204 33] D . j;Py D h . Prop 


*271*33. h : P 6 trans . o med P . D . P‘a: == P“(o a P‘a:) 
Dem. 

D 

D 
D 


P‘‘P^a; C P'a: . 


P“(o A P'a;) C P‘a: 
yPx . D . (g^) . yPz , ^ e a 

^ . y €P“(a A P‘j:) 


.rPa: 


P t a . D . a A l^x = P“(a a P‘j:) 


I-. *201-501, DhiHp, 

[*37-2] 

*271-1. DH:. Hp. 

[*37-1] 

»-.(l),(2).Dh,Prop 

*271 331. h : Hp *271-33 . R = 

Dem. 

y . *271-33 . D h ; Hp . D , o A P'x = a a P“(a a 

= -R“(« n A) : D P . Prop 

•271-332. : P e Ser . a med P . a: e C'P . D .« = ltp«(a n A) 

Dem. 

1- . *271-331 . D h : Hp . D . o A C P“(a a ?‘j:) , 

[*206-123] 3 . maxp‘(a a P'a:) = A 

(1). *271-33. D 

I- : Hp . D . a: « C‘P . A =_^‘(a n A) . ~ E ! maxp‘(a <, A) . 

[•207-521] 3 . a; = ltp‘(a r. P‘x) .OP. Prop 

•271 34. I- : P € Ser . a med P . D . i> = it,;s.(p t; a) 

Dem. ^ V / 

1- . *271-331 . *21111 . D P : Hp . iJ = p t: a . 3 . a „ ^ 

'■•*2043:,. Dt-:Hp.*Py.D.a„Aca«A 

X?" ■ " ^ ^ ^ . = ■ V(a .A) 

3.a,,P‘x + o„A 


( 1 ) 


( 2 ) 


( 1 ) 


(1) 

( 2 ) 

(3) 

(4) 
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[part V 


l-.(l).(2).(4).*212*23.D 

I- Hp . ie = P t a . D : xPy . 0 , (a r. 'P^x)(t;*R){an'p^y) (5) 

h . (3) . (5) . D h Hp ■ D : xPy , D , x (ltp»?'(P ^ a)) y (6) 

h. (6). *271*322. Dh. Prop 


*271’36. V : a med P . D . D‘(P [ a)e C — Q'maxp 

Dem. 

I- .*37-413 .*211*11 . D 

h ^ 6 D*(P t a), . D : (gp) . y3 = a n P“{p f\ a) : (1) 

[*37*1] D : (gp) : xe/J . X . (gy) . 3 /ep n a . xPy (2) 

1- .(2). *271-1 . D 

h Hp . ^ e D‘(P [ a)< . D : (gp) : x e/? . X • ( 3 ^ 1 ^) • ^P^ . a . zPy , y €pn a . 
[(!)] X.(a^).a:P^.^€j9. 

[*37 1] D,.x€P“/3 (3) 

h . (3) . *205*123 . D h : Hp . ^ € D'{P ^ a)( . D , maxp‘;3 = A Oh. Prop 


*271-36. h : P€ Deri . amerl O . D*(P ^ a)< C G'ltp [*271*35 . *214*101] 

*271*37. h : P € Ser r\ Dcd . a med P . D . Itp \ P*s‘(P C a) e Psmor {^‘(P f a)} 

[*271 -32 1*34 36. *15 1-22] 

*271*38. h : P t Sor n Ded . a med P . D . P smor |s‘(P t [*271-37] 

*271*39. h : P, Qf Ser « Ded . amed P . med Q . (P ^ a)8nior(Q t ^) . D . 

P smor Q 

Dem. 

h . *212-72 . D h : Hp . D . 1?HP C a)| ^nior \^*{Pt ^)\ (1) 

h . *271*38 . D h : Hp . D . /'smor j?*(PC ®)1 • Qsnior |5*(Q [ ^)| (2) 

h.(l).(2). Dh. Prop 

1’his proposition is used in proving that all continuous series are similar, 
by means of the fact that such series contain rational series as medians, and 
that all rational series are similar. 


*271*4. h ; jS e P smor Q . med Q .0 . {5“/9) med P 


Dem. 

h .*35*354. *74*14. 
[*150*1] 

[*151*11] 

h . *72-6 . 

[*150*1] 

h. (2). *271*1 . 

[*151*11.(1)] 

[*271*1] 


Dh:Hp.3.Qr/9l'5 = ei-Srr5‘‘^- 

D . \S\{Q r ^)| I (5J Q) = (P r ' P 

Dh:Hp.D.(Qr^)l‘5i'S = Cr^- 

Dh:Hp.D.&'|QjSG(S;(Qr^)ll(5'C)- 

D.pc(pr5'wip. 

D.(5'W med P Oh. Prop 


( 1 ) 

(2) 



*272. SIMILARITY OF POSITION. 


Summary of *272. 

If P, Q are two serial relations, and 7* is a correlator which correlates 
some terms of C‘P with some terms of C^Q, we say that two terms a: and v 
of which ^ belongs to C‘P and y to C‘Q. have similar positions with respe;t 
to y if y comes after the correlates of all members of D‘7’ which x comes 
after, and y comes before the correlates of all members of D‘T which x comes 
before. This notion is useful for inductive definitions of correlations If we 
start by correlating any two terms y., and take another term r, coming 
(say) after x , , a term y, having similarity of position with respect to x, I ?/, 
must come after y,. Suppose now we take x, between x, and x,. Then 
a terni y. having similarity of position with respect to x. i y. ci x, i y, must 
come between y. and y,; and so on. A correlation T constructed in this way 

will be such that r.QQP.hpCQ. If the whole of C‘P and C‘Q can be 

obtained by prolonging the construction long enough, T will at last become 

a correlator ot P and Q. This is the principle of Cantor's proof that any two 
rational senes are similar. ^ 

r will be one-one, but this is not assumed in the definition. We write 

resSct to t” „"r "" ^ ■" ^ ^ respectively with 

respect to T, or, as we may express it more shortly, - the P-position of x is 

T-similar to the Q-position of y.” The definition is ^ 

Te, ^mxeC'P.ye C‘Q . DT n A C T‘^‘y . D'T n P‘x C T‘^‘y . 

D'Pnt'xCP'y} Df. 

This definition states that the predecessors of x which have T-correlates are 
T co^ rr V y. the successor of x which have 

Weren"hLt " —hat simpler. 

*27213. 

X r C‘P . y s C‘Q : * e D‘r n A . D, . ^ ^ 

xcD'T.D.y 


• yQPz : 




X 
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SERIES 


[part V 


We have 


*27216. f-.(D‘7’)'| TpQdT 

That ie.a term which has a correlate cannot have similarity of position with 
any term except one with which it is correlated. A member of C*Pf\T>*T 
will have similarity of position with its correlate (assuming TeCls-^1) if 

PlT>*T<lTyQ.T^C^PCC'Q (*272 18). 


Under ordinary circumstances, a term which is not a member of D‘T 
cannot have similarity of position with any member of Q^r(*272 2). When 
T is many-one and its domain is contained in G*P, and P and Q are series, 
and X has no T-correlate, we have (*272 21) 

xTpqy . = : X e C*P . y e C*Q : z c D'T f\ P*x . =, . T^zQy, 


i.e. in this case, x and y have similar positions if the predecessors of x which 
have correlates are the terms whose correlates precede y. In this case, if 
.reC'P, we have (*272212) 


TpQ*x = ng{D*Tn p^x^ T**Q^y^ =C*Qng{ D*T n ^*X = 


We next investigate the condition for C*P f^D*TpQ, i.e. the condition 
required in order that every member of C*P may have similarity of position 
with some member of C^Q. A sufficient condition is 


P, Qc Ser . Qc comp . TeCls— . D^TeCls induct . P f D*T G T*Q . g ! Q . 
as is proved in *272’34. 

We next consider the reversibility of Tpq, i.e, the condition that the 
converse of Tpq should be (T)qp. A sufficient condition is 

P.QcSer, T€l->1 . D*TCC*P .a*TCC*Q (*272-42). 

Finally, we have two propositions on the addition of another couple a: ^ y to 
T. With the above-mentioned hypothesis of *272‘42, if xTpqy and T'QGP, 
putting 1/= Tax 4 y. we shall have P^D*W = W^Q (*272ol), so that the 
hypothesis we had for T still holds for W. 


The propositions of this number are in the nature of lemmas for 
Cantor's proof that any two rational series are similar, which is given 
in *273. 


*27201. 

*2721. 


Tpq = (x € C'P . y f C^Q . D‘ r A P‘x C P'Q'y . 

D'T A ?'x C P‘V‘y - A t*x C Py] Df 

h : xTpqy . = . x€ C‘P . y f C'C . D‘P a P'x C T*^^y . 

D‘T rs *P‘x C . D'r n i‘x CPy [(*27201)] 
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*27211. V\X€C'P.:>, 

Tp^U-^C^Q A A A A^‘.r) 

A A i^x) 

Dem. 

h .*272 1 . D h : Hp . D . 

TyQ‘x = C‘Qn^{z flYT n P‘.T . zT Qn : Z iVt'T r.*T^‘.r . 0,.zTQy. 

^ ^ z e D'T r.i‘^ . Z>, . zTyl 

[»40-5r53] =C‘qr, p‘Q‘“T“(D‘Trs P‘.r) ry p‘Q“^“{Y)‘T r.*P‘.r) 

r%p‘V“(D‘rn(<x)OH.Prop 

*272111. I- : X € C‘P . 0 . 

'Ppq'z: = C‘Q p‘|Q“‘7^“(D‘7'/^ P‘x) u q'“*r“(I>‘T ry*P‘x) v> ^‘(D‘ t‘x)) 

[*272 11 .*40181 

*27212. I- -.•.xTpQy . = x (C‘P . y e C‘q :.zeD‘T. : zPx. ^.zT\qy: 

zPx.0.zr\qy.z = x.:i.zTy [*272 1 ] 

*27213. t- ::^eCl.s->l . xlp^y . = -. x e C‘P . y e C‘q : 

zpD'Try P‘x . D, . hzqy : ^ e D‘Tr,*P‘x . D, . yqT‘z : x e D‘T . . y = T‘x 

[*272-12 .*71-701] 

*272131. l-:2'fCl8-»l .xeC'P.D. 

Tpq‘x = C‘q ry p‘^“T“'P‘x yj'q«T“%x yj T‘(T>‘T ry i‘xM 

[*272-111 .*71-613] 

*272 14. h -.xe C‘P - D‘T . D . 


Tp^‘x = C‘Q n p‘q“‘T“(D‘T ry P‘x) n p‘q“^y‘IB‘T ry P‘x^ 
[* 272-111 .* 40 - 18 ] ' 

* 272 141 . 1 - : X c C‘P -D‘T.^. 

[*272-iT"'‘" 

* 27215 . f’ : 7^6 Cls-^l , a; e C‘P — . D . 


[*272131 . * 4018 ] 
# 27216 . f- . (D'r) ^TpqQT 

Dem. 


TpQ*x _ C‘Q A p*Q**T**P*x A 
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*272161. hiTeCk 
Dem. 


[part V 

1 .Pt:D‘?’Gr:y.D.(D‘7’)i Tp^ = C‘P\t[C‘Q 


W # 


1-. *150-41. 3l-:Hp.zeD‘r.^/>x.irv.3.7’‘^Qy (1) 

(-.*150-41 -zeD'T ,xPz .xTy .yQT'z (2) 

I- . (1) . (2) . *272-13 -.Hf . xTy . X ( C‘P . y ( C‘Q . xTpqy (.3) 

I-. (3). *272-16.31-. Prop 

#272 17. (- : 2’€C1s-> 1 .Pt D'T'e T’Q . U‘T Q C‘ P .Q.>T Q C'Q . 

T = (iyT)‘\TrQ [*272-161] 

The hypothesis of *272-17 is s.itisfied in all the important uses of Tpq. 

*272171. h:Hp *272-17 . xeD'r. 3. 7V9‘*=i‘7’‘it [*272 17] 

*272-18. I- : reCls->l D'^’G T<Q. T“C‘P C C‘Q . x fC‘P nPyT . 

Tpo'x = T‘x 

Dem. “ 

h . *150-41 . 3 I- :. Hp . 3 : ^ e D‘r r, P'x . 3, . (T-z) Q (T'x) (1) 

I- .*1.50-41 . 3 I- :. Hp . 3 : P‘x (T‘x) Q(T‘z) (2) 

I-. *37-61. 3 I- : Hp . 3 . P'are C'Q (3) 

1- . (1) . (2) . (.3) . *272-13 .31-: Hp . 3 . .rTp^i f'x) (4) 

I- . *2721.3 .31-: Hp . xTpo'j . 3 . y = T‘x (5) 

I- . (4) . (5) . 3 I- . Prop 

*272 2. I- : r « CIs-* 1 . D'P C C'‘P . P e connex . y C ./ . X ~ e D'P . 3 . 

*TpQ<x n a‘7’= A 

Dem . " 

|- . *272'13 . D t" : Hp , a-TpQy . z c I)‘7^ rs . D . T*z ^ y (1) 

[- .*272-13 . D h : H'p.xTpQy.zeD^Tr.^x, D . + y (2) 

l- . (1) . (2) . D h : Hp , xTpqy . z e D‘T . D . 'Pz 4= y : D H . Prop 

*272-201. ViTe CIs-* 1 . D'T C C*r . P e connex . a ! - D'jT . D . 

a*TCC*Q 

Dem. 

I- . *202104 . 3 I- Hp , z , xTp^y • D*7". 0 : zPx . v , xPz : 

[*27213] D : PzQy . v . yQ(Pz ) : 

[*33132] D : e C‘Q uOh. Prop 

*272-21. h:: Cls-»1 . D'^C C'V' . 7^ Ser , e 

xTp^y . = :xeC‘P.yeC‘Q: zeDTn'P'x . =, . T'zQy 

Dem. 

h , *272*2 . D h Hp , z €T>*T . xTpqy . D : r + ^ .y + Pz : 

[*204-.3.*272-201J -.xPz . = .~(zPx) ■. yQ(T‘z). ^ .~[(f‘z)Qy] (1) 
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h . (1) . *2721 3 . D h Hp . D :: xTpqy , = 
xeC‘P .yeC'Qi.zi V>‘T. D, ; zPx . D . T‘zQy : ~ (zPx) . D . ~(T‘z) Qy (2) 
t- .(2).D I- :: Hp. D -..xTpQy.- : x e C‘P . y e C‘Q : z eT>‘T . zPx . . ^zQy :: 

D h . Prop 

i 272 211. I- :: Hp *272-21 . D xPpgy . = : 

X e C'‘P . y ( C‘Q : z e DT n P‘x . . yQ (Vz) [Proof as in *272 21] 
*272-212. I- : Hp *272-21 ..rrC'P . D . 

Tp^'x = C‘Q n f) (D‘T n P‘x = T‘^‘y) = C‘Qny(D‘Tr^ *P‘x = T‘^‘rj) 
[*272-21-211] 

*272-22. I- : 7 c Cls— »1 . P,Q e trans . xTpQ y . z,w eVT . x e P (z — w) . D . 
Z)e,n. y^QiT‘z-T‘.) 

t- . *272-13 . D I- : Hp . D . T‘zQy . yQT‘w : D I- . Prop 

*272-221. I- : Tr Cls->1 . P.Qr trans. g ! D'TpQn P (z - w) .(T‘z)Q{T‘w) 

t*2'2 22] 

*272'23. h 7*6 Cls — ► \ , P,Q e trans : 

2 t D*r) w . . 3 ! n P(2 - w,) : D , /> [; D‘ 7’C rJQ 

Dem. 


Prop 


i- . *272-221 . D I- Hp . D : .(P p D‘7’)r4, . D . (T‘z) Qil'Uo) . 

:>.z(r>Q)w 

*272 24. y •T>‘TnC‘P \ .Tpii^a'P-^ C‘Q [*272 1] 

*272-3. f : r e Cls-> 1 . S C r . D . r,.y G 

Dem. 

y . *272-13 . D h Hp . . D : ^ e D‘7'. ^Px . D . T'zQy : 

'^■ieP>‘S.zPx.-^.S‘zQy (1) 

Similarly I- :• Hp . . D : ^ ^ D‘,S' . xPz . D . (2) 

I- .*272-13 .31-:. Hp. aP^gy . 3 i z eT>‘T . z = x . .Pz = y. 

'^■‘^^‘S.z = x.:>.S‘z = y (3) 

I- . (1) . (2) . (3) . *272-13 . 3 t- : Hp . xTp^y . 3 xSp^y : 3 1- . Prop 

The following propositions lead up ta *272*34. 

*272 31. 1- : P. Q e Ser . Pr Cls 1 . a r D‘P . 2 = max,.<(D‘ P r, P‘a) . 

Dem ^ ^ ^ C D‘P-C P-'Q . 3 . TVg-a = Q (K - T‘w) 


y . *205 21 . 3 1- : Hp . H e D‘P n P‘a - . 3 . uPz 

[*150 41.Hp] D.KqT‘z 


O) 
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t-.(l).DI-:Hp.yeQ(r<j_rV).«6D‘?’nP‘a:.D.?‘uey 

Similarly H : Hp . y e - Pu,) . „ ^ D'Pn P‘a: . D . yQPu 

I- . (2) . (3) . *27213 . D I- : Hp . y e Q _ Vw) . 3 . xTpqy 

I- . *272 22 . 

I- . (4) . (5) . 3 I- . Prop 


3 I- : Hp . 3 !Tpq‘x C Q (hz - T‘w) 


( 2 ) 

(3) 

(4) 

(5) 


*272-32. h : P, g f Ser . T-e Cls-» 1 . D‘PC P‘* . 


Dem. 


PtX)‘T(iT<Q.z= max,‘D‘P . 3 . Tp^'x ^^'Pz 


I- . *272-13 . 3 I- :: Hp . 3 xTpgy . = :ue D'P. 3„ . T‘uQy 
h .*205-21 . 31- : Hp . « « D'^- . 3 . uP^ . 

[*150-41. Hp] 3 . PuQT'z 

I- . (2) . 3 h :. Hp . y 6 Q'Pz . 3 : u e D‘P. 3„ . T'uQy : 


( 1 ) 


( 2 ) 


[( 1 )] 

K(l). 


3 : xTpgy 

31": Hp . xTpqy . 3 . T^zQy 


(3) 

(4) 


I- . (3) . (4) .31-. Prop 


*272-321. I- : P, g e Ser . r « Cls -► 1 . D'P C P'a: . 

P t T>‘T G T’Q . w = m\Tip‘D‘T . 3 .*Tpq‘x='Q‘T‘w 
[Proof as in *272-32] 

*272-33. h : P, g € Ser . g € comp . T e Cls-* 1 . D'Pe Cls induct . 


p t D'r G p;g . 3 . (P“D‘7’ n p"D‘T) 


Dem. 

I- . *261-26 . 3 I- : Hp . a I D'Pn P‘« . 3 . E I max,‘(D‘rr. P‘®) 
H . *261-26 . 3 I- : Hp . a I D‘Tn*P‘x . 3 . E ! min,‘(D‘r n P*®) 
I-. *205-11-111. 3 


FQ 


( 1 ) 

( 2 ) 


I- : Hp . a!~eD‘r . i = maxp‘(D‘2’n P‘x) . io= ininf'fD'Pn P'x ) . 0 ,zPw, 
[*150-41] O.PzQT'w. 

[•270-11] 3.aig(7"^-r‘«'). 

[•272-31] 3.al^‘<r (3) 

l■.(l).(2).(3).3 ^ 

I- : Hp . ® ~ * D'T . a I D'P nP‘x . a I D‘Tn^‘x .O.xe D'l’pq .Oh. Prop 
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*272-331. h : Hp #272-33 . 3 ! Q. D'Q . D . C^P p^*P^^YyT ClVTp^ 

Dem. 

t-. *261-26. Dl-:Hp. a iDTrtC'P.D.Eiinax/DT (1) 

h . *272-32 . D I- : Hp . xe p^“D‘T . z = mAXp‘D‘T . D x =*Q‘T‘ z . 

^ D.a!7V«‘* (2) 

I- . (1) . (2). D H : . X i p‘ P“'D‘ T . a ! T)'T n C‘P . D .at D'Ppg (3) 

I- .*.35-85 . *272 24. D t- : Hp . T)‘T n C‘P = A. D . 0‘P CDT^g (4) 

Y . (3) . (4) . D h . Prop 

*272-332. 1- : Hp *272 33 . a ! Q . T“C‘P C Q'Q . D . C‘P n p‘P“D‘TC D‘Tpg 

[Proof as in #272-331] 

*272-34. h : Hp #27 2 33 . a ! Q . f C D‘Q ^ Q'Q . D . C"P === D^Tpg 

[#272-33-331-332 18 . #202-505] 

The following propositions are lemmas for #272-42. 

#272-4. h : P, Q € Ser.. P € 1 ^ 1 , D'P QC‘P. Q'P C C^Q . 

Bern. . irPpgy . D , y(P)gpa: 

h . #272-21 . D h Hp . D : a: € C‘P . y e C*Q : z e T>^T . T^zQy : 

[*72-243] D : a; e C'P .yzC‘Q-. (T‘w) Px .=^.w ^a‘T .wQy ■. 

[*272 21] 3:y(7’Va::.DI-.Prop 

#272-41. H:P,QeSer. Pel->1 . D‘PC C‘P. H'PC . 

X€D‘P.a:PpQy.D.y(?)gp:r 


Dem. 

h. #272-13. Dh 


[#204-3] 


D:. 


[Transp] 

[#204-1] 

[#72-243] 
[*71-362] 
[#14-21. #33 

[#204-3] 
[*272 13] 


D:. 

D:. 

D:. 

D:. 

43] 


::Hp.D:,a?€a‘P.3/ = r‘ar: 

^ € D'P A D, . f : z € D‘P A^'a: . . yQ(T^2) 

X e C^P . y = € D^Tn'p^x , : 

zzT>‘T- i‘x-'p‘x .:>..T‘z^y.^ [(T‘z) Qy] : . 

^^C'P.y=Tjx-..zzT>'T-L‘x.':)r.zPx. = .(T‘z)Qy, 
■‘>=^C‘P-y=T‘xi.z€D‘T.-^,-.zPx. = .{T‘z)Qy.. 
^-C‘P.y^T‘x-..(T‘w)Px.=,.wea‘T.wQy.. 

. y 6 C‘g . X = T‘y (P'u,) Px.=^.wz a‘T. wQy 

^:.y€C‘Q.x=T‘y..we <I‘T. D„ : {T‘w)Px . = . wQy : 
^•■■yeC‘Q.x=.T‘y..w€ a‘T n^‘y . D„ . T‘wPx : 

^ «'«C[‘rn^‘y.D„.xP(P‘w):. 

^ ■■ y(7’)(?px :: D h , Prop 
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#272'42. 

Deni. 


I- : p. Q f Ser . r 6 1 1 . c C'P . G'r c C'Q . D . (rv = 


★27243. 


Dem 


H.*272-4-41 . 3 h:Hp.D.fp, (•(?),, (1) 

*■ •(1)^-^^. 3 •■ : Hp. D . Cnv‘(?)QpG 2’fp (2) 

h.(l).(2).DI-.Prop 

I- : P, Q fSern comp - i‘A . Pc 1->1 . D'TCD'P r\ G'P . 

(l‘T C D‘Q n Q‘Q . P ^ D‘P= T’Q . D‘T c Cla induct . D . 

D‘rp« = C‘p.a‘2’p«=C‘Q 

f-. *272-34.3 I- :Hp. 3. D‘rp« = C‘P (1) 

I- .*150 36 .31-. T’Q = T'>QIQ‘T. T'<P= T’Pl'D'T (2) 

l-.(2). i-:Hp.3.PtD‘7’=r:gpa‘7’. 


[*151-25] 3.Qpa‘r=7’:ppD‘r 

[( 2 )] =hp ( 3 ) 

I-. *120-214. 3I-: Hp.3.a‘7’eClsinduct ( 4 ) 

t- . (3) . (4) . *272-34 . 3 I- : Hp . 3 . C‘Q = D‘(? ^ 

[*272-42] =a‘2’,, (5) 

K(1).(5).3I-. Prop 

t- : P, Q c Ser . 7 e.Cls -» 1 . DT C C‘P . a:7’,gy . PJQ C P . 3 . 

(T<Jx\,y)iQ(lP 


I- .*120-214. 


*2726. 


Dem. 

I-. *150-75. 3 

l-:Hp.3.(PvyxJ, y)'iQ = T’Q <ci T“^‘y f- i‘x a i‘x -I- P“V‘y 

I- . *272-212 . 3 1- : Hp . x~ 6 D‘P. 3 . T“^‘y C P‘x . T"^y C 

h . (1) . (-2) . 3 1- : Hp . x~ f D'P . 3 . (Pc; x ], y)>Q G P 
I-. *272-16. 3l-:x€D‘P.3.Puxiy=P 
h . (.3) . (4) . 3 I- . Prop 


( 1 ) 

(2) 

( 3 ) 

(*) 


*272 61. t- : P, Q f Ser . r c 1-»1 . D‘PC C‘P . Q'PC C‘Q . 

xr,,y.ptD‘P=p!Q. w=TiJxiy.o.PCD‘ir= w;q 

Dem. 

h.*2725. 3l-:Hp.0.1P:QGP (1) 

h. *272-42. 31-:Hp.3.y(P)cpx (2) 

h . *1 50-36 . *151-26 . 3 h : Hp . 3 . pip = Q t a‘P (3) 

t-.(2).(3) *272-5. 3l-:Hp.3.iPiPGQ (4) 

l-.(l). (4). ★150-36. DI-:Hp.D.ir;QGPtD'ir.if;(/'CD'WOGO- 
[★151-26] D . Pt ir;Q: D h . Prop 



*273. RATIONAL SERIES. 


Summary of *273. 

A “rational series "is a series ordinally sinailar to the series of all positive 
and negative rational numbers in order of magnitude, or, what is eciui- 
valent a series ordinally similar to the series of all rational proper fractions 
(0 excluded). This characteristic of rational series is not, however, the most 
convenient for purposes of dehnition. Following Cantor, we define a rational 

i^s'fill^ °Th" 'If beginning or end, and has terms in 

anH^!h ^ ^ ^ of a rational series can be arranged in a progression, 
and this IS the source of the special properties which distinguish rational 
senes from other compact series. 

Rational proper fractions can be arranged in a progression in many ways 

for example the following: If two fractions (in their lowest terms) have the 

^me denominator, pnt the one with the .smaller numerator first ; if they have 

different denominators, put the one with the smaller denominator first We 
thus obtain the series 

h 1. h i. h h ‘i. i. i. i 

This series is a progression, and contains all rational proper fractions 

X2>^(fX€ k), 

where « is a finite class of integers. The relation of the number to . i. 
one-one. Arrange the various *’s by the piincinle of firct ^ 

.... th. .„i.. If, t (Cl. ind„. _ !;:r.b.“ 

even numbers, all numbers of the form 4, + 2 

form 4., m,d .n. If l,o number, me espreUd in lh.'"d d' °' ‘i" 

their relative position in the series i^ j dyadic scale, 

from the right) which is not the same in th^two numb"^ ^Th 
this digit is 1 precedes the one in which it is 0 
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The two chief propositions in regard to rational series are (1) that any 
two rational series are ordinally similar, (2) that if is a progression, its 
hnite existent sub-classes arranged by the principle of first diflferences form 
a rational series. The second of these propositions is proved by showing 
(«) that the finite existent sub-classes arranged by first differences form 
a compact series, (6) that the finite existent sub-classes arranged by last 
differences form a progression. By this means, given any progression, we 
can specify a relation which arranges its terms in a rational series. For if T 
is a correlator of our progression R with the progression 

R\c ^ (OIs induct - f‘A), 

C induct — i‘A) 

is a rational series whose field is C^R. Hence rational series exist in any 
type in which progressions exist. 

The arrangement of the finite sub-classes of a progression, with the 
resultant existence-theorem for rational series, will be dealt with in the 
following number. In the present number, we shall be concerned with the 
proof that any two rational series are ordinally similar. 

The proof of the similarity of any two rational series is due to Cantor. 

It IS long and rather complicated ; in outline, it is as follows. 

Let P, Q be two rational series, and P. S two progressions whose fields 
are C‘P and C^Q respectively. Construct a series of correlations of parts of P 
with parts of Q on the following plan : Begin with A, and if T is any correla- 
tion, let the next be 

rc/seqfi‘D‘r J, min/P;>/seqft‘D‘P. 

Then the sum of all the correlations generated from A by this law of 
succession will be a correlation of P with Q. It will be seen that, if 
we put 

W^kf\X = seq,j‘D‘7’i min/rpg'seqR'D'ri, 

the relation which is to be shown to be a correlator of P and Q is W^, in the 
sense defined in *259. Thus we have to prove 

€ 1 1 . a* = C'C , P = 

c I — > 1 results immediately from #259 16. 

Pt results immediately from *25916 and *272'61. 

Thus it remains to prove D‘ = C'P . — C*Q. 

— C*P is easily proved. By induction, if T is one of the series 
of partial correlators, D‘P c CIs induct, and therefore E I seq^'D'P, by *263 47, 

and by *27234, C'P^sD'TVg; hence a I^g'seq^t'D'P, and therefore, by 

*250*121, E I min 5 ‘P;.,j'seqfl‘D'P. Hence T has a successor, which correlates 
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seq/{‘D‘r with Hence the successor, in H, of every 

member of C^R which has a correlate, has a correlate; hence by induction 
every member of C^R (i.e. of C^P) has a correlate. Hence r>^W, = C^P. 

The proof of = C'Q is more difficult. As before, let T be one of the 

series of partial correlators. We have to prove that there is a correlator which 
has seq,^*G*T in its converse domain; when this is proved, the result follows 
by induction. To prove this, put 

X = min;(‘7V(?'seq.v‘G‘T. 

;rexists, in virtue of *272-43. Also since D‘ = C'P, it follows from *259 13 
that there is a partial correlator U such that 


X — seq/i‘D'77. 

We then have to prove seqg'a'r = 

Put y = seqs'Q'r. Then S‘y C Q'T. Hence, by #272'2, 's‘yn*Up^‘x = A. 
Thus if xU,^y, it follows that y = min,‘H,.g‘a:. To prove xUp^y, observe that 

T<lU.UeQClTp^.PlT)‘U=U->Q. 

We have by *272-2. Hence, by the definition of Tp^. 

we have, if jteD't;, ^ 

(a^) . e , zPa , ~ . V . ( 3 ^) , 2 € D‘r . xtPz . ^ iyQT^z). 

In the first case, we have (g^) . ^ e D'T. because xTp.y 

Hence, since x^z because 

{d^)-z^'D*T.zPu.xPz. 

Similarly, in the second case, 

\^2)-zeT>*T,uPz.zPx. 

The second case is incompatible with .rPu, .and the first with nPx. Hence 
xPu . D . (a^) . ^ e T)'T.xPz . zPu -.uPx.-fi. (g^) .zeD‘T. uPz . zPx. 

But, since xTp^y, xPz.O. yQ(T‘z ) . D . yQ(U‘z), because TGU. and since 

PtD‘U=U'>Q, zPu .(U‘z)Q{Uhz). 

Hence xPu .D.^Q(C/‘a), and similarly uPx .(U‘u)Qy. Hence xUp^y. 

neTcm-relarr ^ belongs to the converse domain of the 

domain rf to the converse 


14 
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+273 01. ■?? =: Ser A comp a C“Ko a P (D‘P = Q' P) Df 

Following Cantor, we use ij for the class of mtional series.- 

+27302. Rspq‘T= T Kf 3eq«*D‘7^ j min/rpp‘seqji‘D'7’ Dft [+273] 

+27303. {RS)pq = {Rspq)^*A j)ft [*273] 

+27304. TfispQ = s*{RS)pq [^,^273] 

TpsPQ will be shown to be a correlator of P with Q when P and Q are 

rational series, and R and S are progressions whose fields are C*P and C'Q 
respectively. ^ 


+2731. b : P € 77 . = . Pe Ser A comp , C"P € , D'P = Q'P [(*27301)] 

+27311. b:,P€77. = :P€SerA comp . D‘P = Q'P: (gP) ,Re<a.C*P^ C*R 

[+2731 .+263101] 

+273 2. h :W ^ jtf \X = I min/^/seq^'D'r) . D. 

Rspq = (RS'fpQ C (A jy*A yA , TpspQ G . Tpspg € {A fp*A )‘A 

[+257-125 . +258-242 . (+27302 03 04 , +259 0203)] 

Here the temporary definitions of +259 are revived. 

The second of the above inclusions might be changed into an equality, 
but it is not necessary for our purposes to prove this. 

+273-21. I- : Hp +273 2 . D . D‘ C C'P . Q' C C^S 
Dem. 

y . *25913 . D I- : Hp . D . D‘TF^ = «‘D“ W“(A ^*AyA 
I- . #20618 . D t- : Hp , ( D‘ir . D . D‘X C C'R 

t- . (1 ) . (2) . D h : Hp . D . D‘ C C‘fl 

Similarly I- : Hp . D . H'lT^ C C'S 
I- . (3) . (4) . D I- . Prop 

*273-211. l■:Hp*273•2.^ea‘r.D.D‘^r^D'^F‘7’=!: A [*206-2] 

*273-212. I- : Hp *273-2 .O . IT^ e CIs -♦ 1 . D [ »-*AyA e 1 -» 1 

[*273-211 .*259-141-171] 

*273-22. I- : Hp *273 2 . C‘P = C"!? . P e connex .QCJ.O. 

IP., e 1 -» 1 . a|‘(il„,*.4)‘Af 1 -> 1 

Dem. 

I-.+273-2U'2I2-2I . +2062 . (+25903). D 

h Hp . D : T"* (A ,,.* A )‘A r. Q' IP. D . Pr CIs-* 1 . D‘PC C‘P. seq/D'P~e D‘P . 
[*272-2] D . min,‘K9‘seq,/D‘r~ e H'P (1) 

l-.(l).DI-:.Hp.3:Pe(A,K*A)‘Ana‘lP.3r.a‘Pna‘IP‘P= A: 

[*259-14-17] 3 : TP., 1 1 -» Cls . a [(A «.*A) « 1 -» 1 

I- . (2) . *273-21 2 . D I- . Prop 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 


( 2 ) 
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( 1 ) 

( 2 ) 


*273 23. h : Hp*273-2 , P. Q € Ser . C^P = G^R , C^Q = . Te {A A . D . 

^ FlD*T=TyQ 

Devi. 

H . *272-51 . *273-21 . D h : Hp . Te a* IT. D . P t ^‘A^‘T = (A,r‘Ty’Q ( 1) 
l-.(l). *259-16 . Dh. Prop 

*273-24. h : T({RS)pq .:>.D‘T. a‘T « CIs induct 
Dem. 

h. *120-251 .D 

(■ :. Hp . 3 : T e DM . DT e CIs induct . 3 . DM ^‘T( CIs induct : 

[*90 112] 3 : A (.4 T . 3 . D‘T e CIs induct : 

[*273-2.(*273-03)] 3 : T,(RS)p^ . 3 . D'^sCls induct 

Similarly H Hp. 3 : Te{RS)p^ . 3 . Q'Ts CIs induct 
I- . (1) . (2) . 3 I- . Prop 

*273-26. \-:P,Qer,. C‘P = C‘R . C‘Q = C‘S . Te(Rt!)p^ . 3 . 

D'Tp, = C‘P . a'Tp, = C‘Q 

I-. *273-1 .3 

I- : Hp . 3 . P, Q e Ser r> comp . C‘P = D‘P = Q'P . C‘Q = D‘Q = C'Q ( I ) 

K*273-l.*263-i4.3l-:Hp.3.a!P.a!Q (2) 

1- . (1) . (2) . *273-22-23-24 . *272-43 .31-. Prop 
*273-26. i-i.P.Qerj.R, Sca.C^P = C‘R.C‘Q = C‘S.':> : 

(-R'S)pe . 3 . E ! seq«<D‘P . E ! min^'Vpg'seqR'D'P 

r*9*n799i ' •*273-24 . D h : Hp . Te{RS)pQ . D . g ! C'P n 

^ ^ ^ , D.E!seq«'D‘r (1) 

H . (1) . *273-25 . D h : Hp . D . g I TpQ*seqjt‘I>*T . 

MlT.?2r.?K'prop ^•^---Vseq^.D.p ,2) 

f;27l2*67^’^ ■ ^ ^ ^ - 

*27^271. I- : Hp *273-26 . T e (RS)p^ . 3 . seq«‘D‘P s D‘ Tp^Po 
Dem. ^ 

^ ; fill o''®'’- " »' - 3 . A„.‘TeiRS)p, 


S 2 S7to!;i ■ ^ ^ ^ dm ,,«P . 

L*273 2.(*273 04)] 3 . seq«‘D‘r e D'P^.,, O |. . p^p 


( 1 ) 


( 2 ) 
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*273 272. I- : Hp*273-26 . D . D^*(RS)p^ 
Dem. 


t- . *206'401 . D I- : Hp . (RS)p^ • D‘r = ^‘.r . a; e C‘i{ . D . a: = seq^i'D'r. 


[*204 71.#250-21] D . T»‘Rsp^‘T = R‘R,‘x 
I- . *25013 . D h : Hp . D . D‘A =^‘B‘R 

H .(1). (2). *90131 . 3 [■:. Hp . D : T(Rspg)^A . D . T)‘Te~R“C‘R : 
[(*27303)] D : \y‘(RS)p^ QR‘‘G‘R 

I-. (1). (*27303). D 

t- Hp . D : a e C'/e . 7i‘a: e T>“(RR)p^ . D . 'r‘R^‘x e D“(J?S),^ 

*■•(2). 3I-: Hp. D.‘R<£</dcD“(7{S)p, 

I- . ( 4) . (.5) . *901 1 2 . D h : . H p . D : a: e . D . "rix e 'D‘\RS)pq 

I- .*263-43 . *250-21 . D I- : Hp . D . C‘R = 6'‘/i, . U‘R = B‘R, 
H.(G).(7).*263 141 .*122 1 141 .D 


h :. Hp . D : X e C‘R . D . R‘x e li“(RS)pQ 
h.(3).(8).Dh.Pr()p 


( 1 ) 

( 2 ) 


( 3 ) 


W 

(5) 

( 6 ) 
( 7 ) 


( 8 ) 


*273 28. H : H p *272 26 . D . 'fp.p^ 1 1 ^ 1 . VTpspq = C'P.P= Tpspq’Q 
Dem. 

y . *273-2 22 . D h : Hp . D . Tpspq e 1 ^ 1 (1) 

I- . *273-272 . D : Hp . D . D'Tpspq^ s‘1b“C‘R 
[*263 22] = C‘R (2) 

y . *273-2 23 . D K : Hp . D . P p IVThspq = Tpspq’Q ■ 

[(2)] :> ■ P = Tpspq-’Q (3) 

F.(l).(2).(3).3l-.Prop 

In order to prove T’/ts'/.ye Psmor Q, it only remains to prove 

(V'fpspq^C'Q. 


*2733. t-:. Hp*273-2. 7’,t7e(/l„•*d)‘A.D:D'7’CD‘^:^ = .^G£7 


Dem. 

I-. *.33-263. oy-.TCU.D.VTCD'U (1) 

h.»259-lll. Dl-:. Hp.D: 7’C{/.v.t7C7’ (2) 

I-. *33263. DI-:f7C7'.I)‘7'CD‘I/.D.D‘r=D‘I7 (3) 

I- . (3). *273-212 . 3 I- : Hp . {/C 7]. D'TC I)‘I/. 3 . 7’= U (4) 
l-.(2).(4). 3^:Hp.IV7’CD‘^.^3.re^/ (6) 

I- . (1 ) . (5) . 3 I- . Prop 
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*273-31. I- : Hp *273-26 . T e(RS)pQ. y e C'S - Q'T C(J‘T . 0 , 


Devi. 


{'a.^.U).x=m\n^‘TpQ‘y.Ue{RS)pQ.x = se^^‘D‘U 


H . *273-25 . *250-121 . D h : Hp . D . (gx) . x = m\n,,^,.^‘y 


( 1 ) 


I- . *273-272 . D I- : Hp . X = 

[*206-401] 

l-.(l).(2).Dh.Prop 


min^Tpo'y RS)p^ . D‘ T = R‘x . 

^■(•3U)-UfiRS)pQ.x = 8eqp‘D‘U ( 2 ) 


*273-32. h : Hp *273 31 . J; = mmK‘Tp^‘y . U e{RS)pQ . x = 8eqp‘D‘U . D . 

Dem. xUpgy.TCU 

I- . *205-14 . D I- Hp . uRx . D : ^iuTp^y ) : 

[*272-13] ^■(:i^)'^(^‘J':2Pu.~(T‘iQy).v.uP2.^(yQT‘2) (l) 

I- . *272-2-42 . 3l-:Hp.D.x~£D‘r. 


[*273-272] 


3.D‘7’C R‘j 


<3) 


(4) 

(5) 


( 6 ) 

(7) 


I-. *273-272. Df-:Hp.D.7?‘x = D‘{/ 

h . (3) . (4) . *273-3 . D h : Hp . D . 2’G 7/ 
l-.(l). *272-13. D 

H :. Hp . uRx . 0 : (gz) : i e D<T : zRu . ~ (zPx ) . y . 

H . *204-1 . D f- :. Hp . D : uPx . . D . zPx : xPu . iiPz .O.xPz 

I- . (6) . (7) . (4) . 3 h Hp. « e D‘f7. D : uPx . D . (g^) . ^ e D‘T. uPz . ~(xP^) : 

xPu . 3 . (g^) .^eD'P. zPu .~(zPx): 
D : «Px . 3 . (g^) . ^ e D‘P . uPz . zPx : 
^Pu-'^.('3,2).zeP)‘T.zPu xPz 

I- . *272-13 . *273-23 .3 zi , . zx-u . xl^z (8) 

l-:Hp.«eD‘i7.^eD‘r.«Px.^Pa;.3.(a‘«)Q(^<,).(y<^)g^_ 

> . ( U‘h) Qy 

Similarly I" : Hp . u e D‘ U . x e D'P . . ^p^ . 3 . ^ 

f-- (8). (9). (10). 3 

1- :. Hp. M£D<P-. 3 : «Px. 3 . (f;‘a) Qj, : ^p„ . 3 _ 

I- . (11) .*272-13 . 3 1- : Hp . 3 . xUp^y 

^ ■ (^) ■ (12) . D h . Prop 


(9) 

( 10 ) 


( 11 ) 

( 12 ) 
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*273 33. h : Hp *273-32 . D . y = min/ .x(RspQ‘U)y 

Dem. 

i- . *273-32 . D I- : Hp . D .'s‘y CG'U. 

[*272-2-42] D .'^‘y „ TTp,** = A 

H . (1) . *273 32 . * 205-14 . D f- : Hp . D . y = mmg'Upo'x 
1- . (2) . (*273-02) . D h : Hp . D .x(Rgp^‘U)y i 3 I- . Prop 

*273-34. l-:Hp*273-31.D.y6a‘r;is,, 

Dem. 

h . *273 31-33 . D h : Hp . D . (a(7) . (/e(i?S)f, .y 6 
[*90-1 6.(*273-03)] D . (g HO . IP f (RS)p^ . y e H' IP . 

[(*273-04)] 3 . y f : D . Prop 

*273-36. I- : Hp *273-26. D.a‘7’Rs/>e = C‘Q 

Dem. 


( 1 ) 

( 2 ) 


I- . *273-34 . 3 H Hp . y r C‘S . A'y C . D . y r a‘7’„,r« (1 ) 

h, (1). *250-34. DH. Prop 

*273-36. h : Hp *273 26 . D . Tjfspg e PsirTor Q [*273-28 35] 

*273'4. I" : P, <2 e i; . D . P smor Q 
Dem. 

i-. *273-11 .Dh : Hp.D.(aP,^.P,5€(u,P‘P = C"P,C‘Q = C‘5. 
[*273-36] D . (gp, S) , Tft^pQ e P ^lor Q : D I- . Prop 

*273'41. h : P e t; . P smor Q . 0 , Q € rj 
Dem. 


1-. *270-41 . DI“:Hp.D.QeSer comp (1) 

h . *151-18 . *123-321 . D h : Hp , D . C'Qf Ko (2) 

H . *151-5 . D h : Hp . D . = Q'Q (3) 

H . (1) , (2) . (3) . *273-1 . D h . Prop 

*273-42. I- : P € 17 . D . 1 ? = Nr‘P [*273-4-41] 

*273-43. h . 77 e NR [*273 42 . *256-64] 

The following propositions are easy to prove: 

H : Q e Ser a (7“Ko • P ei) ,Qx P ei}, 
whence h : a e NR a Cl'Ser . (7“a = Ko.D.a >C y ^ vi 

and 


h : Pc 17 . QcSer a ( 7 “Ko . a:c C 7 'P . D .a: ^ »QeNr'Q a R 1 ‘(Q x P) . Q x Pey, 
whence, from the fact that all 77’s are similar, 

I- ; P e 77 . Q € Ser A - D . g I Nr'C a Rl'P. 

Thus an y contains series of all the order>types composed of No terms. 



*274. ON SERIES OF FINITE SUB-CLASSES OF A SERIES. 


Summary of *274. 

In the present number, we sliall be concerned with the construction of 
a rational series consisting of the finite existent sub-classes of a progression. 
When the finite sub-classes of a progression (excluding A) are arranged by 
the principle of first differences, the result is a rational series. When they 
are arranged by the principle of last differences, the result is a progression. 

These two propositions, with the consequent existence-theorems, are to be 
proved in the present number. 

We define “P,” as P^, with its field limited to finite existent classes 

(For the definition of P,,. see *170 01.) In the present number, we shall be 

chiefly concerned with P, when Pea,, but it has interesting properties in 
many other cases. 

Our definition is 

-^*1 = -^ci t (Cls induct - i‘A) Df. 

We shall be cuncerned in this n.imher not only with P,, but also with 

P„C(Cls induct This is Cnv‘(P),. Thus if we put P = Q, the 
hypothesis that PeQ as used iu^studying P,, t (Cis induct - t'A) is 

equivalent to the hypothesis that QeH as used in studying Cnv'Q,. 

i.e. Q,. Thus the study of P„ and P„ with their fields limited to inductive 
existent classes may be replaced by the study of P, in the two cases where 

and is considered first. 

We have first, however, a collection of propositions which only assume that 

Since an inductive existent class in a series must have a maximum and 
a minimum, we have 

*274 12. h P e Ser . D aP,,^ . = : 

a. /3 e Cl induct'C'P - t‘A : (g^) . z e a - 0 . a r.lp‘z ^ 

We have 

*27417. I- : C‘P~e 1 . D . C‘P, = Cl induct‘C‘P- CA 
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Whenever P is a series, P, is a series (♦27418). If P I, as a last term, the 
class consisting of this last term only is the last term of P,; if P has no last 
term, P, has no last term (♦274 191), If C‘P is an inductive existent class 
the first term of P, is C‘P (♦274194); if not, P, has no first term (♦274195)’ 
Hence if P has no last term. P, has no first or last term, and we have 
^ ^1 — (♦274 196). Thus of the characteristics used in defining rj, 

we have P,eSer whenever PeSer, and D‘P, = a‘P, whenever ~E!P‘P 

We next prove 

*274-22. 1- : P e n . D , P, € n 

which, in virtue of what was said above, is equivalent to 

P € n , D . P,^ [ (Cls induct - t‘A) e H, 

that is; The principle of last differences applied to the inductive existent 
sub-classes of any well-ordered series gives a well-ordered series. 

To prove *274-22, since we already know that P, is a series, we only have 
to prove that every existent sub-class of C‘P, has a maximum with respect 
to P,. This is proved as follows. 


Let K be any existent sub-class of Cl induct'C'P - ('A. Consider the 
minima of all the members of «: these minima all exist, because k is 
composed of inductive classes. Then in virtue of the nature of the principle 
of first differences, members of k which have a later minimum come later 
than those that have an earlier minimum. Hence if we consider minp"«, 
the classes whose minimum is the maximum of minp“« (which exists because 

P € H) are later than any other members of k. Put 


ar, — maxp'minp'V . = zc o minp'a;,. 

Thus /fj consists of those members of k which have the largest minimum, 
and members of come later than any other members of k. Similarly the 
latest members of zr, will be those that have the greatest second term. 
That is, if we take away the (common) first term from each member of 
and if is the resulting class of classes, we have to apply to Xi precisely 
the same .process as we have already applied to k. Thus we are led 

to put 


a;, = maxp'minp''/c .zc, = zc a minp'a?| . 

Xt = maxp‘minp“X, . /Cj = X, a minp'^a . X, = (— 

and BO on. The series a:,, a:,, ... is an ascending series in P, and is therefore 
finite, by *261*33. It therefore has a last term, say x,. Then the class 
i*x^ w i*x^ w . . . w is a member of zr, and is easily shown to be its 
maximum. Hence every existent sub-class k of C*P^ has a maximum, and 

therefore P, « fl. 
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In order to symbolize the above process, we put 

max/minp‘V Dft_ 

Tp‘k = (- r. tninp‘P„‘K) - (‘A Dft. 

Mp‘k= P^“(Tp)^‘k Dft. 

Then P„‘k is what we called a;,, Tp'x is what we called (Tp)^‘k is 

the class k, X.,, X,, ... and Mp‘k is the class a;., ar,, x„ ...x,. Thus what 
we have to prove is 

Mp‘k - max (P,)V, 

which is proved in ^♦t274‘215. 

We prove next 

*274-26. I- : P e w . D . P, e <u 

For this purpose we use *263-44, namely 

0 , = n - t‘A n P (Q'P. = a‘P . ~ E ! P‘P). 

Thus it only remains to prove 

D‘(P,). = D‘P, . ~ E ! P‘P,. 

~ E ! P‘P follows from *274-195 and n‘/-p\_n<p ; j -.l 

u u ana u = D'P is proved without any 

difficulty ; hence our proposition follows. ^ 

From *274-25-17, by substituting P for P, we obtain 
*274-26. h : P e 01 . 3 . P„, t (CIs induct - t‘A) e o, . 

^‘-Pic D (CIs induct - t‘A) = Cl induct'C* P - i‘A 
whence it follows immediately that 

*274-27. h : a e N„ . 3 . Cl induct'a e . Cl induct'a - t<A e K, 

I.e. a class of terms contains N, inductive sub-classes. 

We now have to prove 

*274*33. l-:Pea>.D,P„e7? 

In virtue of *274*17-27. we have C^P . v . j v 
Thus it only remains to prove P, e comV. Q'P ^ Th^^' 

® ^ ^ e Cls inducti and therefore P^^(a \j R\ ^ t 

have «AC9v^ft*).(^wftir)P,;9; hence?e?> - 

that P, € I?. f nPy ence Z', C . This completes the proof 

The proposition holds not only if P eo> but if P io « • l - . 

no last term and whose field has N. terms (;274-32) “ 

Finally, we deal with the existence of -n (*274-4 -xfii Tf P 

similar to P., C (Cls induct - PA), by *274-26 Jn77 1 - ^ ^ ^ 

a & w ^ >< T IS a correlator of 
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these two, is an t) whose field is (7‘P (#274 4). Hence the existence 
of r) in any type is equivalent to the existence of w in that type (*274‘41). 
Hence we have merely to apply previous propositions on the existence of <*>. 


^^274 -01. P, = P„t(Cl8 induct -f*A) Df 


*27402. 


= maxp*minp^*< 


Dft [*274] 


*27403. Tp^K — (— i*Pm^Ky*{K r\ ininp^Pm'*) - a‘A 

Dft [*274] 


*27404. Mp^K = P^**(Tp)^*K 


Dft [*274] 


*2741. 


I- : aP,^ . = . a, y3 € Cl induct'C'P - i‘A . a ! a - - P“(y3 - a) 
[*170-1 ,(*27401)] 


*27411. h : P € Ser . a € Cl induct‘C'P — t‘A . D . E ! min/a . E ! maxp'a 

[*261*26] 

*274*111. h 

Dem. 


P e Ser . ~ E I P‘P . a e Cl induct‘(7*P . D . g lp^P**a 

h . *274*11 . D h : Hp . a 1 ° ^ • maxp'a € D'P- . 

[*205*65] 3.3* p‘P“a 

l-.(l). *40-2.31-. Prop 


( 1 ) 


*27412. I- :: PeSer . 3 :. aP,/9. = : 

a, /9 e Cl induct'C'P - t‘A : (a«) . ^ c a - . a n P*z P*z 

Dem. 

I-. *170*2. 3 

I- a,/9 e Cl induct‘C*P - t‘A : (a^) • z ea- ^ . a n P*z = ^ n P*z :0 , aP^^ (1) 

l-.*274-11.3f-:Hp.aP,^.3.Elmin/(a-^-P»(^-a)) . 

[*170-23.*205*192] 3 . (a^) .zea-^.an P*z ^^f\P*z (2) 

l-.(l).(2),3h.Prop 

*274*13. h . Pic C (Cls induct - t‘A) = Cnv'(P), [*170-101 . (*274*01)] 

*274*14. l-!:PeSer.3:.ajPict(Clsinduct-i'A)l^. = : ^ ^ 

a, y3 e 01 induct'C'P - e‘A : (a^) . ^ e yS - a . a n P'« * ^ a P'f 
[#274*12*13] 

#274-16. I- ; a, c Cl induct'C'P — t'A . ^ Ca , ^ a , 0 • <xPn^ 

[#170*16. #274*1] 

rl61. h : a € Cl induct'C'P - 1 . x e a . 3 . aP,(t'x) [#274*15] 
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*27416. h : a ! P, , = . G^p e 0 <j 1 
Dem. 

H.*2741 . Df-:a!P,.D.3!C‘P 

I- .*274151 . D I- : O'P^eO u 1 . D , a I P, 

K ,*60-38. Oh: G*Pel , 3 . ( 30 . e CI‘C‘P 

[*274-1] D.P„ = A 


— t‘A . a ! a — 


( 1 ) 

( 2 ) 

/ 9 . 

(3) 


( 1 ) 

( 2 ) 

(3) 

(4) 


[*2741] = A (3) 

I" . (1) . (2) . (3) . D h . Prop 

*27417. I- : O'P - € 1 , D . C‘P, = Cl ind uct‘0‘ P - A 

Dem. 

I- . *274151 , D h . Cl induct'O'P — t'A — 1 C D‘P, ■ (1) 

h . *274161 .Ohixe C^P . C*P^l*x .O.i^xed* P, (2) 

1“ . (2) , 3 h : Hp , D . CPC'P n 1 C Q'P, (3) 

•"•(!)• (3) . D h : Hp, D , Cl iuduct‘C‘P - f‘A C (7‘P, (4) 

h , (4) , *2741 . D h , Prop 

*274171, i-:P^CJ.xPy.:>. (Px) P, (i‘y) [*274 1] 

*274 18. t- : P e Ser . D . P, e Ser 
Dem. 

I-. *201*14, D 

l-:.Hp.irea-^.«,£^_Y.anP‘a = ;3„ A./9r^P‘«, = YrtP‘«,.D: 

zPw .:i .Zia-y .ar.'p‘z^y nlP'z (1) 

' : Imil' ^ ^ = Hp . ap,^ . ^p„ . 3 ;3; 

MOM .T ^ - "'i'' ^ 

^ ^ V' (^ - a) . a n P*z = ^ n ~P^z . 

[*27412] 3.a(P,oP,)/3 ,4. 

'-•(3).(4).*17017.Dh.Prop 


*274 19. 1- : p e connex . P> G P . D . P?p, = p 

Dem. 

I- . *274151 . 3 p . Cl induct'C'P - 1 C D‘P 

t-. *274 171 . 3l-:Hp.D.i“D‘PCD‘P, 

I- • (1) . (2) . *274 17 . D t- : Hp . 3 . P‘P c 

I- - *202-524 , 0 

I- : Hp . « e P-P . ^ . CI‘C*P _ t«A . ~ e ;9 . 3 . X e P»0 


( 1 ; 

( 2 ) 

(3) 


— l*x) 


(4) 
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l-.(4).D 

h ; Hp . X e B^P , D . ~(ay9) . ;9 e Cl induct'C'P- t‘A . g ! i‘x-y9-P“(/9-i'x). 
[*274-1] D.i‘x-eD*P, (5) 

I- . (5) , *27417 , D h ; Hp . D . t‘*^‘P C^‘P, (6) 

h . (3) . (6) . D h , Prop 

*274 191. h P c connex . P> G / . D : E ! B*P . D . P‘P, = i*B‘P: 

-- E I P‘P . D ,~B*P^^\ [*27419] 

*274192. I- P € connex . P^ G J . D : E ! P‘P . = . E ! P‘P, [#274191] 

*274193. l-.^‘P, = PC‘Pn(Clsinduct-t‘A-l) 

Dem. 

h. *27415 1 . D I- :C‘PeCi8 induct -t‘A-1 .D.C‘P6^‘P, (1) 

h . *274 1 6 1 7 . D f- : C'P -- € (Cls induct - I'A - 1 ) . D . C*P ~ c C'P, (2) 
f- . *27415 . D h : a 6 Cl induct‘C‘P - t‘A . x e C‘P - a . D . (a u t‘x) P,a (3) 


• (3) . D I- . Cl induct'C'P - i*A - i'C*P C Q'P, 

1- . (4) . Transp . *2741 , D I- . ~B*P^ C (Cl induct'C'P - ^'A) n PC'P 

h . (5) . *274 16 . D l- . P'P, C(Cl8 induct — i‘A - 1) rt i'C'P 

|-.(l).(2).(6).Dh.Prop 

*274194. I- : C‘P e Cls indurt - I'A - 1 . D . P‘P, = C'P [*2741 93] 
*274196. H : C'P'^c Cls induct. D.^*P, = A [#274193] 

*274 196. I- : P € Ser , K I P‘P . D . D'P, = Q'P, 

Dem. 


(4) 

(5) 

( 6 ) 


I-. *274192. DI-:Hp.3.fi‘P, = A 

h . *274195'16 . *261-24 . 3 I- : Hp . D . 'b‘P, = A 


( 1 ) 

( 2 ) 


H.(l).(2).Dh.Prop 

The following propositions give the proof of Pefl . D . P, e fl (*274-22). 

*274 2. 1- : P e n . * C C'P, . g I * . 3 . E ! P„‘/.- . P„‘*-£ min.“* 

[*274-1-11 .*250-121 .(*274-02)] 

*274 201. 1- : /9 e Tp'k . = . (go) . o e /r . mirip'a = P„‘* . ^ = a — I'Pm'* • 3 I ^ 

[(•27403)] 

•274 202. 1- : E ! P„‘* . 3 . E I Pp'* [(*274 03) . *14 21] 

*274 203. h :. Hp *274-2 . D : Tp'k = A . = . * a i^p‘P„‘« = t‘t‘P„‘* 

Dem. 

1- . *274-2-202 . D 

l-::Hp.3:.rp‘*=A. = :~(ga,)8).a c* . niinp‘a = P„‘« . = a — I'Pm'" • 3 

[*13-191] =: at * A minp‘P„‘* . D. . a — i‘Pm‘K = A : 

[•274-2] = ! a tAc A ininp‘P„‘* . =, .a = I'Pn'K :: 3 h . Prop 
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*274-204. h : ^ C . k{Tp)^\ . D . \ C C'P, 

Dem. 

1- . *120 -181 .*274-201 . D h : < C CIs indimt . E ! P/zc. D. T’/zc C Cls induct (1) 
t- . *274-201 . D h : zc C CHC'P . E I Tp^k . D . Tp^k C CVC^P - (2) 

H . (1 ) , (2) . *274-16 . D h : « C C‘P, . E ! Tp*K . D . TpU C C'P, (3) 

!■ . (3) . Induct , D h . Prop 

*274-206. I- : -PeSer. 

Dem. 

. *274 201 . *205-21 . D t- : Hp . ySe Tp‘\ . D . ffC*P‘P^‘\ 

I- . *205-11 . (*274-02) . D I- : Hp . D . P„‘fp‘\e s‘Tp‘\ 
l-.(l).(2).DI-.Prop 

*274-206. h : Hp *274 205 . /c(r,)*X.. D . iP,„‘K) P (PJTPX) 

Dem. 


(1) 

( 2 ) 


I- 

H 

h 


. *14 21 . (*274 02) . D h : E ! P,Ap \ . 3 . E ! P,„‘\ 
.(1). Induct. DI-:Hp.3.E!P,„‘/t 
• (2) . *274 205 . Induct .31-. Prop 


( 1 ) 

(2) 


*274 207. h : P c n . « (r,).x . = inaxpA/p* . 3 . 


Dem. 


TPX^A 


I- . *274-205 . Transp . 3 1- : Hp . 3 . ~ E ! P„‘Ppx . 
[*274-204-2.Transp] 3 . P,' x. = A : 3 I- . Prop 


*274208. 


Dem. 


H:.P6a.*CC‘P,.al«.D: 


A e {Tp)^'k : (a\) . ^ {Tp);^\ . X n min/P„‘X = t't‘P,„‘ \.Tp*\ = A 


(- . *250-121 - D h : Hp . D , E I 
H . (1) . *274-207-203-204 . D h , Prop 

*274-21. h : ^ e . D . y9 w e k [*274 201] 

*274-211. I- : « {Tp)^x . ^ 6 X . D . y3 u P^»r^ ^ 

Pew. 

H. *274-21. D(-:.Hp:^eX.D,.^v.P„«p,(«^_X),^. 3. 

w ' 

y^Tp^X.'^y^pttJ^l 

h. *274-21.(1). Induct. Dh. Prop 


( 1 ) 


Tp‘X)€K ( 1 ) 



2U 


SERIES 


[part V 


*274212. l-:P6n.KCC‘P,.a!*:.D.Af/*:€« 

Bern. 

H.*274'208'2U.D 

I- : Hp . D . (a>i). *(r,)*A, . ?/X = A . i'P„<X e X . j'P^'X u P„“Pp(*H-X) e * , 
[*121103] D .<aX) . P„“r,(«KHX) € * . P„“P,(*mX) = P„“(r,V* : 

D h . Prop 


*274 213. h : P e Ser . * C C‘P, . a e * . * (7’,)*X . P‘P„‘X n C a . D . 

a - n Afp‘/c) e X 

K *274-201 . D h : Hp . * = X . 3 . a - (P‘P„‘X n = a . 

[•1312] 3 . a - (P'P„‘ X n e * (1) 

I- . *274-206 . 3 

l-:.Hp:^e*.p<p„*Xn Afp«C/3.3^.P-(P‘P„‘Xnil//*)eX:3: 

^ . P‘P„‘Tp‘\ r. C /8 . 3 . P-P^'X n jlf/* C /8 . P«‘X f /9 . 

(/3 - (P-P^'X /> Mp>k)\ € X . P„‘ X e 1/3 - (P‘P™‘X n . 
[*274-201] 3 . (/3- (P‘P„‘x n M/k) - i‘P „‘\] « Tp‘\. 

[*274-206] 3 . (/3 - (P‘P„‘Pp‘X n A/,V)) « Pp'X (2) 

■ (1) . (2) . Induct . 3 h . Prop 

*274 214. h : P r n . * C C‘P , . a ( « - I'MpU . 3 . aP^{Mp‘K) 

Deni. 


( 1 ) 

( 2 ) 


H . *27 4 2 12 . 3 h Hp , 3 : Mp'x e CIs induct : 

[*n016] 3 : C a . 3 . aP,(JH/*) 

I- . *27411 . (1) . 3 h : Hp . a I Mp‘k — a. 3 . E 1 minj.‘(Afp‘Ae - a) . 

[*205-1 4.(*274-04)] 3 . (aX) . « (T,), X . P„‘X ~ e a . P‘P„‘X n Mp‘k C a . 
[*274-213] 3 . (aX) . * (Pp)*X . P„‘X ~ e a . a - (P‘P„‘X n Mp'k) e X . 

P‘P„‘X n Mp‘k C a . 

3 . (aX, z) . K (Tp)^ X . i = minp'la — (P‘P„‘X n Mp'x)} • 

.rP (P„‘ X) . P‘P„‘ X n m,'* C a . 

0 . (a^) . ^ € a - Mp*K . r» F*z C a . 

D.aP,(Aff‘*) (3> 

H . (2) . (3) . D h . Prop 

#274-216. h : P e n . « C . g I « . D . = max (P,)‘* [#274-212-2l4] 


[★274-201] 

[★3118] 

[★170-11] 
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#274 22. I- : P 6 a . D . P, 6 n 


Dem. 


V . *274-215 . D h : Hp . D . E !! max (P,)“C1 ex'C'P, . 
[*250 125] D . P„ 6 n : D h . Pr<m 


The following propositions constitute the proof of 

Pea).D.P,ea) (*274-25). 

*274-221. h : P € Ser . P'maxp'a e Cls induct . a e Cl induct* C' P - t*A - / P . 

^ = (a - e*maxp‘a) u P‘raaxp*a . D . aP„ P 


Dem. 

h . *205-55 . 


r . *20o-55 . D h : Hp . P*P c a . D . g I a - Pmaxp'o 

I- . •202 on . D I- : Hp . B‘P ~ e a . D . B‘P « P'maxp'a 

h . *93101 . 3 I- : Hp . ~ E I B‘P . 3 . g !^<maxp‘a 

K(l).(2).(.3).3l-:Hp.3.a!^ 

t- . *1 20-481-7 1 . 3 I- : Hp . 3 . ;9 e Cls iaduct 

I- . *205-21 . *200-361 . 3 I- : Hp . 3 . ^ «:P<max/a = a ^ P'maxp'a 
I- . (4) . (5) . (6) . 3 I- : Hp . 3 . a, /9e Cl induct'C'P - t‘ A . maxp'a e a 

« « .P'maxp'a = P ft P'max/a . 
[*274-12] 3 . aP,B : 3 I- . Prop 

*274222. I- : Hp*274-221 . aP^y . ma,xp‘aey . D . 8P y 
Dem. 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 
/9. 


!■ .*274 12 . 3 I- : Hp . 3 . (ax).^ea - y. x=f raaxp'a . an~P‘z =yn~P‘z 
[*201 -14.*205-21.Hp] 3 . (gx) . z z B -y . B r^P‘z = y nP‘z 
[*274-12] 3 . /9P,y : 3 h . Prop 

Hp *274-221 • «i“,7 • inaxPa~ e ^ . y 4=^9 . 3 . 

H .*274 12 . 3 I- :. Hp . 3 : (’g^z) . z e a — y - (‘maxp'a. a nP‘z = y n'p'z . v . 

1-. *201-14. *205-21. 3 “ -P‘m»*Pa = 7 ''^‘max/a (1) 

'■"Hp:(g^).«ea-T,-t‘.i^xPa.aftP‘x = YftP<^:D.;9P.y 
>-.*205-21 . 3H:Hp.aftPWxPa = .yftl?Wp‘a.3. 

. ® ~ = 7n P'maxp'a (3) 

I- . *202-101 . 3 I- : Hp . 3 . 7 C P'max/a v> P<maxpa 

, 

^■(1). (2). (5). DP. Prop 3:7+/9.3./9P,7 (5) 


(3) 

(4) 
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•274'224. I- : Hp*274-221 .aP,7./9=|=7. 3./9P,7 [*274-222'223] 
*274 23. l-:Hp#274 221 .D.o(P,),p 


[*274-221 -224. *204-72] 


*27426. h:Pea,.D.P,eco 

Dem. 


I- . *274-2216 . D h : Hp . D . P, e n - i‘A 
I- .*274-191-17 . D 

t- : Hp .aeD‘P, . D .aeCl induct'C'P - i‘A ~i‘B‘P 
f- .*263-412 . *274-11 . D 


( 1 ) 


( 2 ) 


I- : Hp . a e Cl induct'C'P - t‘A . D . P'lnax/a e Cls induct (3) 

I- . (2) . (3) . *274-23 . D I- : Hp . a € D‘P, . D . a e D‘(P,), (4) 

I- .(1) . (4) . *274-195 .*121 -323 . D 

I- : Hp . D . P, t n - i‘A . D‘P, = U‘(P,). . ~ E ! P‘P, . 

[*263 44] 3 . P, f <a : D I- . Prop 

*274-26. I- : P e o) . 3 . P,j [ (Cls induct - i‘A) e oi . 

C‘P„ [ (Cls induct - f‘A) = Cl induct'C'P - t‘A 


Dem. 


I- . *274-13 . 3 h : Q = P . 3 . P„ [(Cls induct - t‘A) = Q, 

I- . *274-25 .3f-:Pto..Q = P.3.Q,ea, 

l-.*27417.3l-:Pea>.Q = P.3. C‘Q, = Cl induct'C'P 
l-.(l).(2).(.3).3l-.Prop 


- I'A 


(1) 

( 2 ) 
(3) 


*274 27. -|- : a 6 . 3 . Cl induct'a e N„ . Cl induct'a — PA e N, 

Dem. 

I- . *263-101 . 3 I- : Hp . 3 . (gP) . P s a> . a = C‘P . 

[*274 26] 3 . (gil/) . ^/e <u . Cl induct'a — i‘A = C‘if . 

[*263101] 3 . Cl induct'a - i‘A 6 . (1) 

[* 123 - 4 ] 3 . Cl indiict'a f (2) 

^■.(l).(2).3t-. Prop 


The following propositions constitute the proof of 

P e w . 3 . P, € 7 , (*274-33). 

*274-3. 1- : P e Ser . aP,/3 . x e p‘*P<‘(^ w /3) . 3 . aP,(/9 u i‘x) . (>9 u i‘x) P,/3 

Dem. 

I-. * 200 - 53 . 3 h : Hp . X e a . 3 ./3 /s y'‘r = (/9 u I'x) n P‘* (1) 

^■.*200-S. 3 h : Hp . X e a - /9 . 3 . * e a — (/9 u t‘x) (2) 

I- . (I ) . (2) . *274-12 . 3 h : Hp . 3 . aP,(/9 u i‘x) (3) 

I-. *200-5. *170-16. 3l-:Hp.3.(/9uP*)P,/3 (*) 

I- . (.3) . (4) . 3 I- . Prop 
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*274‘31. 

Dem. 


1" : P e Ser , E I B*P . D . e Ser n comp 

• 

h . *2741 . *1 20 71 . D h : fltP,/3 . D . a u c Cls induct — i^A 
H . (1) . *27411 . D h : Hp . aP,yS . D . E ! max/.‘(a \j . 

D . a ! P'max/>'(a u . 
D.aIp*P‘'(aw^). 


( 1 ) 


*27432. 

Dem. 


[* 93103 ] 

[*205-67] 

[*274-3] 

h .(2) . *27418 . D h . Prop 
h : P e Ser A C“No . ^ E ! B*P . D . P„ e 


(2) 


*274-33. 


H. *274-31. Dh:Hp.D.P,eSer A comp 
t- . *274-196 . D h : Hp . D . D'P, = Q'P, 
h . *274-27-17 . D h : Hp . D . C‘P, e No 
(-.(1). (2). (3), *273-1 .DH.Prop 

HrPew.D.P, 67; [*27432 . #263101-1 1-22] 


( 1 ) 

( 2 ) 

(3) 


This is the principal proposition of the present number. 

*274 34. h:aeXo.D.al7;A C‘(C1 induct'a — t‘A) 

Dem. 

I- . •263101 . D I- : Hp . D . (gP) .Pe<o.C‘P = a. 

[•274-3317] induct'a - t‘A : D I- . Prop 

The following propositions are concerned with the existence-theorem 
lor They all follow from *274-33. 

‘ PPsTno-r jP,, [ (Cls induct -i‘AM . D. r:P,c.,n^e‘P 

K*274-2(il7. DI-:Hp.D.a‘2'=C‘P Hi 

f-.(l).*15111131 . D I- : Hp. D . P:p,smorP_ . C'PSP =C‘P. 
[*274-33.*273-41] 3 . ^ _ C‘T>P^ = C‘P Of-.' Prop 

*274-41. h : a! “ <0 «‘P. s .g ! , rt <<P 
Dem. 

r ^ ® ^ • (a«) ■R^v-C‘R = C‘Q. 

[ 3.a!^-«‘P (1) 

D . a ! w « t‘P (2) 

!■ • (1) . (2) . D I- . Prop 

= [*274-4-26. •263-17. *250-6. •263-101] 

l • *274-42] 

3 * ^0 ^ • a J ^oo'a 1*263-131 . *274-41] 

= [*26313 . *274-41 ] 

* 4-46. hrlnhn ax(x), = .a!^^f«4^ [*263 132 . *274-41] 


15 



*276. CONTINUOUS SERIES. 


Summary of *275. 

The definition of continuity to be given in this number is due to Cantor. 
A different and not equivalent definition was given by Dedekind: series 
which are continuous in Cantor’s sense are also continuous in Dedekind’s 
sense, but not vice versa. Cantor’s definition has the advantage (among 
others) that two series which are continuous in his sense are ordinally 
similar, which is not necessarily the case with series that are continuous in 
Dedekind’s sense. Dedekind’s definition of “continuous series" is, in our 
language, "series which are compact and Dedekindian.’’ Cantor’s definition 
(after a certain amount of simplification) is “series which are Dedekindian 
and contain an as a median class.” In the case of the real numbers, the 
rationals are a median class of this sort. 

An equivalent definition to the above is that a continuous series is a 
Dedekindian series whose converse domain is the derivative of a contained 
rational series (*275'13), 

Following Cantor, we shall use d for the class of continuous series. 

In what follows, we prove first that the series of segments of a rational 
series is a continuous series, x.e. 

★276-21. 

The contained No is P^*C*P. The proposition follows at once from 
★271*31. On its importance, see remarks on ★275*21 below. 

From this proposition, it follows that if i; exists in any type, d exists in 
the next type (275*22), whence the existence of 6 in sufficiently high types 
follows from the axiom of infinity (★276*25). 

To prove that any two continuous series are similar, we use ★271*39. By 
the definition, if P and Q are continuous, they contain respectively two 
median classes a and such that P ^ a and Q [ are rational series. Hence 
by ★273*4, PfasmorQ^yS, and therefore PsmorQ, by ★271*39. Also 
obviously PeO .P smor .Qe 6. Hence 

★276*32. l-:P€d.D.^ = Nr'P 

and 

★276*33. l-.deNR 
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*27601. ^ — Sern Ded n med^No Df 


*27611. 


*27612. 


*276*1. ^ \ P € 6 . P € Ser n Ded , 3 ! No a raed'P 

[(*275-01)] 

*276 11 . I- P e e 6 Ser n Ded : (go) . a e N. . 6p‘a = Q'P . o C C‘P 

[*275 1 .*271-2] 

*27612. h::P e 6 . = P e Ser r\ Ded (ga) : ae N. : 

^Py •'^x,y.'3,\0LryP{x-y)-.aCC‘P [*275-1 .*271 1] 

*276-13. h :. P e 0 . = : P 6 Ser n Ded : (gP) .RCP.Reij. Sp‘C‘R = Q'P 
Dem. 

I-.*273 1 .*271-2. D 

I- : P e Ser n Ded . P C P . P e . Sp‘C‘R = Q'P . D . C‘R e N. . C‘R e n^d‘P . 

[*275-1] O.PeO (1) 

I- . *271-10 .Dl-:amedP.p = ar. D‘P n Q'P . D . /3 med P . (2) 

[*271-15] 

6 comp (3) 

I- . *1 23-17 . D I- : Hp (2) . P « Ser . a 6 N, n C1‘C‘P . 3 . /3 1 n C1‘C‘P (4) 
f-. *271-1. Dh :PmedP.D.P“/9 = D‘P.P“p = a‘P (5) 


[*275-1] D.Pe0 (1) 

I- . *271-10 .Dl-:amedP.p = ar. D‘P n Q'P . D . /3 med P . (2) 

[*271-15] 

6 comp (3) 

I- . *1 23-17 . D I- : Hp (2) . P « Ser . a 6 N, n C1‘C‘P . 3 . /3 1 n C1‘C‘P (4) 
f-. *271-1. Dh :PmedP.D.P“/9 = D‘P.P“p = a‘P (5) 

•-.(S). *37-41 .( 2 ). 3l-:Hp(2).D.D‘(Pt/3) = /3.a‘(PC/3) = y3 (6) 

• (3) . (4) . (0) . *273-1 . 3 I- : Hp (4) . D . P p p £ , (7) 

I- ■ (2) . *271-2 . 3 h : Hp(4) . D . SpC‘(P f P) = Q'P (8) 

I- . (7) . (8) . *275-1 . D I- : P e ^ . D . (gp) . p f p ^ . Sp‘C‘{P I P) = Q'P (9) 
I- . (1) . ( 9 ) . D t- . Prop ^ 

*276-14. h . 0 = Cnv“fl 
Dem. 


K*214-14.*271-ll.Dh:PeSernDed.aeN.nmtd‘P 

K (1). *275-1. Dh. Prop ^ ^ ^ 


( 1 ) 


*2762. 

Dem. 


€ 7? . D , e Ser n Ded . € No . € rn^d‘s‘P 


H. *214 33. Dh:Hp. 

H. *204*36. Dh:Hp. 

[*2731.*12.3*321] 

i-.*27l*31.*273l.Dl-;Hp. 

^ - (1) - (2) . (3) . D h . Prop 


h . *204*36 . 


s‘Pe Ser n Ded 
P“C‘P am C‘P . 
P“C‘P 6 N„ 
P“C‘P e liltd's'P 


( 1 ) 


( 2 ) 

(3) 
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*276-21. [*275‘2-l] 

This proposition is of great importance, particularly in the theory of real 
numbers. We shall define the real numbers as segments of the series of 
rational numbers, in order to be sure of their existence. Thus if P is the 
series of rational numbers. which may be taken to be the series of real 
numbers, is continuous. If P is the series of rational proper fractions, 
excluding 0, is the series of real proper fractions together with 0 and 1 ; 
this senes is continuous in virtue of the above proposition. 

The above proposition is also useful as enabling us to deduce the existence 
of 6 from that of and thence from that of K, and thence from the axiom 

of infinity. A rise of type is, however, required for the existence-theorems, 
which are given in the following propositions. 

*276-22. H : g ! 7/ n <00*0 . D , g I 

Dem. 

f-.*64-o5.Dl-:g!77n^^„‘a.D,(aP).P€,,.C‘PCfo‘a. 

1 ] 3 . (gP) . P c 7? . (7'P € . 

[*275-21] 3.(aQ).ge^.C'*QC«‘a. 

[*64'57] D , g I ^ Oh. Prop 

*276'23. H : g ! Na rv . D . g I ^ rt i>''a [+274-44-. +275*22] 

*275-24. I- : g ! Ko (^) . D . g I ^ rv [*275-23 . +64*31-312 . (+65-02)] 

+276 26. f- : Infin ax (j-) , D . g ! ^ n 
Dem. 

H .+123-37 . Dh : Hp . D . g I . 

[*27 5-24] D . g ! ^ r» . 

[*64 .1 12] D . g I 0 n t***x : D h , Prop 

*276-3. H:P,f^e^.D.PsmorQ 
Dem. 

h . *275 13 , D H Hp . D : P, Q e Ser rt Ded : 

(gP. PGP.PGQ.C'Pciii^d'P.raem^d'e! 
[+2044 1 ] D ; P, Q 6 Ser n Ded : (go, , a med P , ^ med Q • P ^ ci,Ql, ^ ev • 
[+ 273 - 4 ] D :P,Q6 Ser r\ Ded :(gfl, /9). a med P. y9 med Q.(PP a)smor(Q 
[+271*39] D : P sinor Q D h . Prop 

+276-31. H : P c ^ , P stnor Q . , Q e 6 

Dem. 

b . +271*4 . D h : Psmor Q . g ! No rv med'P . D . g I No rt med'Q 0) 

b . *204-21 . +214-6 . D b : P e Ser n Ded . P smor Q . D . Q e Ser a Ded (2) 

b.(l).(2). +275*1 .3 b. Prop 

+276 32. b : P c ^ . D . ^ = Nr‘P [+275 3-31] 

*276-33. b . ^ e NR [+275-32 . +256-54] 



*276. ON SERIES OF INFINITE SUB-CLASSES OF A SERIES. 


Summary of *276. 

The subject of the present number bears the same relation to 6 as that of 
*274 bears to r,. We shall consider, in the present number, the arrangement 
of all the infinite sub-classes of a series (together with A) by the principle of 
first differences, t.c. the relation ^ 

■^ci D (— Cls induct u «‘A), 

It '“"Sists 

Of with its held limited to terms not belonging to (*276 1 2) It 

will (under a certain hypothesis) contain a part similar to namely P 
with its field limited to complements of finite sub-classes of C*P. Hence 
If e 0, P. will contam an ,, whose field is composed of the complements 

w "’TnT be a median cll of P, 

r oVfi r -Po" Ser, if Pe (*27614), and P, e Ded, if Pefi mfin 

(*27d‘ 4). Hence 


*27641. y X P € (a , P^e 6 

Also, since Pea>.D.Cl‘C'‘H€2^*, and since 
(*27642). This result is important, since it give\ the 


we shall have C‘P^e2*^* 
proposition 


*27643. y . = 2 ^^ 


The proof that P, is Dedekindian if P is an infinite well-ordered series 
IS somewhat complicated. We proceed by proving that every sub-class of 
OP, has a lower limit or a minimum. I„ this proof, we observe first of all 


C‘P = P‘P, . A = B‘P, (*276121). 

Hence C‘P is the lower limit of the null-class, and A is the minimum of t<A • 
also if « 18 any existent^b-class of 0‘P„ other than t‘A, we have 

limin (P«)'« = limin (P,)‘(« - t‘A). 

Hence if we can prove 

« C C‘P, . a ! « . A~ e /e . D, , E ! limin (P«)V (A\ 

we shall have Cl ex-C‘P. C Q^Iimin (P,). 
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whence, by ^|(214'12’14, we shall have P^eDed. Thus we have to prove (A), 
i.e. /cCD^P,.a!^.D..E!limin(Pfl)V, which is *276-39. To prove this 
proposition, consider minp'(s‘« This exists unless «el; it is the 
first term which belongs to some members of k but not to others. Those 
members of k to which it belongs precede (in the order P^) those to which it 

does not belong. Let us call those to which it belongs Tp‘k, so that 

Pp = ^\ |\ = /c n f *minp‘(sV — 

P„'/c = minp*(5‘/f - p*k) Dft, 


Put also 




Dft. 


so that we may put i p 

Then if we put A = (A C « . \ + «), Tp and A fulfil the hypotheses of *258; 
and we have 

A (Pp, «) 6 n. 

The series A (Pp, «) proceeds to smaller and smaller sub-classes of k, of which 
any one, say consists of terms which come earlier (in the order P,) than 
any other sub-class of « not belonging to By *258-231, the series A {Tp, k) 
luis an end, namely 

jt?‘(Pp*A)‘/f, 

If this is not null, it must consist of a single term, which will be the minimum 
of K (*276-33). But if it is null, we proceed as follows. Put 

|(a?^) • e ( Tp*A yK.y:= p*\ n P‘P„'X) Dft. 

Then Ph*k will be the lower limit of k. 

In the first place, we easily prove that, since p‘(Pp*.d)V = A, if 

A€(Pp*A)*«-r‘A. 

and Pp‘X both exist (*276'341). Heuce every member of k has 
predecessors in k, and k has no minimum. In the second place, we show 
that 

X (A (Pp. «)1 /X . a ! ^ . D . (P„‘X) P(P„V) (*276-34*342). 

and that a c X . D . p'X n7‘P„‘X = o n^‘P„'X (#276-353). 

Hence we find that 

X [.4 (Tf , k)| /i . o e /i . D . n P‘P„‘\ = p‘fi r> = ar\ P‘P„‘\ . 

0.p‘\n 'P‘P„‘\ C pV « • 

( p‘p n = p‘\r> P'PJp, 

whence it follows that 

X 6 (Pp*A)‘« - t‘A . D . p‘X P'Pm'X - Pu'* A P'Pm'X, 
whence, by what was stated above, 

\ 6 . a t \ . D . a n P‘P„‘X = P,,'* n (*27 6-364). 
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Again, if ae/f, the product of all the members of {Tp^AYk to which a 
belongs is a member of (Tp^AYk to which a belongs, but if we call this 

product P,„‘\~ea (because, if PjXea, aeTp'X, which is contrary to the 
definition of \). Hence we have 

(*276-36). 

It only remains to prove 

(Pii'/c) P,^ . 3 . (go) .apK. aP,/3 (#276-37 ). 

By the hypothesis, and the definition of we have 

(a^, X).X€ (Tp*AyK .zep'Xn 1^‘P,„‘X - . P^K r^^‘z = /3n Ip'z. 

Since this involves E ! P„‘X, it involves \ + A, hence, by what was stated 
above, it involves 

(a^, X, a) . \ e (rp*A)‘/c . a € \ ^ e a A ^ ^ r> ~P^z. 

Hence ,we obtain a P^z Q a ~P* P^YX, 

A. V n = a n 7‘PJX. 

whence ^r,~P^zCa. 

Hence, by *17011, we have aP^0. 

This completes the proof of P„V = tl (P,)‘* (#276-38). Hence, combining 
he wo cases, we find that * has a minimum if g lp\Tp*Ay.. and a lowef 

~a -P (Tp*A) K. Hence E ! limin {Pyi'x, in either case (#276-39). 

This completes the proof of P^ e Ded if P 6 H infin. 


* 27601 . 

*27602 

* 27603 . 

* 276 - 04 . 

* 27606 , 

* 2761 . 


~ ^ci C (— Cls induct \j t‘A) Df 

A = C a . ^ 4= a) Dft [*276] 

Pm‘X = minp‘(5‘x_p‘x) Dft [*276] 

Tp = X^i j/t = \ A e‘P„‘X) Dft [*276] 

KaX). X^iTpl^A Yk - . 7 = p^X rvpf Pjn‘X\ 

H : aP,/3 . ^ . a. ^ e (CI‘C‘P- Cls induct) 

[*1701 .(*27601)] 


Dft [*276] 


*27611 


* 27612 . 

*276121 


h :: P € n . D aP,^ . = : a. ^ e (Cl'C'P - Cls induct) w t'A : 

i^z) . ^ € o - ^ . a A P‘jr = ^ A P'2 [*251*35 . (*276 01)] 

I- : 0‘P ~ r 1 . 3 . P, = t (_ ^^274-1 7 . #2761 . #170- 1 1 

H : C'P € Cls induct . D . 

r 1 70 u t‘A 

[*170-31‘32‘38 . (*276-01)] 
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*276122. I- : 0 u 1 . D . C‘P, u C^Pe = OVC^P [*276121 . *27417] 

*276123. 1" : C'*P'^e Cls induct . = . g 1 [*2761121] 

*27613. h : 1 . D . Nc'C'P, +e Nc'C'P# = 2 Nc‘c»j> 

[*276122. *116-72] 


*27614. I- : P e n . D , Pa 6 Ser [*25 1 '36 . (*276-01 )] 


*276-2. h : P f o) . D . (C‘P -)“(CI induct'C'P - I'A) c No n med'Ptf 

Dem. 


y . #24-492 . D h . (C"P-)“(C1 induct'O'P- e‘A) am (Cl induct'C'P - i‘A) (1) 
I- . (1 ) . *274-27 . D h : Hp . D . (C"P -)“(CI induct‘(7‘P - t‘A) e K (2) 

h. *200-361. *263-47. D 


h : Hp . aPgff ,Z€a~^.anP*z = ^nP^z,y = (arx P^<z) ^J P^minP(a n P^z ) . 

D . minp‘(« r% PU)j^a ~y,an P'minp*<a n P‘^) = 7 n7‘minp'(a n P'^) . 

^ € 7 - ^ . 7 n P‘z = a n P'2 = n P'^ . CI9 induct . 

[*276-11] 0.aP,y.yP,^ (3^ 

h . *263-47 . D h : Hp (3) . D . C'P - 7 e Cls induct (4) 


h.(3).(4).*27611 .D 

h ; Hp . aPa^ . D . (37) . C'P - 7 e Cls induct . aPa7 . yPg^ (5) 

I- . *120-71 , Transp . D 

I- ; Hp . a 6 Cl induct'C'P - t‘A . D . (C‘P - a)~e Cls induct (6) 

H . (6) . *276-121 . D 1- : Hp . D . (C"P -)»(CI induct'C'P - t'A) C C"Pa (7) 
h. (2). (5). *271-1. (7). DI-. Prop 

The following propositions constitute the proof of 

P 6 ft infm . D . Pa 2 Ded (*276 4). 


*276-3. h : . E ! P„‘X . 3 : a € Tp \ . 

[(*276-03 04)] 


0 €\.P,;j'\6a;P„‘X = min/>‘(«‘X -p‘X) 


*276-301. H:Pcft.XCCl‘C'P-i<A.X~eOwl.D.E!P,/X.ElP/X 
Dem. 

f-.#4012-13. D h :.p‘X = 5‘X . D : o,)9cX. .a«;9 (1) 

I- . (1). Transp . *40'23 . D h : Hp, D . g . 

[*250121] D . E ! min/.‘(«‘« — p'«) Oh. Prop 

*276 302. 1- : E ! P,„'X . D . P„‘X cp‘r/X -p‘X [*276-3] 

*276-303. V.TpdA. {TpU G ^ 

Dem. 

y . *276-3 . D h : ^P^X . D . /i C X (1) 

h . *276-302 . 3 h : X . D . /* + X (2) 

h.(l), (2). *201-18.31-. Prop 


SECTION f] on series OF INFINITE SUB-CLASSES OF A SERIES 


225 


♦276304. 


♦276306. 

♦27631. 


♦27632. h 


Dem. 


y . tjr[ A {Tp^ /c){ \ . D , /i C \ . p*\ C p‘p, , /j.^ \ , p‘\ ^ p*^ 
[♦276-302-303] 

A (Tp,K)€n [¥258-201 . *276-303] 

P 6 n . a ! \ . X c C\‘C‘P - A . X ~ e DTp . D . 

W 

A. e 1 . = p*\ = t‘A. [♦276'301 , TranspJ 

. Pen .\~e0 w 1 , XCD^Pg. D: 

>*✓ 

Pm‘A e p‘Tp‘\ - p‘X : Q e X . D. . o A P‘F„‘\ = p‘\ a 1p‘ P„‘X 


H 

I- 


>-.*276 301. DI-;Hp 
[*276-302] 

l-.(l).*276-3.DI-:Hp 
I- . (2) . (3) . D h . Prop 


3 . E ! 7V‘X . E ! P„‘X . 

^ . P m*A € p^Pp*\ — p*\ 

:> . P‘P„‘x A «‘x = P‘P„‘x A p‘\ 


( 1 ) 

( 2 ) 

(3) 


*276-321. h : Hp *276 32 . a 6 Pp'X . /3 . X - Pyx . D . aP.yS 
Dem. 


r 3 ^- = Hp • ^ • -P«‘X * a - /3 . a a P‘P„«x = /9 a P‘P„‘X . 

[*276-1 1] 3 . aP,/3 : D f- . Prop 

•276-322. h : Hp *276 32 • . (Pp*4)‘X . a e ^ ^ e X - ^ . D . aP. « 

Dem. 

K*40-23..P:.pC(P,*ayx.aIp:,ep..r,.^rX-,.D,.,.<.P.^O: 

P . (1) . *276-321 . *258-241 . 3 h . Prop ^ ^ ~-P‘P • (1) 

*TI'. '■ = “P a ' • l‘p‘(rr.*^)‘X = „,io (P.).X 

P . *276-31 . *258-231 . 3 I- : Hp . D . p<(P,*a)-X r 1 ,, , 

K\l)\7rrKProp " = (^) 

♦276*331. 

♦27634. 

Dem. 


R. A w. III. 


P : Hp *276-32 . g ! p‘(Pr*^)<x . D . E - „in (P,y^ [*276 33] 
P : Hp *276-32 . ^TpX . ppD-Tp p 

P . *276-3 . D h : Hp . D . P„-x = „,ioy(px _ 

. ♦276-3-304 . D I- : Hp . D . ^ (s^X - p^x) 

l“. ♦276*302. DI“:Hd P . tT 

P.(l).(2).(3).D|-.Prop 


( 1 ) 

( 2 ) 

(3) 
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*276-341. h Hp *276 32 . p^{Tp*A )‘\ = A . D : 

Pm {Tp^ttAyxC P*‘P^n**(Tp¥f^Ayx . P„,“(7V*-4)*^ ~ e Cls induct : 

P €{Tp*A yx - PA . . E ! , E ! P^^p 

Dem. 

1- . *258-231 . *276-301 . D 

I- :. Hp . D : m - i‘p‘{Tp*Ayx . D . E ! Tp‘p . E ! : 

[*276'34.Hp] (i) 

h . ( 1 ) • *26 1 '20 . Tratisp , D h . Prop 

♦276 342. h : Hp^276 341 . \ (^1 (Tp, /r)l . E ! P„‘p . D . (1\‘\) P(P,„‘p) 
Dem. 

h. #276-3. D 

I- :: Hp : p C (Pf ^4 )‘/t . 51 ! p . a ! p‘p ■ D P^'p'p r s‘p‘p - p‘p‘p :. 

[♦40 11 ] ] D (a«) .aep'p. P„‘p‘p e a : (30) . a e p‘p . P„‘p‘p ~ e a 
[♦401.^1 1’26] D:.X e p.D* :(aa). a e X . P„'p‘pea : (30 ) . ae \ . P,„‘p‘p~6a 
[♦40111] 3:.Xep . D* . P,„‘p‘pe(s<X -p<X) (1) 

l-.(l).^276 302.Dt-:. HpCD.D: 

Tp‘X f p . X 6 p . D, . P„‘X e p‘Tp‘X . PJp'p ~€p‘Tp‘X : 

[♦1312] D:P/X€p.X 6p.D,.P„‘X + P,„‘p‘p (2) 

I- . ( 1 ) . (2) . ♦276-3 . D h : Hp ( 1 ) . Tp‘X e p . X r p . D . (P„‘x) P (P„‘p‘p) (3) 

h . (3) . ♦276-34 . ♦2.58 241 .31-. Prop 

♦276-36. P :. P e n . AC C D'P,, . 3 ! « . p‘(Tp*A )'*: = A . 3 : 

X € (Pr^^)'* - l‘A . 3 . PJX e p‘Tp‘X n 'P‘P„'Tp‘X 

Dem. 

P. ♦276-341 .3P: Hp . X e - (‘A . 3 . E ! Ppx . 

[♦276-302-34] 3 . P,„‘X e p'TpX r. 'P'PJTp'X : 3 P . Prop 

♦276-361. P : Hp ♦276 35 . 3 . PJ‘(Tp*A)‘k C Pu‘k 
Dem. 

P. ♦276-3. 3P.~E!P„‘A (I) 

P . ♦276-35 . (♦276-05) . 3 P : Hp . X r ( P,^ A - PA . 3 . P„‘X f Pu'ac (2) 
f- . (1) . (2) . D h . Prop 

#276'352. !■: Hp *276’35 . D . c induct [*276*351-341] 

#276-363. I- : Hp #276-35 . X c (7’p#A)V . X [A {Tp, «)| . a f /* . D . 

p‘X n P‘P„‘X = p‘p n P‘P„‘X = a A P'Pm'X 

Dem. 

P. ♦276-304. 3 P:Hp.3.a£X 

P . ♦276-35-31 . Transp . 3 P : Hp . 3 . E ! P„‘X . X~ £ 0 w 1_^ (2) 

P.(l). (2). ♦276-32, 3 P : Hp . 3 . p‘X r. P‘P„‘X = a n P‘Pm‘^- (3) 
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t-.(3).DI-:.Hp.D:/9e/i.D^.ar, = 0n ( 4 ) 

H.(+).Dt-:Hp.D.on P‘P„‘A. = p‘fi r, ( 5 ) 

H . (3) . (5) . D I- . Prop 

*276-364. I- : Hp *276-35 . X r (Pr* ^ ) V . a e x . D . 

P„‘* n = p‘\ n P‘P„‘X = a n P‘P„‘X 

Vem. 

. *276 353 . D h : Hp . g ! ^ . \ (^ (Tp, >t)l /x . D . 

^•(7'Vn7->‘P„‘^)„P<P„<XCp‘Xnl“‘P„‘X (1) 
I- .*276-353 ■ 3 I- : Hp ./i 1^ (Pp,k)| X . D . /) V '' -P'PmV = p‘X n 

[*276-342] Cp‘\r^'p‘Pj\ (2) 

f-.(l). (2). *276-305.3 

:Hp . 6 (r,*^)V - i‘A . 3 .(pV^'P'P™ V) « P‘Pm‘X C jo'X P‘P„‘X (3) 

t- . (3) . *276-32 . (*276-05) . 3 f- . Prop 

*27^366. h : Hp*276 35 . a € * . 3 . (gX) . X e (Pp*A)‘k . a e X . P„‘X ~ e a 

Dem. 

f- . *401 . D f- Hp , D : (gX) , X e (^p*^ //c . a € X : 

[*276-305] D : (3X) : X e (7^*^)^ . 0 ~ e X : /* (xl {Tp, /c)) X , . a € /x (1) 

L ' :• M ( A (7’r , «)) X . 3, . a 6 ^ : X = p‘T(t^kY\ : 3 . a e X (2) 

r • (1) . (2) . Transp . D 

nHp.3.(aX,/i).^,Xc(rp*A)‘/<:.X= PpV-0 £M-“~fX. 

[*276-3] 3 . (a/r) . e(Tp*A YK.ae/i. P„‘p. « a : 3 h . Prop 

*276 36. I- : Hp *276 35 . a e « . 3 . (Pu‘/c) P,a 

Dem. 

H .*276*351-3o5-354. D 

r*276'^35^9l’ - “ • A>‘*pP‘P„‘X = a p P‘P,„‘X . 

[*276 352] 3 . (P„‘*) P,a : 3 h . Prop 

*276-361. h : Hp *276-35 . 3 . « C P,‘Pti‘« [*276 36] 

^ = “P . 3 . (aa) . a e * . aP,;3 

K*276-11.3h:Hp.3.(a^).^eP.,‘*-;3.Pu‘«pP‘z = ;9„A. 

[(*276 05)] 3 . _ X €(Pp*A)‘k . a e^‘x nP‘P^‘\ _ ^ _ 

[*276-354] 3.f-aa.X.a^.X.^7’,*>l^. A,‘* - P‘a = ^ „ A . 


[Fiict.*276-304] 

[*17011] 


^ • (a-^) . ^ e P ti'* - ^ ^ P^z = ^ nP^z . 

^ ' (ha - X €(Tp*^)V , ^ €^‘X n^‘Ppj<x — ^ . 

. Pi\'t<^^~P*z = Bf\~P^z 

^ ■ (a^, X, a) , X € {Tp=i^A Yk .a,e \ , z € a. — ^ , 

P‘z C P‘P„‘X^a P P‘P,„‘X = /9 n ?‘P„‘X 

^■(a^.“).<«e't.«fa-;8.j3p ^‘a c a . 

3 • (go) ■ ae*. aP,/9 : 3 I- . Prop 
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*276-38. I- : P € n . « C D‘P, . g ! « . p\TpifAyK = A , D . = tl {P^Yk 

[*276*361-37] 

*276-381. I- : P € n , « C D'P^ , a ! «: . p\Tp*AYK = A . D . E ! tl {P^Yk 

[*276-38] 


*276-39. h : Pell . « C D'P^. a ! /c . D . E ! limin (Pa)V [*276-331*381] 

In the following proposition, the only reason why P has lo be infinite is 
in order that P^ may exist ; for “ Ded ” was so defined as to exclude A. 


*276-4. I- : P e n infin . D . P« e Ded 
Dem. 


f-.*276 121 .*207-3. *205-18. Dh: Hp. D, limiiip'A = C‘P. limiiipV'A- A 
h . *206 7 . D I- : Hp . k C C'P^ . A e it . « =(= ^ • 

prec (P«)V = prec (Pe)‘(« - l*A) 
h . *205*192 . D h : Hp(2) . D . min {P^Yf^ = min (Pe)‘(* — t‘A) 


f- . (2) . (3) . D h : Hp(2) , 0 . limin (P*)V = limin (Pe)‘(« — PA ) . 
[*276-39] D . E ! limin (P,)‘* 

H . (1) . (4) . *276-39 . D h Hp . D : * C C^P, . D. . E I limin (P,)V ; 
[*214-12*14] D : P,e Ded D I- . Prop 


(1) 

( 2 ) 

(3) 

(4) 


*276-41. h : P c w . D . P, e ^ [*276-2*4 14 . *275 1] 

*276*42. I- : P c a> . D . C‘P, e 2^o 
Dem. 

1- . *276*13 . *274-27 . D h : Hp . D . Nc'C'P, +« N* = 2»> (1) 

h . *276-2 . D h : Hp . D . (a/i) . Nc'C'P# = 

[*123-421] D . Nc'C'P, +, N, = Nc'C'P, (2) 

h . (1) . (2) . D h . Prop 


*276-43. V .0**6 ^2^ 

Dem. 

V . *276-42-41 .3l-;a!6>.3.a! 0**6 a 28. . 
[*100-42.*275-33.*152*71] D . 0**6 = 28- (1) 

I- . *275*1 1 . *263-101 .Dl-:fi> = A.D.^ = A (2) 

I- . *263*101 . *1 16*204 . D h : iw = A . D . 28o = A (3) 

h.(2).(3). DI-:® = A.D.C»^=28 o (4) 

h.(l).(4).DI-.Prop 

The propositions proved in the present number are capable of being to 
some extent generalized. Also we can prove 

(- , ^ = (6>exprw) + l* 
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For this purpose, we prove first that if P, Q are well-ordered series, is 
Dedekindian (except that if ^ E ! has no last term); t.e. we prove 

P. Q6n.D:\CC‘P<^,g[!\,Dx.E! limin (P^/X. 

For this purpose, assuming X C *31^. 

Q, rt‘X = min(^‘p(s‘X‘y~eO w 1), 

Tp*\ = \f\Af j^/‘Qm‘X = inin/>‘s'X‘Q„‘X), 

A = C X . /i 4= ^). 

(PQ)‘X = s*N ((a;x) . fx e{Tp*Ay \ . N = (pV) 

We can then show, by steps closely analogous to those in the proof of P^eDed, 
that we have 


3 I p*(Tp*Ay \ . :> .'lYiTp^Ayx = min (P‘^)‘X. 
^’A'*P*(Tp*Ay \ . D . (PQ)‘X = prec (P«)‘X, 
whence, in either case, E ! limin (7^)‘X. 

Hence we have 

h : P. Q e n . E ! B*P . D . P« e Ded. 

H : P, Q e n . ~ E ! B^P , Z e C'P^ . D . P« ,^6 Ded. 

We have therefore h . exp^ aj) + i C Ded. 

We now have to prove 

Q e (o) exp^ a>) -i- i . D . a ! n nied'Q. 

For this purpose, it will be sufficient to prove 

P e Q) . D . a ! No A rned‘(P'’). 

The No m i^uestion will be the class of those members of C‘(P^) in which, 

from a certain point onward, the correlate of every member of C‘P is P'P. 
W^'e have 


Af (P^) N ,^xM,Ne (C'P f C^P^'C' P : 


Now consider the relation 


(3^) • ^ c C*P . Af I^P'a: = N\P‘x . (M^x)P{N^x). 


L = P^‘x K>yl P,‘x «a (i‘B‘P) t P‘P,‘x, 
where (Af‘P/a;) Py, 

Then M (Pi") L . L(P’‘) N. Also L has for the correlate of every term 

after P,‘x. ^Hence it is determined by the correlates of the terms up to and 
rektfjns^ consider the class of 

f^ = X |(a«) . Z e (l‘P . X el CIs . =~P^‘z . D‘X C C‘P\. 
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If X €fiy X I P'max/.'Q'A’ is a member of C^P^. We have there- 

fore only to show that fi e Ko- 

To show that /i€No,we observe that if X e D*X and Q'X are both 
inductive classes; hence each has a maximum. Let X and X' be two 
members of )i, and let us put 

cc = max/D‘A' . of = maxp'D'A’'. y = maxp'G'Z . y' = maxp'Q‘jr'. 

If X = fip and y = vp, put x -Vpy — {y, -\-^v)p. Then put X before X' if 
(x •\‘py)P{3/ +py'), or if a: -l-py = x -\-py . yP^. But if x-\-py = x -\-py and 
y= y', i.e. if x = x\y = y\ take the immediate predecessors of x, y, x\ y' in 
Q.*X, D*X', (1*X' respectively, and apply the same tests to them, and 
so on, until we come to a difference. In this way, we obtain an arrangement 
by last differences (in a slightly extended sense), and this arrangement is 
easily shown to be an o). Hence /xeNo- Hence the class 

= 7 l(a^) . X € M . 7 = X u (PB^P) t P‘maxp‘a‘A:i 

is an Ko, and we have already shown that it is a median class of C*P^. 
Hence 

l-:Pe&).D.gIKon med‘(P0. 

The same class will be a median class of P^ Z, if Zf^eC^P^. Hence 

I- : P e o) . - e . D , g ! No n i^d\P^ Z). 

Hence, by what was proved earlier, 

hiPetD.Zr^e C*P^ .0 ,iP^-{^Z)€e, 
i.e. f- . (a> exp, 6>) -f i — 
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SUMMARY OF PART VI. 


The purpose of this Part is to explain the kinds of applications of 
numbers which may be called measuremeni. For this purpose, we have 
first to consider generalizations of numbei. The numbers dealt with hitherto 
have been only integers (cardinal or onlinal); accordingly, in Section A, we 
consider positive and negative integers, ratios, and real numbers. (Complex 
numbers are dealt with later, under geometry, because they do not form 
a one-dimensional series.) 

In Section B, we deal with what may be called “kinds” of quantity: 
thus e.g. masses, spatial distances, velocities, each form one kind of quantity. 
We consider each kind of quantity as what may be called a “ vector-family,” 
i.e. a class of one-one relations all having the same converse domain, and all 
having their domain contained in their converse domain. In such a case as 
spatial distances, the applicability of this view is obvious; in such a case 
as masses, the view becomes applicable by considering eg. one gramme 
as + one gramme, i.e. as the relation of a mass m to a mass m when m 
exceeds vi' by one gramme. What is commonly called simply one gramme 
will then be the mass which has the relation -I- one gramme to the zero 
of mass. The reasons for treating quantities as vectors will be explained in 
Section B. Various different kinds of vector-families will be considered, the 
object being to obtain families whose members are capable of measurement 
either by means of ratios or by means of real numbers. 

Section C is concerned with measurement, i.e. with the discovery of 
ratios, or of the relations expressed by real numbers, between the members 
of a vector-family. A family of vectors is measurable if it contains 
a member T (the unit) such that any other member S has to T a relation 
which is either a ratio or a real number. It will be shown that certain 
sorts of vector-families are in this sense measurable, and that measurement 
so defined has the mathematical properties which we expect it to possess. 

Section D deals with cyclic families of vectors, such as angles or elliptic 

straight lines. The theory of measurement as applied to such families 

presents peculiar features, owing to the fact that any number of complete 

revolutions may be added to a vector without altering it. Thus there is not 

a single ratio of two vectors, but many ratios, of which we select one as the 
principal ratio. 

It) 



SECTION A. 


GENERALIZATION OF NUMBER. 

Swmmary of Section A. 

In this section, we first define the series of positive and negative 
integers. If /i is a cardinal, the corresponding positive and negative 
integers are the relations and — e/*, or rather f (NC induct — t‘A) 
and (— 0 /a) ^ (NC induct — fc‘A). (It will be observed that a positive integer 
must not be confounded with the corresponding signless integer, for while 
the former is a relation, the latter is a class of classes.) We next proceed to 
numerically-defined powers of relations, i.e. to R*', where v is an inductive 
cardinal. We have already defined R^ and R*, but for the definition of ratio 
it is important to define i?" generally. If e 1 — > I . i?po G */, we shall have 

R*' — Ry,. SLnd if i^cSer, we shall have (R^Y^R,. But these equations do 
not hold in general, and in particular RG I and v + 0, R''^R but = A. 
After a number devoted to relative primes, we proceed to the definition 
of signless ratios, thence to the multiplication and addition of signless ratios, 
thence to negative ratios, and thence to the generalized addition and 
multiplication which includes negative ratios. (In the case of ratios, signless 
ratios are identical with positive ratios. This is possible because signless 
ratios, unlike signless integers, are already relations.) We then proceed 
to the definition of real numbers, positive and negative, and to the addition 
and multiplication of real numbers. At each stage, we prove the com- 
mutative, associative, and distributive laws, and whatever else may seem 
necessary, for the particular kind of addition and multiplication in question. 

Great difficulties are caused, in this section, by the existence-theorems 
and the question of types. These difficulties disappear if the axiom of 
infinity is aasumed, but it seems improper to make the theory of (say) 2/3 
depend upon the assumption that the number of objects in the universe 
is not finite. We have, accordingly, taken pains not to make this 
assumption, except where, as in the theory of real numbers, it is really 
essential, and not merely convenient. When the axiom of infinity is 
required, it is alwaya explicitly stated in the hypothesis, so that our 
propositions, as enunciated, are true even if the axiom of infinity is false. 



*300. POSITIVE AND NEGATIVE INTEGERS, AND NUMERICAL 

RELATIONS. 


Summary of *300. 

In this number, we introduce three definitions. \Ve first ilefine “U” as 
meaning the relation which holds between and whenever ^ and v 

are existent inductive cardinals of the same type, and i^ + O, and /z +o i' exists 
in this type. Thus U is the relation “ greater than ” confined to existent 
inductive cardinals of the same type. The definition is : 


*300 01. U = (+, 1)^ I (NC induct - A) Df 

Then^if (j, is an inductive cardinal which exists in the type in que.stion. 

and are the corresponding positive and negative integers, where * Uf' 
has the meaning defined in *121. It will be observed that so th"at 

exists, when ^ exists in the type in question. We prove (*30015) that 
U is a series, and (*30014) that its field consists of all existent inductive 
cardinals of the type in question, its domain consists of all its field except 0. 
and Its converse domain of all its field except the greatest (if any). If the 
axiom of infinity holds, C^U consists of all inductive cardinals. 

It will be observed that U arranges the inductive cardinals in descending 
order of magnitude. The reason for choosing this order instead of the 
converse is that U" is less required in its serial use than as leading to the 
functional relations As explained at the end of Part I, Section D. there 
IS a broad difference between functional and serial relations, and this 
produces, where one relation (or its derivatives} is to liave both uses a 
certain conflict of convenience as to the se/we in which the relation is to be 
taken. Considered as arranging the integers in a series. J/ would naturally 

of magnitude, as was 

done with -iV. * 123 , But considered as functional relatLs, it is more 
convenient ajid more natural to take (say) +„ 1 as the relation to start with. 

“t- •' + 0 1. -e want 

v-v+.l , and this requires the definition of {/given above. 

is eilirr! number (»300'23) that O’ is well-ordered, and (*300-21-22) 
finite or a progression. We also prove (*30017 18) that, if is any 
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typically indefinite inductive cardinal, ^ and /i+cl will belong to C*U if U 
is taken in a sufficiently high type. 

Our other two definitions in this number define two clas.ses of relations 
wliich are of vital importance in the theory of ratio. We define nurnericul 
relations, which are called “ Rel num," as one-one relations whose powers are 
all contained in diversity, i.e. we put 

#30002. Rel num = (l -► 1) ^ ^(Pot‘/? C Rl'./) Df 

We thus have (#300*3) 

: ReKe\ nuni . - . /i c 1 1 . /?„„ G J. 

It will be remembered that the hypothesis /?6(Cls-> l)u(l-fCls).7?poG./ 
played a great part in *121, and in all later work which depended upon #121. 

When both R and R fulfil this hypothesis, we have /? e Rel num, and 
vice versa. \Vc prove (*300'44) that if a is an inductive cardinal not zero, 

and P is a scries, then P^ is n numerical relation, and so is P^. If P is an 

endless well-ordered scries, finid*/" {i.e. the class of relations P^) is what 

(in Section B) we shall call a vector-family: P^ is the vector which carries 
a term a steps along the series. 

In order to be able to deal with zero, we have to consider the application 
of ratios, not only to such relations as are numerical in the above sense, 
but also to relations contained in identity, because a relation contained 
in identity may be regarded as a zero vector, so that {e.g.) if P is a 
series, I \ C*P will have a zero ratio to P^ if <t is an imluctivc cardinal 
other than 0. 

We therefore introduce a class '‘Rel nuin irl ” consisting of numerical 
relations together with such as are contained in identity: these may be called 
numerical or identical relations. They may be defined as one-one relations 
whose pow'ers, other than are contained in diversity, because, if RCP 
there are no powers other than /?„. Thus we put 

#30003- Rel num id = ( 1 -> 1 ) n R (Potid‘/e - t‘7io C Rl‘./) Df 
and we then prove 

*300'33. H . Ret num id = Rl'/ w Rel num 

P’or the application of ratio, it is important to know under what circum- 
stances there exists a numerical relation R such that Rg is not null. We 
prove (*300*45) that if <r is an inductive cardinal, and P is a series of 

terms, then {B*P) P^ilPP). Now we also prove (#300 44) that if 
P is a series, and R—P^, Pa= R„ and R is a numerical relation. Hence 
it follows, by #262*211, that if o- 4 ® ^"d a is a class of -4c I terms, there is 
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a numerical relation R whose field is of the same type as a and for which 
exists. Remembering *300 14 (quoted above), this proposition is: 

*300*46. h : o- e a* (/ - i‘0 . D . 

(aP, P) . P e (cr +„ 1 ), . P = P, . P € Rel num . VC^R = . (P‘P) P, (P‘P) 

We have conversely (*300'47) 

h : PeRel num . g ! P, . D . o- e NC ind . a ! (o- 1) a <‘C‘P . a n i^C^Rei-VU, 

where " NC ind ” has the meaning defined in *126, i.e. " a e NC ind ” means 
that <r is a typically indefinite cardinal. 

The number ends by propositions proving (*300*52) that P*, is a 
numerical relation, that (*300*57) 

3 * ^ ( P,)m ^ i C*U . ^ y.^.v = t) ft., 

and analogous theorems. 


*30001. 

*30002. 

*30003. 

*300*1. 

*30011, 


*30012. 


*30013. 

*30014. 


*30016. 

*30016. 

Dem. 


^ = (+0 l)iK) C (NC induct — f‘A) Df 

Rel num = (1 1) n P (Pot'P C RPJ) Df 

Rel num id = (1 1) n P(Potid‘P - PP, C RPJ) Df 

h : fj.Uv . = . ;i(+^ l)po»' • V e NC induct - PA f(*300 01)] 
h :• fj.Uv . s ; 

/i, NC induct - j‘A : (gX) . X. e NC induct - i‘0 . = 1/ +„ X : 

= : /i, :/ € NC induct - i‘A : (gX) .X + 0./i = v+„X: 

= : »' e NC induct - i‘A : (gX) . X e NC - i‘0 . = k +„ X 

[*3001 . *120-42-428-462-452 . *U0'4] 

)■ •• iiUv . = ./i, i/eNC induct — t‘A . n < ^ . 

= . /A, v € NC induct - v < /i . 

= . fie NC induct .v<^fi 

[*30011 . *117*3 . *120*42 , *117*26 . *110*6 . *117*15 . *120*48] 

V .U<IJ [*30012, *117*42] 

[- . C‘ = NC induct - (‘A . D‘ (;■ = NC induct - i‘A - t‘0 . 

a* £/ = NC induct « 2 (a ! ■- +e 1) = ? (,, +, 1 e NC induct - t‘A) . 

[*300*12 . *117*511 .*120*122 . *101*241 ,*120*429*422] 

h, P'eSer [*300*13 . *120*441] 

h : a e Cls induct , D . N„c‘a eC^Ur^ . N^c^a eC\Ul P‘a) 


h 

h 

h 

h 


*120-21 . D h : Hp . D , Noc'o e NC ind 

*103*13.DI-,Noc‘a4A 

*103*ll.Dh,Noc‘aeP‘a 

(l),(2),(3).*300-14.DI-.Prop 


( 1 ) 

(2) 

( 3 ) 
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*30017. h : /leNC ind . D . (ga ) . fint^aeC^U , t'*a) 

Dem. 

h . *1261 . 0 \- 1 Hp , D , (ga) . oeCls induct ./i = Nc'a . g !/* . 

[*103-34] D . (ga) . acCIs induct . /i a = Noc'a (1) 

I- . (1) ,*30016 . D I- : Hp . D . (ga ) , fif\t*aeG*U . (2) 

[*65-13] D.(ga).;x€C"C^./iC^‘a. 

[*63-5] D.(ga)./icC‘fr,/4e^«a (3) 

H.(2).(3).DI-,Prop 

*300-18. h : ;x € NO ind . D . 

(g^) . 2*^ 6 C%Ul . (/i +, 1) n t*a e C^U , ^ ^ a\U 
[*126-13-15. *300-17-14] 

*300-181. l-:/i6NCind.;ine*ae(7‘t7.D. 

2-^ n i»a f C* 77 . (/I I ) a t«a e C" 77 . ^ n e a‘C7 

[*126-23. *300-14] 


*300-2. y : In6n ax . D . U — N 


no 


Here N has the meaning defined in *263 02. 

Dem. 

I- . *3001 . *1251 . D I- :. Hp . D : fiUv . = . /t, v e NC.induct . /* (+o l)po v 
[*120-1. *91 -574] = . i/(+o 1)*0 . ^(+0 l)poi;. 

[*96-13] =.^((+.l)r(^7n*‘01p<,v. 

[(*263'02,*120-01)] = . D H . Prop 

*300-21. I- : Infin ax . D . 17f o) [*300-2 . *263 1 2] 


*30022, 

Dem. 


h ; Infin ax . D . 776 0 induct 

h . *12516-24 . Transp . 3 H : Hp .C*U e CIs induct 
h . (1) . *300-15 . *261-32 . D I- . Prop 


( 1 ) 


*30023. l-.77en [*300*21-22] 

*300-231. H : /i77, i/ . = . /i, e NC induct — t'A ./i = v +o 1 • 

= ./ic NC induct — i‘A . /a* +o 1 . 

= . NC induct — i‘A — t'O . = # 1 . 

s . »/ e NC induct — t‘A . v = ^ 1 

Dem. 

h. *3001512. *201-63. D 


I- :. /i77, 1/ . s 
[#120-429] = 
[*117-25] = 


fi,P€ NC induct — t‘A . v < fJi • (g\) ,v<\ 

/t. p € NC induct — t‘A .i/</i:i/+ol^M'7* 
/A, 1 / e NC induct — t'A . = p +« 1 


I'+ol 


0 ) 


h . (1) . *120-422 424-423 . D h . Prop 
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*300 232. H : /i e NC induct . D . 

= (+o/i) t (NC induct — i*A ) . = (— ^ fi) I (NC induct — / ‘A) 

For the definition of see *12102. 

Dem. 

h . *121 '302 . *300*15 , 0 \- : pUo <r . = . <t e G* U , p — a , 

[*30014.*110'6] = , p,<T e NC induct — GA . p — a -\-^0 (1) 

h . *260-22*28 . *121*332 . D 

: U^ = (+op.) I (NC induct — t‘A) . D . — (+o/x) t (NC induct — GA) | Ui 

[*300*231] - (+o/^) t (NC induct - i‘A) I (+,l)t:(NC induct -(‘A) 

[*120-45*452] [:(NC induct -t‘A) (2) 

h . ( 1 ) . (2) . Induct . D h , Prop 

*300*24. h : /!€ NC induct . D . U^*p, = NC induct r\u{v^p.) 

[*300*232. *117*31 .*120*45] 

*300*26. h : /i € NC induct . D , 

B*U^= U*p, = NC induct n 0 (i' •< ^) = U {0 p,) 

[*300*232*2412] 

*300*26. H : /i€ C'f/. = ./iC7^0 . = . a ! U^l(C^U) [*300*232*14 . *110*6] 

Here the p in “ is of higher type than the p in " peC^U’’ because 
the interval U {0 p) is composed of members each of which is of the same 
type as p. 

*3003. H:ie€Relnum. = .i2€l-»l .iep^C e 1->1 . Pot'ii C Rpy 

[(*30002)] 

*300*31. h : R € Rel num id . = . i? € 1 -> l . Potid'i? - C RPJ 

[(*300*03)] 


*300*311. l-:RG/. = . jK„ = i2. = .i2 = /|^C"R 
Dem. 


I-. •2011.318. ZiVuRdl .:i-.xeC‘R.-^.R^‘xnR^<x = i‘x 
H. (1). •12111 . 31- D./l-C'ieCiJo. 

[*121-3] 3 . ie. = / [■ C'iJ . 

[*’12-92] :i.R. = R = I\C‘R 

I-. •121-3. 3l-:iJ„=ii.3.iJC/ 

I- . (2) . (3) .31-. Prop 


( 1 ) 

( 2 ) 

(3) 


•300-312. y-.RQI.H. Potid'Jl = i‘R = i‘R^ [•300-311 . ^50-72 . Induct] 

•300 313. I- : € Rel num id . 3 . iJ* G [•300 31 . •Ol-SS] 
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^|f300’32. I- : /? e Rel nura id . D . /?o = / C*R 
Dem. 

1- . *91-35 . D h . / I" e Potid^i? - R1 ex*J (1) 

F. (I). *300 31 .DF.Prop 

*300321. F : K e Rel niim id . R + iij • ^ • -K Cty, g ! i? [*300-31] 

*300 322. F : R G n R(, = A 

Devi. 

F . *121-3 . D F : xRpoy . a:4=y . D . '^(xR^y) (1) 

F . *50 24 , D F Hp . D : (xRx ) : (2) 

[*91-o7] D ixRp^x. D .a:(Rpo| R)a:. 

[*121-103.(2)] D . R(^ HH x)=|= £‘x. 

[*121 'll] D,~(a:Roa:) (3) 

F . (1) . (3) . D F . Prop 

*300 323. F : R c Rel num id . R 4= Ro . D . Rpo G J , 

Dem. 

F . *300-321-322 .DF:Hp.D.RponRo=A. 

[*300-32] D . Rpo n / r C‘R = A : D F . Prop 


*300 324. F R € Rel nnm id.DiRG/.v.Rc Rel num 
Dem. 

F. *300-311-323. D F:. Hp . D : R G/. v , Rpo G ./ (1) 

F . *300 32 . D F : R € Rel num id . Rpo G */, D . Potid'R— t‘Ro=Pot‘R (2) 

F . (2) . *300-31 . D F : R 6 Rel num id . Rpo G / . D . Pot'R C R1 V (3) 

F. (1). (3). *300-3. DF. Prop 

*300 326. F : R G / . D . R 6 Rel num id 
Dem. 

F . *300-312 . D F : Hp . D . Potid'R - t'R^ = A (1) 

F.(l). *300-31. DF, Prop 

*300 326. F ; R c Rel num . D . R € Rel num id 
Dem. 

F . *1 21 -3 . *300 3 . 3 F : Hp . D . Ro - e Pot'R (1 ) 

F . *121-302 . *300-3 . D F : Hp . D . Ro = / [ (7'R (2) 

F . (1 ) . (2) . *91 -35 . D F : Hp . D . Potid'R - t'Ro = Pot‘R (3) 

F. (3). #300-3-31. DF. Prop 

*300-33. F . Rel num id = RP/ w Rel num [*300-324-325-326] 

*300 34. F . A e Rel num [*300 3 . *72'1] 

*300-4. F . Rel num = Cnv‘'Rel num [*300 3 . *91*522] 

*300*41. F . Rel num id = Cnv“Rel num id [*300*31 . *91*521] 
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*300 42. h : Re Rel num . D . Pot^i? C Rel nura 


Dem. 


h. *91-6 . *92102. D 


I- : i? e Rel num . P e ?ot*R . D . P e 1 -> 1 . Pot'P C RP/ 
[*300 3] D . P e Rel num OH. Prop 

*300 43. h : P e Rel num id . D . Potid'P C Rel num id 
Dem. 


h . *300*325-312 . D h : P G / , D . Potid'P C Rel num Id (1) 

H . *300 325 . D f- . / [“ C'P e Rel num id (2) 

H . (2) . *300‘42'326 . D h : P e Rel num . D . Potid'P C Rel num id (3) 

H. (1). (3). •300-33. Dh. Prop 
*300-44. h P c Ser . (T € NC ind . D : 

_ ^ num id:<r:^0.D.P, = (P,)„ . P,, P, e Kel num 

Bern. 

y . *121-302 . *300-325 • 3 1- : Hp . = 0 . D . P„ P, e Rel num id (1) 

1-. *260-28. Dt-:Hp. 0-4=0. D.P, = (P,), (2) 

I- . *300-3 . *260-22 . D h Hp . D : P. * Rel num : 

[*121 -5. *,300-42] D : <r4=0 . D . (P.),6 Rel num . 

[(2).*300-4] 3 , ^ ^3^ 

l-.(l).(2).(3).DI-.Prop 

*300-45. I- :<^€NCind.Pe(o-+„l),. D.(B‘P)P,(fi‘P) 

For the deHnition of (o- +„ 1)„ see *262 03. 

Dem. 

t-. *262-12. DI-:Hp.D.Pen.C‘Peo-+„l.. 

[*202-181. *26 1-24] D . (P‘P) p. ^B‘P) Oh. Prop 

*300 46. l-taea'P-i'O.D. 

(gP. JS) . P c (o- +„ 1)^ . p = P, . p e Rel num . t‘C‘R = t„‘o- . (P‘P) P„ ( B‘ P) 
Dem. 

H - *300 14 . D H ; Hp , D . (ga) . o e Cls induct - i'a = . a € o- + 1 

[*262-211] ^ ■ 

[*• 00 45] ^ ^ (aP) . Pe(<T +0 l)r . PC^P — . (P‘P)P (B*lp\ 

t‘G‘R = t,‘c- . {B‘R) p, (P‘P) : D I- . Prop 


[*262-211] 

[*300-45] 

[*300-44.*26l-22] 


B. A w. HI. 
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*300 47. h : € Rel num 

o-f NCiDd.a!(<r+, \) rst'G*R . ff f\i^G^R€G.^U. 

Dem. 

t- , *121*11 . D I- : Hp , D . (gir.y). R {x y) e <t \ . 

[*12146] D . (T+o 1 eNC ind . g I ((t+o 1) n t*G*R . 

[*120-422.*300 U] D . o- e NC ind . g ! (o- +„ 1) « t'C^R . 

o- n 6 a* I/' :Df-. Prop 

*300-48. I-:J?G/.i;4:0.D.R, = A 

Dem. 

I- . *300-312*311 . *91*55 . D h : R G / . D . i?,,, = / (7‘72 (1) 

h. (1), *121-103. D h : i2G/.D.i2(a:eHy)=C" 72 (2) 

h ,(2) . *12111 . D h 72 G/. D : a:72„y . = . (7‘72 f\ i^xr\ i^yev+^1. 
[*117*222] 3 - V +0 1 ^ Nc't'a: . 

[*1 17-54.*120124] D . »/ +0 1 = 1 - 

[*110*641.*120-311] D../ = 0 (3) 

h . (3) . Transp , D f- , Prop 

*300*481. h : 72 € Rel num id . j/ 0 . D . (72o)^ = A . (72^)o G 72o 
Dem. 

V . *300-32-48 , D I- : Hp . D . (72o). = A (1) 

h , *300-43'32 . D !■ : Hp . D . (72,)o = I\ G*R , . 

[*121*322.*300 32] D.(72,)oG72o (2) 

h,(l).(2).Df-.Prop 

*300'49. h : 72 c Rel num . A ~ e Pot‘72 , D . G*R € Cls induct 
Dem. 

f- . *121*5 . D h Hp , D : i/eNC induct , D . g I 72,. . 

[*121*11] D . g ! (i/ + 0 1) n Cl'C'72 D 1- . Prop 

*300*491. h : (g72) . 72 e Rel num . A~e Pot'72 . D . Infin ax [#300*49] 


*300*6. h . f/i e Rel num 
*300-61. h . 17o € Rel num id 
*300611. H. 


[* 300 - 15 - 44 ] 

[* 300 - 16 * 44 ] 

[* 300 * 21 - 22 . * 263 * 491 ] 


* 300 * 62 . 1- i/teNCind — I'O. D . i/^eRelnum [*300*15-44] 

*300-63. H . (Xo 1) t C"l/ c Rel num id [*300*325 . *113-621] 

*300*64. h : Infin ax ./te D‘27 — t‘l . D . (x^/i.) f eRel num 
Dem. 

H. •120-51. 3h:Hp.D.(x„/*)CD‘J^el-»l (1) 

(- , •126-61 . •113-621 . D I- Hp . 3 : p ((x,^) C D‘{7) <7 . D . p><»- : 
[•117-47-42] D:((Xop)tD‘£/')p.,ey (2) 

I- . (1) . (2) . •300-3 . D f- . Prop 
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*300-66. h : a ! A i?, . D .g ! {p n t^C^R , p = a [*121 11 . *120 31] 


*300-661. H : a I n ~ . a ! . ^ = o- 


[*300*55] 




*300-662. I- : « 6 Rel num . D . (R^), C Rf 
Dem. 

[-. *121-36 . D I- : Hp . f, 1 / 6 NC ind - £‘0 . D . (R(), = R(^,. 

y . *300-481 .DI-:Hp.f = 0.,. + 0.D. (,R(), = A 

I- . *300 32-31 1 . *113-602 .DI-:Hp.? = 0../ = 0.D. (R^). = R(^,, 

y . *300-481 . *1 13-602 . DI-:Hp.f 4 = 0 .>/ = 0 .D.(Rf),Giitx,, 

t- . *300-47 . D H : Hp . ~(f, ,/6NC iud) . D . {R(), = A 

l-.(l).(2).(3).(4).(5).Dt-.Prop 


( 1 ) 

(2) 

(3) 

(4) 

(5) 


*300-66. I- : ij e Rel uutn . g ! (Rf), n (R,)^ . D . 

f Xa‘' = V t‘C‘R e Q‘t7 


Dem. 


( 1 ) 


h . *300-552 . D h : Hp . D . a ! R^,,, n 
1- . (1) . *300-55 . D I- . Prop 

*300 67. l-:a!(£7r),n({7,V.D .f x,„rC‘{7.f x..- = , X,,. 

Dem. 

1“ . *300'5-511-56-552 . D H : Hp - ^.fXgi^ = »;Xo/A.a! (1) 

H. (1). *300-26. Dh. Prop 

By *300 56. we have, with the above hypothesis, (f x,, i/) n i'C'C/e Q'f/. 

But here the in a^U is of higher type than the U iu (f x„i/)n or in 

the hypothesis. In the type of the U in the hypothesis, we have f x^ i/ e C‘ f/, 
not necessarily f x^ i/ e Q* £f. 

*300671. ^•:•f,’?€D‘^7.^:a!(^7f).n(^7,V. = .f x,,/eC‘t/.f x„., = ,x,,. 

Dem. 

K*300-260l-:fx,,<rC‘{/.fx,„ = ,x./x.D.(fx,.,){t7r,..n£7„,40 (1) 

H . *121-36 • 3 I- : Hp . Hp (1) . ^ + 0 . + 0 . 3 . £7^,.. = ( C7(). . = ( 7/,v (2) 

y . *300-32 • 3 t- : Hp . Hp (1) . V = 0 . D . ( £7,), = / p 0‘ J7( . 

[*300-26] 3.01(£7,).)0 

Similarly : Hp . Hp (1) . = 0 . D . 0 K £7,^) 0 
1- .*113-602 • 3 h : Hp . Hp (1) . 1/ = 0 . D . = 0 

'■•(1).(2).(3).(4).(5). Dl-:Hp. Hp(l).D. a !(£/,), A(£7,)^ 

I- . (6) . *300-57 . D 1- . Prop 


(3) 

(4) 

(5) . 

( 6 ) 


= .^x,„eC‘U [ 


*300-571 


f-1 

V,/^J 


*300672. feD‘£7.D:a!(£7{). 



♦301. NUMERICALLY DEFINED POWERS OF RELATIONS. 


Summary of *301. 

In this number, we have to exhibit the powers of a relation R, i.e. the 
various members of Potid'/2, as of the form R^, where <r is an inductive 
cardinal. We have already had R^ = R\R and R^=R^\R, What we need 
is a definition which shall give 

R<r+.l = R^lR, 

Now R*^ is a function of R and <r; thus we have to exhibit R*^ in the form 
where S will be a function of R. That is, we have to define the relation 
fS> as a relation of to a, and S must be such that, if it holds between 
R^ and <t, it holds between and tr+o 1. Thus we may take *9 as a sum 
of couples, such that if one couple is R^^ I a, the next is j (<r+o 1), 

i.e. such that, if one couple is Q j o-. the next is (0| /i) j Now 

(Q I 4 (<7 +0 1 ) = ((I R) II (- 0 1 )l ‘(Q i <r). 

Hence, since we want to have R‘‘ = I\‘C*R, our class of couples is 

Calling this class num(ii), we may therefore put 

js'num (i2))V Df. 

If we put (I iJ) II (-g 1) = the above definitions are 

num (R) = (R^‘l(I T C*R) j 0) Dft. 

72*' = {i'num (i2)J‘o- Df. 

But the above definition of Rp requires some modification before it can be 
considered quite correct. With the above definition, we have 

^AQi<r)^{Q\R)i(<r-^,l) ( 1 ). 

Now since num (R) is defined by means of and since the definition 

of i2# contains the hypothesis R**fiCft,y it follows that, if num (i2) is to be 
significant, the relation — ^ 1 which appears in the definition of Rp must 
be homogeneous, so that, in (1), <r and <r+pl must be of the same type. 
Hence a, though typically ambiguous, cannot be typically indefinite ; 
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therefor©, if the &xiom of infinity is not true, we shall sooner or later arrive 
at O’ = A as we travel up the inductive cardinals. In that case, we shall have 

I (<r-cl)€num(72),(/2’^-«'li?) I AenumiR), 

I /^) 4 A e num (R), etc. 

Now if (for example) R is a. cyclic relation, such as that of an angle of 
a polygon to the next angle to the left, we shall not have 

Hence s^ruim (R) will fail to be one-many, and R'^ will fail to exist. Hence 
it becomes desirable to restrict o to cardinals which exist in some assigned 

type, i.e. to replace 1 by 1) ^ (NC induct - t^\), i.e. by i\. 

Thus we now put R^ = (| R) U, Dft. 

But even this definition is not quite complete, because the type of U is 

not assigned. It makes some difference how the type of 1/ is assigned, for 

if we take as the type of C*U a type lower than that of t^N.cH^R, we may 

find that our numbers become A before we have ceased to obtain fresh 
powers of R. 


For example, suppose the total number of individuals were four, and that 
these were a,a:.t/,z. Let us write ^ 4- (a, y, . ..) for a: a u x 4, y ly . . . . Then 
consider the relation = x 4, (a, y) o a 4, y vy y 4 , (x, z). Then 

R^ = x I {x.y. 2 )^ a I (x, z)\j y I (a, y), 

' = a: 4 , (a, y,x, 2 )sja i (a, y) w y | (x, y, z), 

R* = x I (y,x,z,a)\ja I (y,x,z)\jy 4 . (a,y,x,z), 

h^^x I (a, x,y,z)\ja I (a, x,y,z)^y 4 , (a^x, y, z). 

After this /2V R = R^\R^ = ^,c. But up to R^, each power of R is 

dirterent from all its predecessors. If we take C^U 

consists only of the numbers 0. 1, 2. 3, 4, and is thus inadequate to deal with 

u- ^ ^ sufficiently high type 

U in the type of 

I f T ‘^^“tired by writiug in 

place of U ,n the definition of Hence the final definitionf for^Tf' are : 

*30101. = (I 7?) ii ( {/. t Dft [*301] 

*301 02. nnin (R) = C‘/f) (0 a [*301] 

*30103. = |s‘iium (i2)| V 
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With the above definitions we have 

*30116. h : /X € . E ! 

*301-2. y .R^ = I\C*R,R'^R 

*301-21. h : 1/ 6 a* C/' n . D . ii-'+'J = R^\R 

*301-23. 

*30126. h : P € Potid'jR . = . (go-) . P — 

Le, the powers of R are the various relations This proposition might 
have been not universally true if we had taken U in a. lower type. 

*301-3. y:R<lI.a€C*Urst^^R.:>,R- = R = R^^l\'C*R 

It is largely for the sake of this proposition that we require powers 
of relations in dealing with ratio, rather than finid'P. For we have 
P G / , O' ^ 0 • D . A, so that R^ does not give what is wanted if 

R Q I. On the other hand (*301-41), if P 6 Rel num, we have P" = R^ 
a € C*U f\^*R. Thus as applied to numerical relations. R^ may always 
replace R^. 

We have, whatever R may be, 

*301-b04. y:fl,v€C*Ur^ t^^OR . v + 0 . D . (R^y = 

The importance of this number will appear in connection with ratios. 


*30101. 



Dft [*301] 

*30102. 


yR) 4 (0 

nt^*R)] Dft [#301] 

*30103. 

R*' = l^'num (i2))'o- 


Df 

*3011. 

l-:o'ea‘(C/Ct’‘P).D. 

RAQ i c 

r) = («|/0i ((<r+cl)n<>‘P| 


[*55-61 .(*301-01)] 



*301101. 

l-:o'ea‘(C/t^‘i2). = . 

o-eC'/Zn 

t’*R . — la .trC t**R 


[*63-5] 



*301-102. 

|-:o-ca'(C/'tr‘P).= . 




(gX) . X € Cls induct . g ! — X . P € <!o‘X . o* = Noc'X 
[#300-14. *103-11] 

*301103. y:a€a\Utt*‘R),~. 

(gX) . X e Cls induct .g! — X.72eX.o' = Noc'X 
[*301102. *73-71-72] 

*301-104. H : O' € a'( £/ p t*^R ) . = . (o- +« 1 ) n V^R e NC induct - t'A 

[*301-101 .*300-14] 

*301 106. h : o- e a'( C7 1 e«P) . = . (gX) . X c Cls induct . P c X . o- +« 1 = NoC'X 

[*301-104] 
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*301106. 

Vi<rea*{Ull?'R). 

= • (a^) . X 6 CIs induct . R e . o- +g 1 = NoC‘\ 


[*301 104] 


*301107. 

l-:o-ea‘(f7t>‘i7). 

= . a € NC ind . P e 5‘(o- 1) 


[*301*106. *126*1] 


*30111. 

Vxaea\Ul^^R). 

= .ElP/((3 4 0-) [*3011] 

*30112. 

^ \ M € num (P) , D . 

(aP.o-).PePotid‘P.<r6(7‘17Ai^‘P.ilf = PJ,o- 


[*9o 22] 

*30113. 

H : P .4 0 € nnm (P) 

. D . P = / r C'P 

Dem. 



( 1 ) 


( 1 ) 


f-. *90-31 .(*301 02). D 
H : P 4, /i 6 Dum (R) - £‘1(7 [ C‘R) J, 0) . D . 

(P 4. m) !(«p)* I RA 1(/ r C‘P) 4 01 

[*30-33.*301 1] D . (P 4 /£) (P,)* (P 4 1) . 

[*95-22] 

[*300-24] 3 . /* + 0 

!■ . (1) . Transp . D I- . Prop 

*301-14. t- : P 4 /£, Q 4 /£ e num (P) . D . P = Q 

Bern. 

h. *120*124, *90-31 .D 

: IS 4. (m+o 1)! (Hp)» ((/ r C‘R) 4 0) . D . 
fs 4 (/‘+. 1)1 [P^ I (Pp)*) ((/ 1- c‘P) 4 0) 

t- . (1) . (*.301-02) . *301-12 . *300-14 . 3 

^■:S4(^+„l)enum(P).^.S4(„+^l)^7^ _ 

[*301-1] 

^ .o? ^ ^ ^ (^) • 'S i (m +c 1) = (P I i?) i 1) (2) 

. (2) . D 1- P 4. Q ^ ^ num ( J2) . g . P = Q o - 

^'1' (/^+ol)€num(P).D5 y .^=p /o\ 

- (3) . *30112*13 , Induct . D h . Prop 

*301*141.. h , a's'num (P) = (7* 17 a t^‘R 

Dem. 

I- . *301-1 , D 

t- : o- 6 a‘C7 A , o- e Q'i'num (P) . D 
H . (1) . *300-14 , Induct . D 1- . Prop 


(o* 4-c 1) 6 Q's'num (P) (i) 
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*30116. 1- . s'num (72) 6 1 — > Cls 
Dem. 

h .*30114 . D h : il/, Ne nuin (72) . 3 ! (1*M r\ Q'iV. . M - N (1) 
h. (1). *72-32. Dh, Prop 

*30116. h •. n i“72 . = . E I [*301 141-15 . (*301 03)] 

*301-2. 1“ . 72** = /[C‘72 .72* = 72 [*301’1316 l .(*30103)] 

*301-201. V\v€C'Un V*R . D . (72- i I.) c num (72) 

Dern. 

h . *301 16 . (*301 03) . D h : Hp . D . 72- { 5 'num (72)j v . 

[*41*11] D , (gTl/) . M € n'im (72) . R^'Mv , 

[*301 12] D . (gj)/, P, 0 -) . # enum (72). 37 = P j ^ - R'^Mv , 
[*55*13] D . (72- 1 v) e num (72) : D h . Prop 

*301-21. Vxvea^U ry e*R . 0 . 72--^‘> = 72- j 72 
Dem. 

h . *301-1-201 . D 1- : Hp . D . 72-+'* j {v +, 1), (72- 1 72) j (*. +, 1) e num (72) . 
[*301-14] D . 72-+-* = 72- 1 72 : D h . Prop 

*301 22. I- : E I 72- . D . 72-e Potid‘72 [*301-201 12 16] 


*301-23. H : /X +, i. 6 7/ n 2»72 . D . P'*+'- = 72>- 1 72- = 72-- 1 72^ 

[*30r21 . Induct] 


*301 24. I- O' e NC ind : ^ o- . t' < ^ . D,., ^ . 72»* 4* ^ • 

P (( 3 /i) . /I < (T . P = 72'*) e o- + 0 1 

Dem. 

V . *120 442 . D h : Hp ./t^o-.r^CT.P** = P-.D./i = i^ (1) 
h .(1). *73-14, *301 15 . D 

I- : Hp . D . Nc'P ((a/x) . /X < . P = 72^1 = Nc‘? (/x < <r) (2) 

H . (2) , *120'57 . D f- . Prop 

*301-241. f- : Hp #301*24 . D . o- n c a'(77C 2>‘P) . P‘-+'* = P' | P 

[*301-24*104-21] 


*301-242. V-.aeC‘Unt'‘R.^<,<T.v<^.l> = R'.'^-Ii’\R=^R’'”‘^"*' 
Dem. 

I- . *120-412-416 . 3 I- : Hp . 3 . <T = (o- -0 +c M • 

[*301-23] 3 . iJ' = iJ'-"* I /J** . 

[Hp.*301-21] = 

[*301-23] = : 3 h . Prop 
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•301 '26. h:(ao-).P = i2''.D.(aT).P|ii = iJ' [*301 •16-241 -242] 

•301-26. [- : P e Potid'P . = . (ao-) . P = P' 

Dem. 

I" . •301-25-2 . Induct . D t- : P e Potid'P . D . ( 3 °-) . P — R” (1 ) 

t-.(l). •301-22. Dh. Prop 

•301-3. t- : P G / . o- 6 C'P n . D . P- = P = P„ = /I* C'P 

[* 300 - 312 . * 301 - 16 - 26 ] 

•301-31. l-:PC/.o-=t=0.D.P, = A [*300 48] 

The above proposition is the same as *300-48, but is repeated here to 
show the relations of P, and R”. 


• 301 - 32 . 

• 301 - 4 . 

Dem. 


I-:. PG/.a!P.3:a!A, . = .a- = 0 [*300-31 1 . *301-31] 
h : P e Rel num . ,t e 0‘ U n t=‘R . 0 . R, = R<' 


( 1 ) 

(2) 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 


h . •301-2 . *121-302 . D h : Hp . D . P„ = P« 
h. *301-21. *121-332.3 
h :. Hp . <7 6 a* P n t>‘P . 3 : P, = P"' . 3 . p,^^j = 
h . (1) . (2) . Induct . 3 h . Prop 

•301-41. t- :P,SeRelnum . a • -Ke A P- . 3 . /r = 1 / . a ! (m +c l)rr t‘C‘P 

[*301-416. *300-65] 

*301-6. h x„i/eC‘Pn t«P.^=|=0 . e =[ 0 . 3 . (P'‘)>-= pex.^ 

Dem. 

h.*117-62-32. 

H . (1) . *30116’2 . D h : Hp . D . 

K . ★301-23 , 3 f- : V 1 e n t^*R . D . (i^py+d == (Ji^y \ 

l“. (3). *301*23. D ^ ^ 

1“ : (ji Xoi')+<j/4c C'CT n t^^R . (J?py = ^ (ijpy+d = ^^(MXcd+cp 

t-. (4). *113*671. D 

. D : /i Xg ( 1 / +P 1) e (7'i/'n . 3 . (72 pV+c1 = 72mxc(.'+cI) 

h . *117-57l-32 . 3 t- : X , (e +. 1) e C‘ P n t"R . 3 . ^ x, e e C‘ P r, t«P (6) 

>".(5).(6). D XeV€C'f/'nf“i2.D.(^y = JJpxcM. ^ , 

, ^0 C*' +0 1)€ O't/' n ^^R , ^ , (i2“y+d — Pmxc(.'+c1) /7\ 

t" • (1) . (2) . (7) . Induct . D h . Prop 
*301-601. h : M = 0 . E e C'Pn <=‘P . 3 . (P^)- = ijexc^ [* 30 l- 2 - 3 ] 

^ X, E e P' P n t«R . (yr x. e) r, e‘R e C‘ U 

h " *300-14 ’ ^ 3 ^ : Hp . a I (/i X, e) n <«P . 3 . (^ x, e) a ««P eC‘U (1 ) 

r.lfq^Vn' ^'■ = Hp.3.(a«.P).aeM.PeE.a,PeWP. 

[•113-17 iR4 ri 1 ^ e ,x X. E . «, p e t‘C‘R . 

H . (1) . (2) . *65-13 . 3 h . Prop^ ‘ ^ ^ (2 ) 


17 
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*301-603. h : 1 / € NC ind . p n i*C^R eC^Ul . D . p n eC^Ul t^*R) 

Dem. 

I" . *300*14 . D !■ : Hp . D . (ga) .a^vrs t*C‘R • 

[*106'2] D . (gar, a) , ^ x^*a €Vf\ t^*R (1) 

l“.(l). *300-14. Dh. Prop 

*301-604. I- : fi,P€C*Uni^‘0*R . i/ + 0 . D . {R^y = 

[*301-5-501-502-503] 

*301-605. l-:.f eD‘f;-.D:g!l(+,f)t(7*J^)^.H.f XeP€C"tr 

Dem. 

K*120-452.Df-:g!l(+, ?)D . g I ((+c f)D . f e C«(/. 

[*300-232] = .g!(C;<)-.fcC‘i/' (1) 

h.(l). *300-52. *301 4. D 

f-:.Hp.D:g!l(+,f)CC‘t/l‘'. = .g!(t^a-^C'‘C^- 

[*300-572] = . f X, !> € D f- . Prop 

*301-61. h :. f, e D'C7. D : g ! [(+« f)D n ((+, ^)t: C^Uy . = . 

^ € C*U. ( XgV = Tf X^fi 

Dem. 

V . *301*505 . *300-232 . *301*4 . D 

1- :. Hp . D : g ! 1(+, f) [ C« n [(+,,,) t C‘ . = . g I ( . 

[*300-571] =.f x^i/eC«/7.f x,r = i; ProP 

*301-62. h : 1/ € D‘ i^*R . . (x^fiY = x^ (/t-) 

Dem. 

I- .*301-2 . *11.3-204 .*116-204.'321 . D h .(x„;i)' = (1) 

(- .*301-21 . 3 h : i/f 3 .(x./i)-+'' = (x,/.)'|(x,A.) (2) 

I- . (2) . 3 H : V € a‘ f/n £«i2 . (x, /t)- = X, (/.-) . 3 . ( x, = x, (/j.-) | (x. /») 
[*116-52-321] = x,(/i'-"‘') (3) 

H . (1) . (3) . Induct . D I- . Prop 



*302. ON RELATIVE PRIMES. 


Summary of *302. 

The present number is merely preparatory for the definition and discussion 
of ratios. We want, of course, to give a definition of ratio which shall ensure 
t lat fijv Hence in defining fijv in any given type, we 

cannot exact that n and v themselves should exist in that type, but only 
that, if p/<7 is the same ratio in its lowest terms, p and o- should exist in that 

type. Hence, if we are not to assume the axiom of infinity, it is necessary to 
deal with relative primes before defining ratios. 

The theory of relative primes is concerned with typically indefinite in- 
ductive cardinals (NC ind). It will be observed that we have three different 
sorts of inductive cardinals, namely NCind, NCinduct, and C‘U NC ind 
consists of typically indefinite cardinals, NCinduct consists of all cardinals 
some one type, and C^U consists of ail existent cardinals of some 
one type. If the axiom of infinity holds, we have C'‘(/= NC induct, and 
NC ind = sm“NC induct. But neither of these is true if the axiom of 
mfinity does not hold. It will be found that, where we require typically 
definite cardinals, it is C‘U or U‘t/ or D‘tf that we require, imt NC induct ; 

to lxdu°dr^’h"'® ^--'^etimes we want 

to exclude the greatest existent cardinal of the type in question or to 

excu e . Thus “NCinduct" will seldom occur in what follows The 

cases in which C‘U or D‘U or Q'ff occurs are of two sorts: (1) where we 

are proving typically definite existent-theorems, (2) where we are coiice^^ned 

wii,“ t LZ ! ’• *'>' »' 

relation can be serial This is a n f i ’ ^ only a homogeneous 

require numbers 1 V of the fact that when we 

ty^picir z:: 

hypothesis '>e NCind” fwhere ' ’ ^ 7 containing the 

beL turned toto a. ^o not allow of ^ 

one type, and our original proposition may demand That the 
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type in which ^ is fixed should be a function of fi. 
states 


[part VI 
For example, #300*17 


h : 6 NC ind . D . (ga) . ^ e C*{Ul 

If we fix the type of /x, we thereby also fix the type of a, and the proposition 
becomes false unless the axiom of infinity is true. In fact, the proposition 
demands that, tlie greater /x becomes, the higher must the type of a become. 

NC ind IS not a strictly correct idea, and the primitive proposition *913 
does not apply without reserve to propositions in which it occurs. We have 
introduced it because it immensely simplifies the expression of many proposi- 
tions, and because it is easy to avoid the errors to which it might give rise if 
used without remembering that it is a concession to convenience. 


It will be found that, when we arc not concerned with existence-theorems, 
or with numbers as apparent variables, “ NC ind "is almost always the notion 
recjuired. This applies to all cases where we are only concerned with addition, 
multiplication, subtraction and division; it applies to ratios except when 
ratios are considered as forming a series, or when we are investigating their 
existence. As regards the use of an "NCind " as an apparent variable, 
there is a distinction between "all values" and "some value." If we have 
“peN(Mnd,” ‘'(gp)" will often be legitimate when "(p)" is not. The 
reason of this is that, if we are to fix upon one typically indefinite cardinal, 
It will be po.ssible to assign one definite type in which it exists; e.g. there are 
at least two classes four classes of classes, sixteen classes of classes of classe.s, 
and so on. But if we are making a statement about all typically indefinite 
inductive cardinals, it will not be true unless there is a type such that our 
statement holds of all inductive cardinals in this type. 


In virtue of *300' 1 7, if we have "pc NC ind," we may replace it by "peC^U" 
if we may take U in as high a type os we please, or if, on account of the rest 
of our proposition, p cannot be greater than some assigned inductive cardinal 
so long as the hypothesis of our proposition is true. 

The above remarks will enable the reader to test the uses of typically 
indefinite inductive cardinals as apparent variables, and the passage from 
propositions concerning NC ind to propositions concerning 0*11. 

We define p as prime to <r when both are typically indefinite cardinals and 
1 is their only common factor, i.e. we put 

*30201, Prm = pa [p, a e NC ind : p = ( . a = tj • t = Ij Df 

In this definition, f, i;, t maybe taken to be typically indefinite cardinals, 
because, when p = f x^t = i; x,t, we must have f^p.t?<<r.T-<p.T^o', 
so that f, 17, T cannot grow indefinitely (with a given p and a) while the 
hypothesis remains true. 

We define " (p. c) Ffm^ (/*, v) ” as meaning that p is prime to cr, that t is 
not zero, and p. — p x^t . v — a x^r, ie. pjtr is pjv in its lowest terms, and t is 
the highest common factor of p and v. The definition is: 
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#302*02. o')Prin^(/x, i*). = , 

p Prni o- . T 6 NC iod - (‘0 . /.t = p Xc T . 1 / = cr Xp T Df 

We then put further 

*302'03. (p. a) Prra (p, i/) . = . (gr) . (p, a) Prm, {p, v) Df 

Here again there is no objection to r as an apparent variable, because t 
must be not greater than p and “(p, a) Prm (p, v) ” secures that p/a is piu 
in its lowest terms. 

We also define, in this number, the lowest common multiple and the 
highest common factor. 

Our definition of “ Prm” is so framed that every inductive cardinal is prime 
to 1 (#302 12), that 1 is the only number which is prime to itself (#302 13) 
and the only number which is prime to 0 (#302-14). 

After a number of preliminary propositions, we arrive at the result that 

1 p. and z/ are not both zero, and f and r) are not both zero, the existence of 

a couple p. a which is prime both to p, v and to f. is equivalent to 

i.e. 

#302 34. h p, v, t; e NC ind . ~ (p = j; = 0) , ~(f = t; = 0) . D: 

p t; = i; Xg f . = . (gp, a) . (p, a) Prm (p, i.) . (p. a) Prm (f, t?) 

We have also 


»302-33. h : V . NC ind . ~ = 0 ) . = . (g^, . (p, <,) 

♦302-38, V : (p, a) Prm (p, v ) . (f, t,) Prm (/x, „) . D . p = f . , 

I.e. there is only one way of reducing a fraction to its lowest terms 

We prove also (*30215) that if,., „ are typically indefinite cardinals, which 
both exist m the type of X (t.e. v^cC'U), then 

(p. <r) Prm (p, v) . = . (p, a) Prm (p^,p,). 

This enables us when we wish, to substitute typically definite cardinals for 
the typically indefinite p and v. 


•302-01. P>-n> = P^lp,o-6NCind:p = fx,T.cr = ,x.T.D(„,..T = l) Df 
*302 02. (p, a) Prm^ (p, v) . = , 

'>^’™°--’-«NCind-r‘0.,x = px„r.v = ,rx.T Df 

Here p, p are to be typically indefinite in the same way as p x, r and cr x r 
us if, in some one type, p x, t and <r x, t are both null, that does not jiisUfy 
n wri mg (p, <r) Prm, (A, A), because there are other types in which p x t 

and a X. T are not null. On this subject, cf. *126. >n winch px.r 

*302 03. (p, a) Prm (p. p). = . (g^) . (p, „) Prm, (p, p, 

*302 04. hcf (p. p) = (,T) l(gp, a) . (p, a) Prm, (p, ^)| jjf 

*30206. '<=“>(/^.-') = 0f)((aP.-,T).(p,,r)Prni,(p,.).f = p,,^„,,^,; jj,- 
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*3021. \-:,p Prm o- o- e NC ind :/> = f x, t . a = x„ t . . t = 1 

[(*30201)] 


*30211. 

1- : p Prm O’ . = . <r Prm p [*302-1] 


*30212. 

1- :pPrm 1 . = .peNCind [*3021 , *117-631-61] 


*30213. 

f- : p Prm p , = . p = 1 


Dem. 

h . *302-12 . 3 h : p = 1 . 3 . p Prm p 

H . *302 1 . 3 h p Prm p-3:p = lXop,3,p=l! 

(1) 


[*113-621] 3:p=l 

l-.{l).(2).31-.Prop 

(2) 


*302 14. I- : 0 Prm = , fi—l 
Dem. 

h . #302-1 2.Dh:/i=l.D,0 Prm /x (1) 

f- , *3021 . Df- :.0 Prm /i. 3:0 = 0 = 

[*113-601-621] 3:/i=l (2) 

l-.(l).(2).3f-.Prop 

*30216. t- /i, i/€ NC ind . /ix. v* e C"//. 3 : 

(/). <r) Prm (/*, v) , = . {p, a) Prm (/i*. Vx) 

Dem. 

I-. #120101 . *30014, 3 

I- Hp . 3 : p Prm <r . r € NC ind - f‘0 . /i = p x^ t . v = <r x^ t . = . 

p Prm a . t^NC ind — t'O . px =p Xo^ . v* = <r XoT (1) 
h . (1) . (*302 02-03) .31-. Prop 

*302 2. \‘ip.yveC^U.^{p. = if = 0), « = ^ ((gp, tr) . /* = p x ^ t . v = <r x^t) . 3 . 

E ! max ( Uyic . max ( UYk 

Devi. 

f- . *113-621 . 3 I- : Hp . 3 . 1 e < (1) 

h . *1 1 7*62 . *113-602 . Transp . 3 

1- Hp . T€ « . 3 : T ^/i. V . T < 1/ (2) 

h . (1) . (2) . *30U-21-22 . *261-26 . *300-26 .31-. Prop 

In the above proposition we write ** max ( £7)'* ” rather than "min(i7)‘*, 
because, since V arranges the natural numbers in descending order, "min (7/ )'« 
is the greatest number which is a member of x, and therefore it is less con- 

fusing to speak of this number as " max (f7)W 
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*30221. 


Dem 


*30222. 




( 1 ) 


h : Hp *3022 . t = max {UyK,fjL = pXgT.v— a- 

(p, a) PrmJ/i, u) 

H . *13*12 . D h : Hp , p = p* x^r* , a = a Xf.T' . ^ , 

pL = p XqT XgT . V = a X^T X^T . 

[*113*602,Transp.Hp] D . t' t =(= 0 . t' t ^ t . 

[*120-51 1.*117-62] D . 1 (1) 

h . (1) , *302*1 , D h : Hp . D . p Prm a- (2) 

h . (2) . *302*2 . (*302*02) . D 1- . Prop 

p.,v€ NC ind . (/a = v = 0) . D : (gp, o-, t) , (p, <r) Prm^ (p, v) : 

, (ap. <r) - (p, 0-) Prm (p. i/) 

[*302*2*21 . *300*17 .(*302*03)] 

*302 23. H p., 1/ e D‘ iJ. D : (gp, cr) : p, a* € D‘ 77. p x^ <r = p P * 

f,i,£D‘J7'.^x,77 = >/x„f.Df 

h. *300*23.*! 13*27. D 

h : Hp . /e = D‘Uf\ p ((30*) . p x^ cr = 1/ x^p) . D . E ! min ( 77)‘« 
h.(l). *30012 . D 

H Hp . 3 : (3p, o*) : p, tr e D* U,p,Xg<r — px^pz 

K*120-51.D f.’7 eD‘t/.^x,, = .x„f.D„.f^, 

^ P * ^ ^ ^ 0 ^ ^ ^ ^ p * X ‘1^ If ^ ^ X 7^ 0^ X ^ 

h . »117-571 • 3 I- : Hp (3) . f, ■), £ D‘ [7. f ^ p . D . f X. o- ^ p X, <7 ° 

I" . *126 51 . D h : Hp (4) .a >?;.D.px„i 7 >px „77 
I- . (4) . (5) . 3 I- :. Hp(4) . D : a > , . D . f X, a > p X, : 

3:fx„<7 = px.-p.D.,^o- 

l-.(2).(3).(6).3l-.Prop 

«302'24. t- v, p, o- £ NC ind - £‘0 . p x„ <r = 1/ Xj p : 

^‘X„7; = i/x„f.f,i;eD‘i7. D(,.f^p..,^o.:D.p Prm <r 

Z)67?l. 

I- .*302*1 . D 

f-:p,<T£D‘t/.~(p Prm o’) • 3 . (gf, t) . t + 1 . p = f x„ t . = , x, t 

[*113-203-602.»120-51l.*117-62] 

^■(af>’?.’-)-f,»;,T£D‘t7-t‘l.f<p.,<<r.p = f x,T.<r = ,x,r (1) 
K*120'61.3h!^,„,p,o-£D‘j;.px,<r = vx,p.p = f x.T. 0 - = , x.T. D. 

MX„7/ = I/X„f /O) 

I- . (1) . (2 ) . 3 h : p o- e D‘i/. /r X, o- = V X, p . ~ (p Prm <r) . D . 

(af. ’j) • M ><0’; = l* X, f . f, ,) 6 D'J/. f < p . n < o- (3) 

H . (3) . Transp . *30017 . D h . Prop W 


( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 



256 


QUANTITY 


[part VI 


*30226. 

Bern. 


f- : p, f € D‘ 3 . (30, /3) . a € C' fT’. ;8 < f . p = (a X, f) +„ /3 


h . »117-62 . *120-428 . D I- : Hp . D . p < (^ +, 1 ) x. f (i; 

1- . (1) . *300-23 . D t- : Hp . D . E ! min (i7)‘a (ae C'fT. p < (a + llx f] 

[.. 2 .., 4 . 4 , 6 ] . c-v. , < t . i;,. 

[*1 1 7-31 .* 1 20-452] D . (ga, ^) . a, ]8 e C‘ t7. p < (a +, 1 ) X. f . p = (a X, f) +. ;9 . 

[*113 671] 3.(aa,/3).a,/9eC‘f/’.p<(a x, f) +0 f • P = (ct x, f)-fo/9. 

[*120-442.*117-561.Tran8p] 

D.(Ha,^).a«C‘{7./9< f .p = (a x, f) +„ /9 : D I- . Prop 

#■302*26. h : Hp *302*24 . D . (p, a) Prm (ji, v) 

Derru 


h . *302-25 , D 

h : Hp.D.(ga. ^,7, 8).;/ = (ax,p)+,y9. i/ = (7x,o-)+,5,;9<^.5<o- (1) 

I- .*113*43 . D 

|-:/i = (aXpp)+,j^.i/ = (7X(,(r)+^5,^<^,5<<7.^XoCr = i;X5p,D. 

(ax,px,o-)+o(^x,ff) = (7X,px,a)+o(5x,p).y9<p.5<<r. ( 2 ) 
[*117 31.*120'452.*113*671] 

D . a x^ p X(, o- < (7 1) Xo p <r . 7 x^ p X, <r < (a 4o 1) x<, p x^ o- . 

[*126*51] 3-a<7-fol.7<a+ol . 

[*120*429*442.*1 17*25] 0,a = y (3) 

I- . (2) , (3) . *1 20*41 .3l“:Hp(2).D,y9x,<r=Sxop.;9<p.S<<7. 

[Hp] = 0.5 = 0 (4) 

H - (3) . (4) . D h : Hp (2) . D . p = a Xg p . i; = o Xfl o- (5) 

I-. (1). (5). *302*24. Dh. Prop 


*30227. 

Bern. 


V z p,,v, p, cr, ^,7} € NC ind — i*0 • p y.^ or — v x^p , p , 

^x^a^rfx^p 

h . *113*27 . D h : Hp . D . f x^j^ x^ o- = 17 x^p. x^a- 
[Hp] r^rj x^px^p. 

[*126*41] O.^x^a — rjXfjpzO^, Prop 


*302*28. I- ; Hp *302*24 . f, »? e NC ind — t‘0 . /* x^ 1 ; = 1 / x, f . D . 

(p, a) Prm (f, 1 ?) [*302*26*27 . *300*17] 

*302*29. h : Hp *302*28 . f Prm rj ,0 , ^ p , 7 } ^ a 
Bern. 

h. *302*28*1.3 

h Hp . 3 : (ga) , f = a x^p .i7 = ox<,<r;f = a x^p .t; = «Xgtr.3, .a=l: 
[*14*122] 3:f=l x,p .»7 = l x,<r:.3H. Prop 
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«302‘3. I" : /*, I', f, 77 € NC ind — t‘0 . ^ 77 = f . D . 

(3/>. 0-) • {p, 0-) Prm (/i, v) . {p, a) Prm (f, 77) 

UeTti. 

h.*302-23-24.D 

I- Hp , D : (gp, a) : p Prm a , p,ae NC ind — t*0 . /i x^ o- = 1/ p : 

a, ^eD‘t7, /i x^^ = V x^a . ^ . a^p. <r: 

[*302'26-28] D : (gp, o-) , (p, <7) Prm (yx. v) . (p, o-) Prm (f. 77) D 1- . Prop 

*302'31. H : (p, O') Prm {p., v ) . p Prm v , p = p . v — a 
Dem. 

V . *3021 , (*302‘02 03) . D 

1“ Hp . D : (gr) • p> = p ^ '>^ 0 '^ • p^ — p . v = a , r = \ \ 

[*14-122] D.M = pXel.i^ = o-x,l:.Dh, Prop 

*30232. h : f Prm 77 . ^ Prm v . ^ y.^v = t) -K^ p ^ = p ,rj = v 
Dem. 

h . *302-3-31 . D 

t- : Hp . D . (ap, <7) . p Prm o-.f = p./i = p., = <r.i/ = ffOI-. Prop 

*302-33. H p, V, f, 77 e NC ind — t‘0 . D : 

i>ew. P‘^oV^pyoS- = - (ap, 0-) . (p. <r) Prm (p, v) . (p. 47) Prm (f, 77) 

H . Id . (*302-02-03) . D I- : (p, 0-) Prm (p, v) . (p, a) Prm (f, 77) . D . 

(a'T) T ) . T, T € D‘ ^ • P' = p ygT , U = (T X^T , ^ ~ p XqT • 7} — <T X T 

[*113-27] ^ ■(a'T* t') -P Xo77 = p XpO- X^T X^T = */ Xq f (1) 

*302-3. Dh. Prop 

*302-34. p. f. 1? € NC ind . — (p = v = 0) . ~ (f = ,7 == 0) . D : 

Dem. Xo ^ Xe f o•^ . (p, <7) Prm (p, p) . (p, o-) Prm (f, 77) 

h.*113-6O2.Dh:Hp.p = o../+0 .D,f =0.77 + 0 

H .*113-602-62l .D 

H:p = 0.i/ + 0,f = 0,77 + 0 .D,p = 0 x.i/,v=ix u — Ov « i 

r*Q09*lAl -V . — AX077. 

t- (1) f2^ 13 1- K o (2) 

r . (1) . (2) . D h : Hp . p = 0 . 1/ + 0 . D . 

I- . (S) . (« . «02.33 . D 3 . p„p'®' " • '> <f' ’> <« 

*302-36. i- :.p, i/eNC ind . <^{p^v = 0) . p Prm <7 . D : 

P x^o- = 1/ Xop . = . (p, (7)Prm (p, I/) [*302*3414-311 

B. & W. III. -* 


( 1 ) 
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*302 36. h : /i, 1 / e NC ind . ~ (/i = i/ = 0) . = , (gp, a ) . (p. tr) Prm (p,, p) 

Dem. 

h . *30214 . D h (p, a) Prm {p, r) . D : 

p, o- € NC ind . ~ (/) = o- = 0) : (gr) . t e NC ind - e‘0 . /i = p r . j; = o- t ; 
[*120-5.*113 602] D : /I, i/f NC ind . = 0) ( 1 ) 

l-.(l).*302-22.DI-.Prop 


*302'37. H : {p, a) Prm {p,v),^ , 

1 ^ c NC ind . ~ (^ = 0 . 1 / = 0) . /) Prm a , x^ o- = v x, p [*302*35 36] 

*302*38. h : {p, <t) Prm {p, p ) . (f, t^) Prm (/x, v) . D . p = f , tr = »; 

Dem. 

V . *302*37 . D h : Hp . D . p Prm a , f Prm i?.M^cO* = »'XoP'/AXoV = i'Xof, 

~ (/i = 0 . = 0) (1) 

h . (1 ) . *302*14 , *1 13*602 .Df-:Hp./x = 0.D.p = 0.f=r0.a = l,i? = l (2) 
I- .(1). *302*14 ,*113 602. Dl- ; Hp.i/ = 00.p = l.f=l,(r^0.i7 = 0 (3) 
h . *302*27 . D h : Hp , p^ 0 , p ^ 0 ,0 , p x^r} a , 

[(1). *302*32] D.p = f.<r = »? (4) 

l-.(2),(3).(4).DI-.Prop 

*302*39. H : (p, <r) Prm (/i, v) , D . /x ^ p . v ^ o* 

Dem. 

h . *302*23*36 . 0 1- : . /i, V e D‘ 3 : 

(a/>» 0 -) : (p, <t) Prm {p,v)i^, . px^tf = p x^^ . 

[*113*27] D : ( 3 p, a) , (p, a) Prm (p, p) • p^ p , p^ a t 

[*302 38] D : (/>, O') Prm {p, p) • 0 • p ^ p , p ^ <r (1) 

I- . *302*37*14 . 3 I- : /X = 0 . (p, 0 -) Prm (/x. i/) . D . x/ + 0 . p = 0 . o- = ] (2) 

Similarly 1 p — 0 , {p, a) Prm (p, p) * D , p^ 0 » p ~ 1 » a = 0 (3) 

h.(2).(3).D 1- (p, o*) Prm (p, v ) : /4 = 0 . V . V = 0 : D . p^p . tr (4) 

h . (1) . (4) . *302*36 . *300*17 . D H . Prop 

*302*4. i-ip,p€ NC ind . (p = i/ = 0) . D . E I hcf {p, p) 

Dem. 

t“ . *302*22 . D 1- : Hp . D . (gp, <r, t) . (p, o-) Prm^(p, p) (0 

h . *302*38 . (*302*02 03) . 0 

h :(p,a)Prmr{p,p) Prm,(p. v),D.p = f.o' = i7.p = pXoT.p=fXoBr. 

[#126*41] D.T = Br (2) 

I- . (1) . (2) . (#302 04) . D H . Prop 

#302*41. h : p,p€ NC ind . (p « * 0) . D . E 1 1cm (p, p) 

[Proof as in #302*4] 
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*302'42. V i ^,v € NC iiid . (/x. = i/ = 0) . D . hcf (/ix, »/) Icm (/x, v) = fi y.(.v 

Dem. 

h . *302-4-41 . (*302 04 05) . D f- : Hp . D . 

('3.P> O', t) . /X = p Xg T . V = <7 X^ T . hcf {fX, v) = T . IcHl (/X, v) = p X^ <T X^, T . 

[*113‘27.*116'34] D . (gp, a,T) , fx y^v = p x^a » 

hcf (/X, v) Xfj Icm (/i, v) = p Xg <7 Xfl : D h . Prop 

*302-43. H : (p, < 7 ) Prm (/x, v) . D , p x^ hcf (/x, i/) = p . cr x^ hcf (p, v) ^ v 

[*302-4 . (*302 02 04)] 

*302-44. h : (p, < 7 ) Prm (p, i/) . D . p x^ 1 / = 1cm (p, u) = a-x^p, 

[*302-41 . (*302 02 05)] 

*302-46. h : (p, < 7 ) Prm (m. i') • f. « NC ind . ^ (f = 7 ; = 0) . p x^ 77 = v x„ f . D . 

lcm(f. »7) = pXcf = <r Xo’? 

Dem. 

h . *302'37 . D I- : Hp , D . (p, cr)Prm (f, »;) (1) 

h. (1), *302-44. Dh. Prop 



*303. RATIOS. 


Summary of *303. 

In this number, we give the dehnition and elementary properties of the 
ratio /*/*/. Most of the important applications of ratios are to numerical or 
identical relations, i.e. to relations which may, in a certain sense, be called 
vectors. Neglecting identical relations for the moment, let us consider 
numerical relations, and to fix our ideas, let us take distances on a line. 
A distance on a line is a one-one relation whose converse domain (and its 
domain too) is the whole line. If we call two such distances R and S, we 
may say that they have the ratio fijv if, starting from some point x, 
V repetitions of R take us to the same point y as we reach by repetitions 
of iS>, i.e. if xR''y , xS^y. Thus R and S will have the ratio fijv if g I .R” A jS^. 
In order, however, to insure that /i/i/ = pja if (p, <t) Prra (/*, v), it is necessary, 
in general, to substitute for (In the above case 

of distances on a line, the two are equivalent.) Thus we shall say that R has 
the ratio fijv to 8 if (gp, a) . (p, a) Prm (p, v) . g ! A (S>. 

If we apply the above definition to identical relations, we find that, 
if RQl , Sdl, R has the ratio p/v to S provided gliiAiJ, i.e. provided 
g ! C*R r\ C*S. This application is required for dealing with zero quantities 
and zero ratios. 

Thus we are led to the following definition of ratios : 

*303 01. p/v = .Ss ((gp. O') . (p, a) Prm (p, v) . g I Df 

This definition, as it stands, requires justification in two respects: (1) we 
commonly think of ratios as applying to magnitudes other than relations, 
(2) we should not commonly include as examples of ratio certain cases included 
in the above definition. These two points must now be considered. 

(1) In applying our theory to (say) the ratio of two masses, we note that 
the idea of quantity (say, of mass) in any usage depends upon a comparison 
of different quantities. The “vector quantity” R, which relates a quantity mi 
with a quantity is the relation arising from the existence of some definite 
physical process of addition by which a body of mas* m, will be transformed 
into another body of mass m^. Thus a such steps, symbolized by 
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represents the addition of the mass a-(7n^-7n,). Similarly if 5 is the relation 
between and which arises from the process of addition turning a body 
of mass into another body of mass then 5^ symbolizes the addition of 
the mass p{M^ — M^). Now g ! n means that there are a pair of masses 
771 and m , such that mR’^m' and mSf*rn . In other words, if we take a body A 
of mass m and transform it so as to turn it into another of mass m + a (T/i, — tti,), 
we obtain a body of the same mass 77i' as if we proceeded to transform A into 
a body of mass Hence p{M^- M,)- that is 

(77*2 — Wi)/(^f 2 — il/j) = p/o’. But in our symbolism the addition of tti, — ttIj is 
represented by the vector quantity R, and that of by the vector 

quantity 8\ so in our symbolism R has to 8 the ratio of p to a. 

Thus to say that an entity possesses units of quantity means that, taking 

U to represent the unit vector quantity, relates the zero of quantity 

whatever that may mean in reference to that kind of quantity— with the 
quantity possessed by that entity. 

It can be claimed for this method of symbolizing the ideas of quantity 

(a) that It IS always a possible method of procedure whatever view be taken 

of It as a representation of first principles, and {^) that it directly represents 

the principle "No quantity of any kind without a comparison of different 
quantities of that kind.” 


Furthermore analogously to our treatment of cardinal and ordinal numbers 
we can define any definite quantity of some kind, say any definite quantity of 
mass, as being merely tbe class of all “bodies of equal mass” with some given 
body. The zero mass will be the class of all bodies of zero mass ; and if there 
are no bodies with the properties that a body of zero mass should have, this 
class reduces to A in the appropriate type. 


Thus the application of our symbolism to concrete cases demands the 

existence of a determinate test of "equality of quantity” of different entities 

and a determinate process of “ addition of quantity." The formal properties 

which the process of addition must possess are discussed in the numbers 
concerned with vector families. 


of rSo cm b ^ shown that cases apparently excluded by our definition 
of ratio can be included, we have to show that no harm is done by our inclusion 

of cases which would naturally be excluded. In order that ratio may agree 

ur expectations it is necessary that the two relations R and whose 

we domain, olrwi" 

5 fi Let P. Q be two series, and suppose* 

= 13e = 25«, but that P and Q have no other 

terms in common. Then we shall have, if 7? = P, . 5 = 

(B*P) R*5p.(B<P)S^5p, 

For aotatioD. cf. •121. 
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whence it follows that R has to S the ratio 5/4, i.e. we have 72(5/4)5. Bub 
we shall also have 72(8/10)5 and 72(24/12)5, i.e. 72(4/5)5 and 72(2/1)5. 
Thus our definition does not make different ratios incompatible. In practical 
applications, however, when 72 and 5 are confined to one vector-family, 
different ratios do become incompatible, as will be proved at the beginning 
of Section C. And so long a.s we are not concerned with the applications 
which constitute measurement, the important thing about our definition of 
ratio is that it should yield the usual arithmetical properties, in particular the 
fundamental property 

/l/l/ = /)/<T . = . /i X, O- = 1/ X, p, 

which is proved, with our definition, in ^<*303 39. Thus any further restriction 
in the definition would constitute an unnecessary complication. 

In virtue of our definition of /a/v, ^jv = A if ^ and v are not both inductive 
cardinals, or if ^ — (*303T1T4). We have (*303T3) h . /i/v = Cnv'(v//i), 

i.e. the converse of a ratio is its reciprocal. If /i = 0, and R(filv)S, 72 must 
have a part in common with identity (which we may express by saying that 
72 is a zero vector), and 5 may be any numerical or identical relation whose 
field has a member which has the relation 72 to itself (*30315). Thus if v, fl- 
are inductive cardinals other than 0, O/v^O/a-. The common value of ratios 
whose numerator is 0 is the zero ratio, which we call Oq (where is intended 
to suggest "quantity”). The definition of 0, is 

*303 02. 0, = s‘0/“NC induct Df 

In like manner, if fi and p are inductive cardinals other than 0, we have 
/i/0 — p/0. The common value of such ratios we call oo,, putting 

*30303. X , ^ sV0“NC induct Df 

The properties of ratios require various existence-theorems, and in estab- 
lishing existence-theorems without assuming the axiom of infinity, the question 
of types requires considerable care. We have 

*303*211. h : (p, a-) Prm (/i, v) . D . /t/v = p/o- 

so that the existence of fiju does not depend upon /i and v, but upon p 
and 0 -, where p/o- is /i/v in its lowest terms. We may, therefore, in consider- 
ing existence-theorems, confine ourselves, in the first instance, to prime 
ratios. 

To prove the existence of (p/fl*)^ 2‘72, when pPrm o-, we take two relations 
72 and 5 both contained in identity. These have the ratio p/o- provided their 
fields have a member in common and E I 72*^. E I 5^ By *301*16, this requires 
p,tT € C"( f‘72). Thus we have 

*303*25. h p Prm o- . D : 

a I (pl<r)lt‘R . = .p.<re C‘(Ut f'R) . = .p (R), <' (R) ‘ 
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But this existence-theorem, which is obtained by supposing R and S 
contained in identity, is not much use in practice: what we require is the 
existence of a ratio between numey'xcal relations. For this purpose, assuming 
p ^ o- and 0 - 4 = 0 , let \ be a class of such a type that Nc*t‘\ -f-o 1. (Such 
a class can always be found in some type, by *30018.) Then we have 

and we can construct a series Q such that C^Q is of the same type 
as X and Nc'C*Q = p+„l. (This is proved in *262 21 1 .) We can then choose 
out of Q a series P having the same beginning and end, and consisting of 
O' -He 1 terms. We then have 

{Q^y (B^Q ) . (B^Q) (P,y 

Hence Pj and Qi have the ratio p/o-. A similar argument applies if o- ^ p 
and p 4= 0. Thus we arrive at the proposition : 

*303-322. h : p Prm o- . px, 0 -. e D'p-n D . 3 ! (p/o-) ^ (Rel num n t^^\) 

I.e. if p is prime to o- and neither is 0, and p 1 . o- + e 1 both exist in the 
type of X, then there are numerical relations having the ratio p/o- and having 
their fields of the same type as X. 

The case when either p or o- is 0 requires separate treatment. If R has 

to 5 the ratio 0/a, R must be partly contained in identity (*30315); hence 

we have to find a hypothesis for g !(0/o-)r Rel num, since a !(0/(r)r Rel num 

18 impossible. Since 0/o- = 0 /l, we only require the existence of 2 in the 
appropriate iyipe, i.e. we have 


#303 63. H : 3 1 2x . D . 3 ! 0, r (Rel nu m n ^./x) 

It will be remembered that g I 2* is demonstrable except in the lowest 
type. ‘ 

In the above propositions. and v and p and <r have been typically in- 

definite ^tios of typically definite inductive cardinals are dealt with by 
means of *302'15, which gives at once 

*303-27. 1- : /t, v c NC ind . /i*. v* e C'lf. D . p/u = pjv^ 

I.e. a ratio may, without changing its value, have its numerator and 
denominator specified as belonging to any type in which both exist. This 

ables us to take p and <r as typically definite cardinals in *303-322 thus 
obtaining the proposition 

*303 332. 1- p Prm o- . D : g ! (p/o-) t ( Rel num « t„‘p) . = . p, <r e D‘ (7n Q' ff 
The above existence-theorems are useful in proving 

, ‘'/^ = 7/S- = .ax.S = ^x,7. 

thinT an?p + 1 ^ - inductive 

numeHeal relations and ^ such thal 
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This is done by taking two series P and Q having the same beginning 
and end, and having C*P e o- 1 . C*Q ep+^l. Then if jR = P, and S = Qu 
we have 

(B‘P) R- {B*P ) . (B*P) (5'P) : > o- . D . = A, 

whence the result. From this proposition it follows immediately that if 
p Prm (T . f Prm t) a, and if p^, r\ Q‘?7, we can find an R and 

an 5 such that R (pja) S .•^{R (f/?;) jS). A similar argument applies if 17 < <r 
or f > p or f < p. Hence we find, by transposition, 

*303 341. h : Pa , (Tx e D‘ a* O', p Prm a . f Prm tj , (p/a) = (f/??) ^ ■ 

p = f ,<r = i7 

From this point on, the argument offers no difficulty. For if we have 

a/p = y/B . (p, a) Prm (o, fi ) . (f, rj) Prm (7, 5), 

we have, by *303-341'211. p = ^,a = r}. Hence, by *302-32, we have 
aXoS = /9xo7. What is approximately the converse, i.e. 

*303 23. : p,, V, € NC ind . 

= j/ = 0).^(f = 77 = 0) , /A = 1/ Xp f . D , fi/v = f/17 

follows at once from *303-211 and *302-3. Hence, after dealing with 
special cases, we find 

*303-38. h:.a,79,7.5«NCind: 

a* , 6 Q‘ O’. V , 7 a , 5a € Q‘ O': (a = 79 = 0) . ~ (7 = 5 =3 0) O : 

(«/^)C = (yl^)l too*^ . = . 0 x^ 5 = x^ 7 

It will be observed that a//9 is typically indefinite, like Nc'f. But in 
order to insure that 0/79 = 7/5 however the type may be determined, it is only 
necessary to insure that this equation holds in a type in which (a/0)t Rel Qu*" 
exists. When we write simply “ a/79 = 7/5,” we shall mean that this equation 
holds however the type may be determined ; in other words, that it holds in 
a type in which (a//9)t Rel num exists. (There always is such a type, if 
a, 73 6 NC ind — t'O, in virtue of *303-322 and *30018,) Thus we have 

*303 391. h a, 79 e NC ind . Oa, 79a c Q'O'. ^(o = ^ = 0) . D : 

(«/^) t = (y/S) I too*^ . = . a/79 = 7/^ • = • ® Xo 5 = ^ Xfl 7 

and, in virtue of *303-38, we have 

*303*39. h o, 78, 7, 5 e NC ind , rx/ (a = ;9 = 0) . (7 = 5 = 0) . D : 

a/79 = 7/5 . = . a X, 5 = ^ Xg 7 

This proposition is, of course, essential to the justification of our definition 
of ratios. 

The remaining propositions of *303 consist (1) of applications of the 
theory of ratio to powers of a given numerical relation, (2) of properties 
of 0, and 00 ,, (3) of a few properties of the class of ratios. This last set 
of propositions depends upon two new definitions, which must be briefly 
explained. 
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We have already explained that filv is typically indefinite. Thus if we call 
flip a “ratio,” ratios are, like “NCind,” not strictly a class, because every 
class must be confined within some one type. Nevertheless it is convenient, 
just as in the case of NC ind, to treat ratios as if they formed a class; and, 
with similar precautions, we can avoid the errors into which we might be led 
by treating them as a proper class. We therefore put 

*303 04. Rat = A' ((a/i. i/) . /x. e NC ind . + 0 . Z = fijv] Df 

v'The condition i/ ^ 0 is only introduced because it is usually convenient 
to exclude jc ^.) It will be observed that ^jv is still typically indefinite if /i 
and V are typically definite. This results from *303'27. But we often want 
tyyjically definite ratios. We want these defined in types in which there are 
numerical relations having the ratios in question. Hence we put 

*303 05. Rat def = X ((g/i, v) . v U r\ d' U , X = ^ Df 

Here “def” stands for “definite,” and yx, v are typically definite inductive 
cardinals. The desired properties of “Rat def” result from *303-322. It 
should be observed that, besides consisting of typically definite ratios, 

“Rat def” differs from “Rat” by the exclusion of 0^. This is merely for 
reason.s of convenience. 


1 he properties of " Rat ” and “ Rat def” follow immediately from previous 
propositions. We have 


*303 721. h : A 6 Rat — i'O, , D , (3/1) . Zf e Rat def 
*303 73. h : Z € Rat def . D . a ! Z t Rel num 
By *303-322; and by *303‘391, 


*303-76. h Z, r eRat . Z t i./p e Rat def . D : Zt Ux^p = 71 U,*p . = . Z = K 

If the axiom of infinity holds, every member of “ Rat ” except 0, becomes 
a member of" Rat def” as soon as it is made typically definite. Hence 

*303 78. h : Infin ax . D . Rat def = Rat — 1‘0, 

The uses of “ Rat ’ and “ Rat def” differ just as the uses of “ NC ind ” and 

NC induct” differ. The distinction is only important so long as the axiom 
of infinity is not assumed. 


*303 01. fi.lv _ K'^p, a) , (p, <r) Prm {p., i/) . g ! n Df 

rv. definition, p, o-, p, v are typically ambiguous, but p, a- must 

(by *301 16) exist in the type of t‘R, while p, p need not do , p.p cannot 
however, be null in all types, by *30017. 

*303 02. 0, = s‘0/»NC induct Df 
*303 03. » , = i70“NC induct Df 

% 


18 
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*303-04. Rat = X [(g/i, v) . i/ e NC ind . i/ 4 = 0 . Z = fj,/v\ Df 

*30306. Ratdef=Z IOa*. n(l‘U, X f,/^| Df 

*3031. ^''-K(/i/i/)5r. = .(a/), o-),(p, o-)Prm(^,i/).gIi2'n>S'’ [(*30301)] 

*303 11. I- :~(/t,i/eNCind). D = A [*3031 .*302-36] 

*30313. H .M/*^ = Cnv‘(i^/M) [*303 1 . *30211] 

*303-14. h . 0/0 = A [*303-1 . *302*36] 

*303 16. I- : R(0/p)S. = . veNCind — i‘0 . g I i2 nl^C^S. 

= . V6 NCind - t‘0 . g I C*Sr\^{xRj:) 

Bern. 

l-,*302 14-38. *303-1 .D 

I- : (0/v)S , = . V e NO ind — t‘0 . g I A iS® . 

[*301-2] s . V € NC ind - t‘0 . g ! 12 n /[ C‘5: D t- . Prop 


*303*161. .h U.Sc Rel nuin id . D : (0/*') S • = • 

V f NC ind — 1*0 • Re RP/ . S e Rel num id . g I <7*12 n C*S 
[*303-15. *300*324*3] 


*30316. l-:12(/i/0)5. = .^6NCmd-i‘0.gI<Sr<S7[C'i2. 

= . /I e NC ind - I'O . g I C‘12 n 5 (xSx) [*303*15-13] 


*303 161. R,S€ Rel num id . D : R(fijO)S . = . 

ft € NC ind — e‘0 . 12 € Rel num id . jS e RP/ . g ! C*R ri C*S 
[*30315113] 


*303*17. h /i, vc NC ind — 1 * 0 , 12, jSf Rel num id . R(filv)8. 0 : 

12, RP/ . V . 12,^c Rel num 

Bern. 

h. *303*1 .*113*602. D 

I- :: Hp . D :. 12,i3cReI num id : (gp, (r).p,a- e NCind — t'O . g 1 12' A jS'* 
[*300-33.*301*3] 

D ^ € Rel num id 12 « Rl'/ : (gp) . p e NC ind — t'O , g I .R A iS** : v : 

12c Rel num : (gp, o-) . p, <r c NC ind - t'O . g Il2' A5' 
[*300*3] Oi.Se Rel num id :. 12 e RPl. g ! / Ai3po . v . 12c Rel num . g! J^Spo •• 
[*300-3 33] D R.iSc RP/. v . 12, -Sc Rel num :: D I- . Prop 
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*303 18. h /i, *; € D* Ult^^R .R.SeRl^I.Dt 

R (fi/i') S.^.R (O/v) S.= ,R (/i/0) i9 . = . a ! C*7? n C^S 
[*3031-151-16. *301-3] 

*303181. h : a ! (^/v) . = , (ap, o-) . (p, a) Prm (/i, v) 

Dam. 

h ■ #303 1 . D h : a * (W*^) • ^ • (SP. o') • (p- o') Prm (/i, v) (1) 

h . *301'3 .*.300'32517 . D h :(/>, <r) Prm (^, v), D . (a*^) i ^) (m/ t^) 4 ^) (2) 
h.(l).(2).Df-.Prop 

In the above proposition, if p^jv is typically indefinite, so that "a ! ” 

only asserts existence in a sufficiently hig^h type, p, a may also be typically 
indefinite. But if /i/v is to be taken in a definite type, p and a must be taken 

in the corresponding type, and must not be null in that type. This is proved 
later. 


*303182. h 0/0 = /t/j; . = : ~ (/i, v e NC ind) , ^ , p. = v — 0 

Here the equation 0/0 = pjv is assumed to hold in a sufficiently high type. 
Dem. 


h • *303-14 • D h 0/0 = pjv . D ; pjv = A : 

[*303 181.*302-36] D : ~(/i, c NC ind — t‘0) . v , /t = i/ = 0 (] ) 

l-.(l),*.303TH4,Dl“.Prop 

*30319. h \R{plu)S. = ,R{plv)S [*303-1 ,*121-26] 

*303 2. h (p, a) Prm (m, v) . D : (/i/y) 5 . = . a ! n iS** 

Dem. 


*303-21. 

*303-211. 

*30322. 


I- .*303-1 , D I- : Hp.a ! R^ ^ Sf> , R{^^lv) S 

h . *302 38 . *3031 . D h : Hp . {pjv) jS . D . a ! n 
l-.(l),(2),Dh.Prop 

H :.pPrm a. D :i2(p/o-)5. = .g I R<^hSf> [*302 31 , *3031] 
1- : (p. <r) Prm {p, j/) . D . p/p = [*303 2*21] 


( 1 ) 

(2) 


y : p Prm a.p.ve NCind • ~ (/i = i/=0). p p x p 

[*302 37, *303-2 11] 


O.plv^pla 


*303-23. l-:M.^.f,,eNCind.~(^ = „=0).~(f = , = 0)./.x., = .x.f.D. 

filv = ^lv [*302-3 ,*303-211] 

*303 24. H ^ e NC ind . ~ = 0 ) . D . ( 3 ^, p 

[*303 211 ,#302-22] ^ ^ 

P'°P“»itio“8 give typically definite existence-theorems for 
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if p Prin <T, there are relations of the same type as R and halving the 
ratio pI<t when, and only when, the number of relations of the same type as R 
is at least as great as p and at least as great as a. 

Dem. 

V . *303 21 . D 1- Hp . D : a ! (p/o-)^ <‘iJ . 3 . (aS, T) . E ! S' . E I f-.S, TefR. 
[*30116] :i.p.<j€C‘Ult“R (1) 

l-.*30116-3.Df-:.Hp.D: 

p,aeC‘Ui t“R.x(t„‘C‘R.::> .(xixY={xixy=xix (2) 

I-. (2). *303-21 .D 

■..}ip.:>-.p,(T(C‘Ulf“R.X€ t,‘C‘R . D . (x i x) (p/a) (x i x) (3) 

l-.(l).(3).*6318.Dh.Prop 


*303-261. i-:p,v€C‘Ul(“R.~(fj.= v = 0).0.'^l (p,/v)l t‘R 
Dem. 

H . *d02'.36'.39 . D h : Hp . D , (gp, a) . (p, cr) Prm (p.,v) , p , tr , 
[*117-32] D , (gp, a ) . (p, <t) Prm (/i. i;) . p, <r e C*Ut t^‘R - 

[*.303'211'25] ^ • 3 I (ph)t 3 h . Prop 

*303-262. h : /i, y c NC ind n ~ (/i = i/ = 0) . D . g ! (p/v) t t^R 

Dem. 

h . *64-51-55 . D h : ^ = Nc'a . a € t*C*R . x e t^‘0‘R . D . ^ x*‘a epn t^*R (1) 

H . (1) . *30014 . D 1- : Hp O . /I, V c C" f/t (2) 

h. (2). *303 25 1 .Dh.Prop 

In the above proof, p, p are assumed to be typically indefinite. If they 
are typically definite, sm“p, and sm^'j/ must be substituted for p and p on the 
right-hand side of (1) and (2). The hypothesis “m, NC ind n ” 

is a convenient abbreviation for 

>, 1 / € NC ind . A* n i^C^R, p n VC*R e 

By *65-13, 

p n t^C*R € C*Ul t»C^R , = .pC t^OR .p^C‘U\, t*^C*R . = . /i c C^UlV^C^R- 

Bnt ** pe C*Ul,t**C*R" requires that p should be typically definite, whereas 
“/ieNCind” requires that p should be typically indefinite. Hence the 
hypothesis of *303*252 is only defensible as an abbreviation, meaning 
"/i, i/eNCind, and if p, p are given the suitable typical definition, they 
become members of C*U^i^*C*R.'^ 

*303-263. f- : /X, X/ € NC ind n O' t*'X . ~ (/* = v = 0) . D . a I (pjp) t too'X 

[*303-252] 

*303-264. V i p,p€ NC ind . /x*, pxeG‘U ,>^(p — p^O) •O (p/v)l 

[*303-263. (*65*01)] 
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w 

(5) 

( 6 ) 


*303-26. I- : V e NC ind . = 1/ = 0) . D . (gX) , g ! (^/v) ^ 

[*303*254. *300-17] 

*303-27. 1- : /A, 1/ 6 NC ind , /iA. va € O'. D . ;i/i/ = [*302- 15 . *303*1] 

*303‘3. h : p Prm o- . a ! . D . P** {pja) P*' 

Dem. 

I- . *301*16 . *14*21 . D I- : Hp . D . p <r e «“P (1) 

. (1) . *301*5 , D 1“ : Hp . p 4" 0 • ^ • (P^^Y = pp^«<^ = (P'')p . 

[*303-21] ^2) 

h. *301*2. 3 h : Hp . p = 0 . D . P** = /[ C‘P = Pp^'o- . g ; /f' C'tp ^3^ 

h . *30214 . Z) h : Hp . p = 0 , D , o- = 1 , 

[*301*2] D,P‘^ = P 

i- . (3) . (4) . D h : Hp . p = 0 , D . a ! (Pp)*' n (P-^jp , 

[*303-21] D.P^CpMP- 

Similarly H : Hp . o* = 0 . D . P** (p/a-) P' 
l-.(2).(5).(6).DI-.Prop 

*303-31. l-:pPrmo*.p + 0.o-4=0.(p o-) n PX e Q'P . D . 

(a-P)'PeRelnumrtioo‘X.Pp(p/(7)P‘' 

h . *300 46 . *301*4 . D h : Hp . D , (aP) • P e Rel num , {B*P) (P‘P) (i) 

H, (1). *303-3. Dh. Prop 

*303-311. I- : p*, 0-* 6 a* i/ _ t‘0 . p ^ <7 . D . (gP, Q). P e (p +, 1), . Q e (a 1)^ . 

P<Q^U‘^’Q<IP .B‘P = B‘Q.B‘P = B‘Q 

l-.*262-21.DI-:Hp.D.a!(p+„l),„<„.X, 

V .*117-22 . 3 I- : Hp .P6(p +„ 1)^ . D .(ga) . a C C‘P .ae a +„ 1 (2) 

I- . *261-26 . *205-732 . D 

l-:Hp.P6(p+„l),.aCC‘P.aea+,l. 

/3 = (a - t'minp'a - t'maxp'a) u i‘B‘P u i‘B‘P. D . /9 e a + 1 
[*250-141.*202-55] D. PC (3) 

. (1) . (2) . (3) . *203-55 . D I- . Prop 

*303-32. I- : p Prm o-.p>a.a.f0.p*6a‘0'.D. 

Dem. 3 '' RS(R^ G 

K *303-311 . D h : Hp . D . (gP, Q) . P e (p 1), . Q , _ 

I-. *300-44 -45. *301-4. D Q^P ■ B‘P = B‘Q . B‘P^ B‘Q (l) 

y . Hp . P 6(p +j l)r . S = P, . D . Rel num . (B‘P) S‘‘{B‘P) 


( 2 ) 
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Similarly 

I" : Hp . Qe (<r +o 1 )r - = Qi . D , c Rel num . {B*Q) 

f-.(l).(2).(3).*261-35’212.D 

h: Hp.D.(3i?, S).i2,S€ReInumnCX.i2poG^po-aIi2'«*Sr'> 
I- . (4) . *303-21 . D I- . Prop 


(3) 

(4) 


f- : p Prra o-.p^ 0 .(T={: 0 .pA,( 7 A 6 Q‘? 7 .D .3 l{p/a)l (Rel numn^oo^X) 
[*303-32-13] 

I- : p Prni o- .px> o'* e D‘ t7r» Q‘(/' • ^ . 3 ! (p/<r)^ (Rel Diim r» 
[*303-321] 

h : fi,p€ NCind — t'O . D . ( 3 X) . 3 ! (fi/v)l (Rel num n ^do‘X) 
[*303-322] 

1- : / 4 , */ e NC ind . e ~ (^ Prm v) , D , 

3 I (Rel num n 

h . *302-22 . D h : Hp . D . 

(ap-o". T}.pPrm<r.p4=0.<7 + 0.T=(^0.T4=l./i=pXoT.v=<rX5T.3l/iA.3l Va. 
[*303-2-21] 

^ • (aP* O’) • P Prm o- . p 4 = 0 . (T + 0 . /i/v = p/o- . 3 ! (p 1 )a . 3 I ((T +0 1)a . 
[* 303 - 321 ] 3 . 3 ! Rel num : D 1- . Prop 

In order to the existence of Rel num in any g^ven type, it is 

by DO means riecessar^ to have in the corresponding type. If 

p Prm o- ,p,a eD^U r>Q.*U, (p x^ T)/(<r x^ t) will exist, however great t may 
be, because (p x^t) = pltr. 

* 303 - 33 . h : 3 ! (/i/*')C num n <oo*X) . = , 

(3P. • (p. O') Prm (p, v) , Pa, o-A c D* A Q'ff 

Dem. 

h. *303-322-211 .D 

h : (p, O') Prm (p, v) . pA, ^a c D‘ f/'n Q't/ . 3 UmMD (Rel num a <„‘X) (1) 

l■.*303-18M5■l^)•211.D 

h 3 1 (p/v)t (Rel num a ?„‘X) . D : ( 3 p, tr ) . (p, a) Prm (p, v) . p + 0 . a + 0 . 

a * (pMt (Rel num a ioo'X) : 
[*303-21] D : ( 3 p, <r) . (p, 0 ) Prm (p, v) . p 4 = 0 . o- 4 = 0 : 

( 3 i 2 , S), R,S€ Rel num a , 3 ! iZ' A : 
[*301-41] D : ( 3 p, o-) . (p, a) Prm (p, v). p 4=0 . 0 - 4 = 0 . 

3 !(p+,l)Ai,'X. 3 l(<r+J)AA,^ ( 2 ) 

|-.(l).( 2 ).Dh.Prop 

*303 331. H pPrm o- . D : 3 ! (p/a)t (Rel num a ^o^'X), = .pA, (Ta cD'tf a Q'£f 

[*303-33. *302-31] 


* 303321 . 

* 303322 . 

* 303323 . 

* 303 - 324 . 

Dem. 
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*303-332. I- p Prm . D : 3 ! (p/c) t (Rel num n <„V ) . ~ , p,a 

[*303-331] 

In this proposition, p, a are typically definite cardinals, whereas in 
*303*331 they are typically indefinite. 

*303-34. H:p.o-6NCind.p,,(T,,eD‘frna‘a.7?>o-.D. 

(3-R, S) . R.Se Rel nurn r» . g ! A jS'* • (3 ! 7 ?’’ /S *SfJ 

Note that rsj (3 ! ii’’ (S »S^) does not imply E ! ii’' or E ! SK 
Dem, 


I- . *303-311 . D I- : Hp . D . (gP, Q, P. S) . P 6 (p +„ 1 V . Q e(o-+„ 1)^ . 

P.Q€t^‘\.B‘P=B‘Q.B‘F = B‘Q.R = P,.S=Q, (1) 

As in *303-32 Dem, 

f- . (1) . 3 h- : Hp . D . (gP, Q, P, S) . P e (p +, 1 ), . Q « (o- +„ 1 ), . S = p, . p = . 

[*121-48.*202181.*301-4.*300-44] ^ ' 

D . (gP, S).R,Se Rel num r. . g ! P' r> Sp . (g t Pi) : 3 p . ppgp 
*303-341. I- : p* , 0-* 6 D‘ iTn Q' y. p Prm o- . f Prm ,, . (p/o-) I t„‘X= f . D . 

Dem. p = f.<r = , 

I- . *303-34-21 ■ 3 t- : P*. <r* 6 D' t; n a‘y . p Prm <r . f Prm . V > o- . D . 

(-M t <.-V + (f/,) C « 

I- . (2) . *303-13 . DI-:Hp.D.f^p 

I- . (2) . (3) . *117-32 . 3 I- : Hp . D . , a<ff 

I- . *303-322 . D I- : Hp . D . g ! (f/,) ^ Rel num . 

[*303-11-15-16] D.f + 0.„ + 0 

K (2) . (4) . (5) . 3 I- : Hp . D . f*, e D‘ {;■ n Q' y . 

h . (2) . (3) . (6) . D I- , Prop 

*303^35. I- : 1» f Prm , . (O/Dt: t„‘\ = Q/^)l . D . f = 0 . , = 1 

Dem, 

l-.*.300-14.Dl-:Hp.D.(g:r.y).* + y.*.yeCX. 

[*303-lo] 3 . (g^,_ y) . «: + y . (a; 4 *) (0/1 ) (* I y) . * I ^ I y , , 

U-ie-n.Tranap] ^ ^ i ' 

[*302-14] = 1 

I" • (1) . (2) . D I- . Prop 


(2) 

(3) 

(4) 

(5) 


( 6 ) 


( 1 ) 

( 2 ) 
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*303‘36. h , o^A € Q* . v . fx . »?a e Q‘ /7 : p Prm a . f Prm ; D : 

(p/^)t = • P ~ ^ • O' — 1} 

Dem. 


h. *300 14, *302*14. D 

l-:.pA.o-Aea't;',pPrma',--(;3A.o-A€D't7)-^:p = 0.(r = l . v.^ = l .<r = 0: 
[★303-3513] D : f Prm 7, , (p/a) 1 = (f/,?) ^ .:>.p = ^.a^v d 

H. (1), *303-341 ,D1-, Prop 


*30337. 


Dem. 


f- a, ^ 6 NC ind n a‘( Ul t^^X ) . ^ (a = ;9 = 0) . v , 

7, 6 c NC ind n a‘( 1 ~ (7= 8 = 0) : D ; 

(«/)S) D ^oo‘X= (7/5) . D . a X, 8 = ^ X, 7 


l-.*302*36.*303*211 ,DI-;a,/?€NCind.aA,^A€a‘f/'.~(a = y3 = 0).D. 

(ap. d • {p> O’) Prill (a, , p/a = a/^ (1 ) 

1- . (1) . *303*254 181 , D H : Hp (1) , (a/^)l = (7/8) t t^^X . D . 

(af. n) • (f. v) Prm (7, 8) (2) 

I- , (1) . (2) . *302*21-22 . *303*211 , D 

h : H p (2) . D . (ap. 0-, f, 77) . ip, a) Prm (a. . (f, 77) Prm (7. 8) . p. it 6 Q* . 

p/o- = flr/79 = 7/8 = f/77. 

[*303*36] D . (ap, ff) . (p, <r) Prm (a, yS) . (p, a) Prm (7, 8) , 

[#302*34] D . a x^ 8 = 79 Xo 7 (3) 

Similarly 

h ; 7,8 c NC ind .7 a, 8 a ea‘fr.^ (7=8=0). (o/^)t/„‘\ = D. 

aXo8 = 73x„7 (4) 

I- . (3) . (4) . D h , Prop 

*303'371. h : 0,73,7, 8 6 NC ind . Oa, 73 a, 7 a, Sa c (0 Prm 79 . 7 Prm 8) , 

(«/^) t ^oo*X = (7/8) I too*X . D . a x^ 8 = 79 Xo 7 

[Proof as in *303*37] 

*30338. h a, 79, 7, 8 c NC ind : arA.79A eCT'f/. v . 7 a, 8a e(I‘f/: 

(a = /9 = 0) . (7 = 8 = 0) : ^ : 

(a/y9) t - (7/5) C CX . = . a Xo 8 = 79 X, 7 [*303*37*23] 
*303*381. h a, 79, 7, 8 c NC ind . OA,y9A.7A. 8 a c C‘f7, ^(o Prrn 79, 7 Prm 8) * 3 : 

(VtS) t = (7/8 ) C foo'X . = . a X, 8 = 79 x„ 7 [*303*37 1 *23] 

*303*39. t" ; . 0, 79, 7, 8 e NC ind . (at = 79 = 0) . (7 = 8 = 0) . D : 

a/79 = 7/8 . = , o X, 8 = 79 X, 7 [*303*38 . *300 18] 

*303 391. l-:.a,;9cNCind,aA,79Aea‘f/.-(a = 79-0).D: ' 

(a//9)D f«‘X = {y/S)l foo'X . = . a/79 = 7/8 . = - a x, 8 - 7? Xe7 
[*303*38*254*11*14] 
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Thus when a/y9 is used as a typically indefinite symbol, we obtain the 
same results as if we supposed it defined as of a type where a 1 and 
;S+el both exist in the type of X, i.e. Nc‘^o‘X > o . NcVo'X > 

★303-392. l-:.o,y96a‘ (a = y9 = 0).D: (a/^) I == ( 7 / 5 ) ^ = - 

a/y9 = 7/5 . = . a S = X, 7 [#303-391 27] 

This proposition differs from #303 391 by the fact that a, /9 have become 
typically definite. It will be observed that even when a and ^ are typically 
definite^ a/^, like remains typically indefinite. 

#303’4. h p Prm a , Re Rel uum . D : iifp(p/o-) , 3 ! 

[#303-3*21 . #301-4] 

#303-41. V i\ fx,v€ NC iud . ~ (/* = 0 . 1 / = 0) . D 

R e Rel num . f = 1cm (/t, v) . D : (p/i^) i2„ . h . g liRf 

Dem. 

I-. #303-2. #300-440 


h Hp ./i=|=0.i'=t=0.jKe Rel num . (p, a) Prm, (/x, i/) O : 

■ 3 1 ^ ^vXcp • 

[#302-37] =.3!-Rpx.<r (1) 

H . (1) . #302-44 . D h Hp(l) . f = 1cm (/x. v). D : R^(^lv)R . . = . g ! (2) 

h. (2), #302-22. D 

H Hp, p,^ 0, i/=f= 0, 6 Rel num . f = 1cm (p, v). D : i2^(p/x') = . g! J?* (3) 

h . #302-44 . D 

h Hp .p = 0 . iie Rel num . f = 1cm (p, v) O : f = 0 : 

[*30-315] ■^■R,(^lu)R.. = .^\Rf (4) 

oimilarly 

t- Hp . 1 - = 0 . iJ e Rel num . f = 1cm (/i, p).:):R^ (jl/p) R. . = . g ! R, (5) 
h . (3) , (4) , (5) . D h , Prop 


*30342. 

*30343. 

#303 44. 

#30346. 

#303 46. 
Dem. 


h Hp #303-41 . f = Icm (p, z.) O : f7^(p/x/) . = 

[#303-41 .#300-26] 

H ,, Infin ax . 3 ; p, 6 NC ind • (p = p =: 0) . ^ 

[*303-42. #300-1 4] 


1cm (p, v)eC*U 




h Hp#303-42 . Pe Ser . D : (p/,.) ^ ; p 

[#303-41 .#300-44] 


h : P e n infin p, i/ e NC ind . 
[#300-44 . *303-44] 


(p = 0.z/ = 0).D.P^(p/t;) P, 


H (p, 0 -) Prm (p, t-) . f. t, e NC ind . P e Rel num . D : 

Ri (p/v) P, , = , f = - a !-R(Xc*r 


h .#303-211 . ^ 

h :. Hp . D : Pf P, 

[*303-21] 

[#300-55] 

B. & W. III. 


P( (p/ff) P, . 

a 1 ^ -^-jXeP • 

f x^ a = t; X, p . ^ ! P^ xc<r 3 h . Prop 
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*303-461. h 1 ? € NC ind . ~ (/i = i' = 0) . ~ (f = , = 0). e Rel oum . 3 : 

-fff W") • = . ? = a 

Dem. 


I- . *302-45 . D 

t- : Hp . (p, 0 -) Prm (?,?)). 3 . f x, (t = 1cm (f, tj) (I ) 

1- . *302-35 . D 

I- : Hp . (p, 0 -) Prm (/t, . f x„ o- = I, x„ p . D . (p, „) Prm (f, .?) . (2) 
[*302-34] D . f x„ i/ = 7 ) x„p (3) 

h . *302-35-37 . D 

1- : Hp.(p,o-)Prm(p,i/).f x„>/ = >, x.p.D.f x,o- = , x„p (4) 
I- . ( 1 ) . (2) . (3) . (4) . *30.-V42 .Dh. Prop 


*303-47. h Hp *303 461 . A ~ e Pot'R . D : Rf (p/„) R, 

[*303-461] 


f X„1/ = J) x,p 


*303'471. I" V, f, ?; e NC ind 

[*303-47. *300-44] 


^(^ = v = 0).~(f = 7; = 0).Pen infin . D : 

Pi (mM P, . = . f Xfl I' = V Xo a* 


*303-48. H /i, i/, f, 7? 6 NC ind . (/i = 1 / = 0) . (f = 1 ? = 0) . D : 

= • f Xg = t; Xp/i , 1cm (f, 1 ?) 6 C'P' 

[*303-461 .*300-26] 


*303 49. }- Infin ax , D /i, p,^,rj€ NC ind « (m = *'=*0).D: 

C^f (/t/l') . = . f x„ v = 7? Xe /i 

Dem. 

h , *3031 5 ,D\- 7} € NC ind . ^ = 0 . 9 . D : 

U( U^,B • U(€ R1‘/ . € Rel num id . 

[*120-42] =.f = 0. 

[*113 602] =.f x,*/ = 77X,/x (1) 

Similarly 

h /i, NC ind . ^ =t= 0 . = 0 . D : U((filp) P, - = • f x^ v = t; x^^ (2) 

h.(l).(2).*303-48.DI-.Prop 

*303-6. I- : /),o-€NC ind — 1‘0 .a!(p+oO-)A*^- 

(aP.e)'-P«(/>+ol)r-ec(a+.l),.P,Q€C?^. 

P'P = B‘Q . B*P = B*Q . C'P n 6"Q = PP'P w t'P'P 

Dem, 

h. *110-202. *120-417. D 

H : Hp . D . (a«» iS) - /9 c VX .aep+jl ./9fo--ol.an^ = A 


( 1 ) 
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f-. *262-2. D 

1“ : Hp . a, ^ € <o'X. .aep+gl .^€<7—^1 .ar»y3 = A. (7^2. D, 

(ai^, S).P,S€nnt^‘\.C‘P==a.C*S^0,ar^^ 
[•231131141] D . (gP. S.Q) . P, S.Q , Q r. t^‘\ . C‘P = a . C‘5= P . 

Q = B‘P ♦f S +> B‘P . C‘P n C‘Q = t‘B‘P <j i‘B‘Q 
l-.*262-2.DI-:Hp.a,^eC>t.a€p+.l.^ = t‘i:.x~eo.o- = 2.D. 

(a-P. Q)-P.Q€ U‘\ . Pen.C‘P = a.Q = {B‘P) 4 x +♦ P‘P 
l-.(l).(2).(3).Dl-.Prop 


= A. 


( 2 ) 


(3) 


*303-61. h:.p Prm o' . p + 0 . o- + 0 . g ! (p +„ <r)* . D : 

(a-R, -S) : P, S 6 Rel num r. . P (p/<r)S: D<,, .~P(f/,,)P 

Devi. 

h. *300-4,4-45. *301-4. D 

'■:^^P--P«(P+.1 )^-Q«(^+o 1),.P=P..P = Q.. 

B‘P = B‘Q. B‘P = B‘Q. C‘P rt C‘Q = i‘B‘P w i‘B‘P . D . g ! P' /S So (1 ) 

h. *301-41. Dh:Hp(l).~(f = p., = ^).3.jj,^5f^^ (2) 

I- . (1) . (2) . *303-21 . D 

I-:. llp(l)-3:^i(pM«:fPrm»7.~(f = p.,, = o-).Df,,.~P(f/,)S: 
[*303-36] 3 : P (p/<r) S : f Prm , . f/, + pja . Df,, . ~ P (f/,) S ; 
[#302-22.*303-211] 

[*303-182] D : i? (p/o-) ^ : f/77 + p/(7 . ^ i? (f/^) /g. 

t- . (3) . *300-44 . *303*5 . D I- . Prop 

*303-62. H /t, € NC ind - t‘0 . a ! (/i »/)a . ^ : 

Dem : -R. ^ e «oo‘X • -R (W*') : I^/t? + /i/i/ . ^ (f/^) 5 

H. *303-24. *302-39. D 

h: Hp.D.(ap.ff).pPrm<7.;i/i; = p/o-.p=)=0.o-:^=0.a!p+o<r (1) 
l-.(l). *303-51 . Dh. Prop 


*3036. 


: V € NC ind - t<0 . D . O/v = 0, 
*303-61. H : 1 / e NC ind - i‘0 . D . vjO =00 


[*303*15] 

[*303-16] 


*303-62. K0, = Ciiv‘oo, = pS(g!PA/['C<S) [*303-6 61 1315] 

*303-621. I- . 0, |- Rel nura id = Cnv‘(Rel mim id ] oo ,) 

= RiSr(ie c / . 5 6 Rel num id . a ! n C^S) [*303-6*61 13151] 
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*303-63. t- : a ! 2» . 3 . a ! 0, [■ (Rel num r, t„‘X) 

Bern. 

h . ♦303*15-6 . D I- TiT + y . D ./ 05 (j:|y) Oh. Prop 
*303-631. h : a I 2x O . a ! (Rel num n t^^X) '\ oo , [*303-63*62] 
*303-66. 

Bern. 

I- . *303-62 . 3 I- : iT + y . 3 . /O, (a: 4, y) . ... {/oo , (a: ; y)) : D h . Prop 

*303-66. I- a ! 2* . D : (/x/v) P = 0, . = . /* = 0 . </ e NC ind - j‘0 


Bern. 

h . *303'6 O h : /I = 0 , v 6 NC iod — 1‘0 O . fxjv = 0^ (1) 

l-.*303*615O 

h : /i/»/ = 0, O . /i/i/ = RS (R € R1‘/ . iSTc Rel num id . a I a C^S) (2) 
h . *300’3 . D h : Hp . D . (aiC, Rel num n t^^X . 

[*10-24] ^.aI(Relnumid-Rl‘/)/^A»^ (3) 

h.(2).(3).*30311-l7O 

h :: Hp O (fi/v) ^ = 0^ O : /i, v € NC ind : /x = 0 . v . v = 0 (4) 

h. (2). (3), *303*16. D 

h Hp . D : (/x/i/) t «oo‘>. = 0, . D . ~ (/X + 0 . 1/ = 0) (5) 


h.(4).(5).D h:.Hp.D:(/x/v)tCX = 0,.D./t = 0.i/€NCiDd-t'0 (6) 

h . (1) , (6) . D h . Prop 

*303-67. h :. a I 2* . D : (fi/v) f = oo g, = . p = 0 , fie NC ind — i*0 

[*303-66-62] 

*303*7. h : X c Rat , — , (a/*, p) •fi/P e NC ind , p^O • X = fijp 

[(*303-04)] 

*303*71. h : X e Rat def . = . (a/*, p), fi,peB*U r\ (1*U . X = (ji/p) C t\x*fi 

[(*303-05)] 

*30372. h : X e Rat . D . (a;*) * a I X t V [*303*26] 

*303*721. h : X € Rat — I'O, . D . (a/*) • X [ t^^fi e Rat def 

[*300*18. *303*7-71] 

*303*73. h : X e Rat def . D . a * -S' t num [*303*322-324] 

*303 731. h :. p Prm o- . D : (p/o*) f tu*p eR&t def , = . p,<r€l>*U n Q*U 

[*303*71. *302*39] 
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*303*74. \-:,p'PTm<T.X={pl<r)ltu‘p.Ot'^lXtReln\im. = .p.a€'D^Una*U 

[*303332] 

*30376. h : X € Rat . g ! X ^ (^ii V ^ nurn) . D . X ^ e Rat def 

[*303*74*71] 

*303*76. h X. Fe Rat . X t tu*P e Rat def . D : X C ^//> = F t , = , X= F 

[*303*391] 

*303 77. h lofin ax . D : /i, i; e NC ind - i‘0 . D . /x/*/ c Rat def 

[*30014 . *303*71] 

*303*78. 1- : Infin ax . D . Rat def = Rat - i‘0, [*303*7*77] 

The above two propositions assume that /x/i/ in the first, and “Rat” in 

the second, have been made typically definite, but they hold however the 
type may be defined. 



*304. THE SERIES OF RATIOS. 

Summary of *304. 

In this number we consider the relation of greater and less among ratios, 
and the series generated by this relation. We need two different notations, 
one for greater and less between typically indefinite ratios, the other for 
greater and less between ratios of the same type. The former is more 
useful where we are dealing merely with inequalities between specified ratios, 
but the latter is necessary when we wish to consider the aeries of ratios in 

order of magnitude, since a series must be composed of terms which are all 
of the same type. We put 

*30401. X <,. K. = v.p, <r) ./i, */,p,(T6 NCind .<r40./iX^cr<i/ 

X = fijv . Y = p/<r Df 

This definition is so framed as to include 0^ but exclude oo^. For the 
relation " less than *' among rationals of given type (excluding 0^), we use 
the letter H, to suggest t) (defined in *273), because, if the axiom of infinity 
holds, the series of rationals of a given type is an rj. The definition is 

•30402. = FeRatdef.Z<, K) Df 

When we wish to include 0^ in the series, we use the notation W ; thus 

•304 03. /f' = 1 f (Z. F f Rat def w i‘0, . JT <, F) Df 

(It will be observed that here t*0q acquires typical definiteness through 
the fact that it must be of the same type as "Ratdef” in order to make 
" Rat def u " significant.) 

If the axiom of infinity does not hold, H and H' will be finite series: 
if V + 5 1 is the greatest integer in a given t 3 rpe (v > 1), the first term of H 
is l/iz and the last is v/1 (*304-281). In a higher type, we shall get a larger 
series for H, but at no stage shall we get an infinite series. If, on the other 
hand, the axiom of infinity does hold, is a compact series (*304-3) without 
beginning or end (*304*31) and having So terms in its field (*304*32), 
t.e. /f is an (*304*33), In this case, — (♦304-34), 

t.e. any rational other than 0^, as soon as it is made typically definite, belongs 
to C'ff. 
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Under all circumstances. H is & series (*304-23), and H exists in the 
type too ^ if 3 exists in the type (*304‘'27). In the same case, 

C*/f=Ratdef (*304'28). Similar propositions hold for H\ 

C‘H consists of typically definite ratios, and if X is any ratio, there are 
types in which X belongs to C‘H' (*304-52). If the axiom of infinity holds, 
every ratio is a member of G*H' in every type (*304-49). 


*304-01. X <.. y . _ . (g^, P, 0 -) . /i, 1 ^, p, o- e NC ind . o- =t= 0 . /t Xq <T < V Xq p 

X = fxjv . Y = pja Df 

*30402. H = XY\X, y€Ratdef.X<, Y] Df 

*304 03. y6Ratdefut‘0,,X<, F) Df 

*304 1. h : X <,. F . = , ( 3 //, v, p, a) . p,,v,p,(r € NC ind . p x^ tr < v x^ p . 

X = pju . Y = pja- [(*304 01)] 
*304-11. I- : fijv <rpl<T . = .alp Cr vjp, [*304-I] 

*304-12. I-:X<,F. = .F'<^X [*304-1 1 . *303*1 3] 

*30413. l-:X<,F.D.X.F€Rat. F4=0, 

Dem. 


*30414. 

*30415. 


H • #1 17 p p • ^ ^ V 'x p^O 

[*113-602] D.^+O.p + 0 

H . (1) . *304-1 , *303-7 , D b . Prop 

b : XHY. = ,X, KeRatdef.X F [(*30402)] 

b : XEY. = . ( 3 ^, P, 0-) . p. I/, p, o- 6 D‘ U n a* U . 

r OA.* 1 . , = 5^=(p/o-)Dtu'p-pXoO-< vx^p 

[*304*14*1 .*303-71] 

•304161. I- : JTffF . = . (gitf. i\r. ^) . i(/ <, at . ^ t <>. V. ^ C V e Rat def . 

Ml . F = f [*30415] 

•304162. I- A. Prm . p Prm a- . 3 : {(,,/„) [; ff j. _ _ _ 

<rpla- . P. v, p, <7- c D‘f7n Q'U [*304-151 , *303*731] 
*304-16. b : (p/i/) H(p/a) , = . (a/p) H(v/fi) [*30415] 


( 1 ) 


[*304*12151] 


*304 161. b : XHY. ~ . YHX 
*304*2. h.HdJ 

Dem. 

b . *303 37 . D 

^•ro4:i^r ‘ ^ ^ t V = (PM D ..V O . , X. . = . p . 

H . (1) . Transp . D I- . Prop ^ ~ ^ 

•304201. I- . ~ (X <,X) [Proof as in *304'2] 
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*304’21. h , H € trans 
Dem. 

h . *30415 . D h : XHY . YHZ . D . 

/)X(,7?<o-Xof.Z = i^jv) t ^nV • y -(pl^) t • ^ = (^h) t ^nV (1) 
I-. *117-571 . *120 51,3 

h : /A, i/. p, <r, f, t; 6 D‘ C7 n Q* 17 . ^ Xg <T < 1/ Xj, ^ Xq »7 < O’ Xq f . D . 

/I X<; CT Xg 77 < 1 / Xq /> x<, 7/ < 1/ Xo o- Xo f . 

[*126 51] 3 . /t Xg 77 < x^ f (2) 

h.(l).(2).3h.Prop 

*304-211. I- : X <, F . F , 3 . ^ [Proof as in *304*21] 

*304-22. , H € connex 

Dein. 

h . *1 26-33 . 3 I" :. /i. i/, p, O’ e D' 1/ n Q‘ 1/ . 3 : 

M O’ < XqP . V .p x^o-^ Xop . V . p x^a > */ Xop (1) 
h . (1) , *3041 5 . 3 h . Prop 

*304-221. I-:.Z, F€Rat.3:Z<.F.v..Y=F.v.F<,A^ [Proof as in *30422] 

*304-23. h .^eSer [*304-2-2 1-22] 

*304 24. H : p, I' 6 D‘ 17 r» CT'l/ . j/ 1 . 3 . (fi/u) H \pl{v —g 1)] 

Dem. 

h . #12()-414-415-416. 3 h : Hp . 3 . 1 (1) 

h , (1) . *30415 . 3 h . Prop 

*304 241. 1- j c D‘ 17 . p +, 1 f Q' 17 . 3 . (/*/! ) .((p +« 1)/1| 

Dem. 

h. *300-14. 3I-: Hp.3.p. IfQ'll (1) 

h . *30014 . *120-124 . 3 I- : Hp . 3 . /i +« 1 « D'17 (2) 

I- . (1) . (2) . *304-15 . 3 f- . Prop 

*304-26. \-ifM,v€D^Una*U.r^{fi+g 1 =.fi'17.»;=l).3.^/i/6D‘/7.v/pca'/f 

[*304’24-241 16] 

*304261. h:;i+,l=B‘17.3.p/l~cD'iy 
Dem. 

h. *300-14. 3 

h : Hp.p, o-fD'lf nQ‘17 .3.p^/A>l • 

[*117-571] 3.px«l<px,o’ (1) 

h. (1). #304-15. 3 h. Prop 

# 

*304 26. Prm v .0 : /ilveD'H . = . vl/i e(i‘H . 

= .^ peiyUr^d'U.^in+.l^B'U.u^l) 

[*302-39 . •304-25-26M5-16] 
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•304-261. = .p = \). 

-3^ = (/*/") D<i.V) [•304-25-251-15] 

*304-262. \-.<l‘H=X\('^,v).^.v€D‘Una‘U.^{lM+,l = B‘U.v=\). 

^ = (•'//*) D <nV) [*304-261-16] 

*304*27. h : a I . g ! 3 
Dem. 

1-. *300*14. D 

^ \ f^= \ . V = 2 . fi,,v e'D‘U f\(l^U \ — B^U .v=\) , 

[*304*25] D.gliT (1) 

I- . *304*261 . D 

1“ a ! /f . D : i ^I>‘U rsd^U \ fx \ ed^U . v^ \ : 

[*30014] D : (a/A).^^ 1 - al^+o 2 . V . (gt') . > 1 . g 1 +o 1 : 
[*117*32] D:a!3 /g) 

f-.(l). (2)01-. Prop 

*304 28. h : a ! 3 . D . C‘H-^ ((g/x, v) , fx.v n Q.*U . X = (/t/t/)f 

= Ratdef 

Dem. 

h . *300 14 . ^ K Hp . D : ^ +.^ 1 = 5* i7 . 3 , ^ ^ 1 ^ 

I- . (2) , *304-261*262 . *303*71 . D h . Prop 
*304*281. = = = = 

[*304-28*261*262] 

*304 282. J- . 0, ~ € C*H [*304*27*28 . *303*66] 


*304 29. 
Dem. 


*304*3. 


I- : (/i/i-) H (p/o-) . p +„ p, V +„ o- 6 a‘tl . D . 

W«') -S' [(/* +„ p)l(v +„ o-)) . ((p +„ p)/(„ o-)) H (p/a) 

H. *304-1 . DI-:Hp.D.px,<r<„x.p. 

[*126-5] 3 • M X, (^ +„ o-X r x„ (p +„ p) . 

, ,,, „ (/* +0 P) X. o- < (x, 0 -) X, p . ( 1 ) 

H » (1) . *304*1 . D h ■ Prop 

H : In6n ax . D . 5" e Ser a comp [*304*29*23] 


*304-31. h : 1„6„ ax . D . ~ E I fi'fl . ~ E ! [*304-281 . *30014] 

*304*32. h : Infin ax . D . C^H e Ho 
Dem. 

y . *304-15 . *303-211 . *302 22 . D 

I- . Nc'C'fl’ ^ Nc‘± ((gp, a) . p Prra o- . p, o- e D‘ £1 n a* £/ . X = p/xx) 
[*303-36] Kap. o-).pPrma.p, o-eD'JTna'JJ ilf-ol<rl 

[*33-161] <Nc'C‘££x,Nc‘C‘£r u - p 4 

19 
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( 2 ) 


■I- . (1) . *123-52 . #300-21 . D I- : Hp . D . 

I- . *304-28 . D 

I- : Hp . D . Nc‘C‘f?>Nc‘l ((gi /) . v c D'U n a‘U . X = 
[*303-36] ^ Nc‘(D‘t;’n (I‘U) 

[*300-21] 

l-.(2).(3).*117-23.Dh.Prop 




*304 33. 
*304 34. 
*304 4. 


*304 401. 


f- : Infin ax . D . 77 

f- : InfiD ax . D . C‘H=T)‘H = Rat - t‘0. 


[*304-3-31-32. *273-1] 
[*303-78 . *304-28] 


(■ : XH Y . = . X ,Y € Rat def u t‘0, . X<,rY . 

= ".P.o-)-/*. i'.p,o-fa‘t/.i/=j=0.o- + 0./ix,<r<vx,p 

= 1^=(p/o-)C<„‘m [*303-71 .(*304-03)] 

f- :. Infin ax .D ; X <rY . = .XH'Y [*.304-4 . *303 78] 


*30441. 


[Proof as in *304-261] 


B'U .v=\). 


#30442. 

#30443. 

#304 44. 

*304 46. 

#304-46. 

#30447. 

*30448. 

Dem. 


#304-49. 

#3045. 

*30451. 

Dem. 


#30452. 

#30463. 


h . a*//''- ji v).fi,P€(i*u 

H:a!//\ = .a!2 [#304-42] 

H : 3 ! 2 . D . C*H’ = X ((3/1, v) , fi,v €<J*U .v^O , X = {fij v)l fi\ 

[#304-41-42] 

1“ : a ! 2 . D . D*H’ = 0, [#304-41-42 . #303'6] 

H : a ! 3 . D . //' = 0, ♦f //■ [#304-45*4-27-l] 

1- : Infin ax. D. 1 +1? [#304-46-33] 
f- . H' c Ser 

I- . *.304-4 .Dfi:3l2.~a!3.D.//’'=0, 4, (1/1) (1) 

I- . (1) . *.304-4.3-46 2.3 . D h . Prop 

fi : Infin ax . D . C‘H' = V)‘U' = Rat [*304-34 46] 

I- : .ITr C'H . D . a ! Jr p Rel num [*303 73 . *304-14] 

I- : X e C'H ' . D . a ! X [ Rel num 

y . *.303 63 . *.304-43 . D I- .-. Hp . D . g I 0, [ Rel num (1) 

I- . (1) . *30.3-73 . *:i04-4 . D h . Prop 

I- : X f Rat . 3 . (g/t) . X 4 e C'H' [*304 44 . *30018] 

I- : X r Rat - «'0, . D . (g/t) . X t t„'/i f C'H [*304-28 . *30018] 



*306. MULTIPLICATION OF SIMPLE RATIOS. 


Summary of *305. 

The ratios hitherto considered are called “ simple ” ratios in opposition 
to “generalized” ratios (introduced in *307), which include negative ratios. 
We deal with multiplication and addition first for simple ratios, and then 
for generalized ratios. In this number we are only concerned with the 
multiplication of simple ratios. 

In defining multiplication of ratios, we naturally frame our definition so 
as to secure that the product of fifv and pja shall be (/i x,p)/(v x^a). This 
is effected by the following definition (wLere “s” stands fur “simple”): 

*306 01. X y.gY= v,p, <r) . i/,p, o- e NC ind . i/=f= 0 . (T=)= 0 . 

X = p^jv pjtT ,R[{p.'<^p)l{v S] Df 

which gives us 

*306142. I- : /i, p e NC ind . 1 / + 0 . O' + 0 . D . /t/i/ x.p/o- = (/.t X, p)/(i/ x„ o) 

and 


*305 144. f- : g I {pjp x,p/o-) . D . p,fp x. , p j <r = {p, Xgp)l(p x^ cr) 

The reason for the hypotheses in these propositions is that, if ^ is a 
cardinal which is not inductive, while p = 0 and v, <r are inductive and 
not 0, p./p = A and /r/vx,p/o = A, but (/a x. p)/(v x. < 7 ) = 0,. 

For the applications of the multiplication of ratios, it is essential that we 
should have, if R, S, T belong to a suitable vector family, 

R (p/v) S . S {pja) T . D . (pjp X, pja) T, 

e.g. we want two-thirds of five-sevenths of T to be (2/3 x,5/7) of T. It will 
be shown in Section C that our definition satisfies this requirement. 

We prove in this number 

*306 3. h : X, r e Rat . = . X X. Ke Rat 

*30622. I-:.;? x.F=0,. = :A-. F e Rat : ^ = 0, . v . K = 0, 

t.e. a product only vanishes when one of its factors vanishes; 

*306-301. h : A, F s Rat - t‘0, . ^ . X x. F s Rat - t‘0„ 
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*306-26. f- : /i, «/. p, <r e D‘ ir n a* . D . (/i/i/ x, p/<r) f V/* « C‘H 

Thus a product of two ratios which both exist in a given type exists in 
the next type, x.e. 

*306-26. h : Z, F £ Rat . ZC (..V. Y I <„ V € Rat def . D . (Z x. F) 1 « C‘H 

The formal laws ofifer no difficulty. We prove the commutative law 
(*30.5-11) and the associative law (*305-41); we prove that Zx,l/l = Z 

(*305 51) and that Z x,Z=l/l (*305 52). Division results from 

*306-61. l-:./4eR.at-t‘0,..d'€Rat.D: A x. Z = 4' . = . Z = 4' x ,4 

and the axiom of Archimedes is g^ven by 

*305 7. H : A, F € Rat - . D . (ga) . a e NC ind . Y<r (a/1 x, X) 


*30501. X X, Y ~ »/,p, <t) . fi, I/,/), ffc NC ind . v ^0 . <r 4= 0 . 

X = fj,lp,Y=^plcr,R [{fi Xa p)l{y x^ a-)] S] Df 

*305*1. : R(X X, Y)S , (g^, v, p, <r ) . p,.v, p,(T e NC ind . i/ 0 . a ^ 0 . 

X = p/p.Y = pl<r.R\0i x,p)/{v X, <r)] S [(*305-01)] 

*306 11. }-.X x,Y=Yx,X [*305*1] 

*30612. I- : A, K ^ 6 1 ‘ 0 , u i * , Cnv‘( A x,Y) = Xx,Y [*3051 . *303*13] 
*30613. f" : /i, V, p, <r € NC ind — i*0 . p./v = pxfu ' . pja — p'jiY . D ■ 

_ (/* Xo p)Kv x^ a) = (/*' X, p)l{v Xo a) 

Dem. 

1“ - *303*39 . D H : Hp • p.Xf^v x^p.' • p x^tr' = p' x^<r , 

[*120'51] 5 • /i XjP Xg Xp <r — p! x^p' x^p x^<t , 

[*303-39] . (m Xo P)l(^ Xo «■) = (m Xfl «■') ^ • Prop 

*305131. h : V, p, <r e NC ind — 1 * 0 . 0/v = pjp* • pl<T = pV®*^ • ^ • 

(0 Xp p)l(v Xp <r) = (/ Xp p)l{v Xp o-') 

Dem. 

V .*303*66 . D h : Hp. D. = 0 . v' « NC ind - i*0 (1) 

I- . (1). *303*6 . D h : Hp. D. (0 Xpp)/(i/Xpr) = 0,^ (/i' x^p')l(p'xy) Oh. Prop 

*306*132. h :>i, v.p, o- e NC ind . v + 0 . o-=t=0 . p/v — pV*'' • p/a* = p 

(p Xp p)/(v Xp 0-) = (p' Xp p')/(*'' Xfl <'■ ) 


[#305-13-131] 
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*30614. l“:/A + 0.p=|=0.i;=f^0.<7 + 0,D./x/i/x,/j/o- = Ox^^)/(z/x,o-) 

Dem. 

H.*305M32,D 
h Hp , D {fijv x,, pfa) S. = i 

(SM . V, p\ <t') . fi, V, p, a' € NC ind . pjv = /I'/j/' . pja = pfa ' . i/' + 0 . c' =j= 0 : 

, o/.n y-^fT)]S (1) 

I- . *303*181 . *302*36 . *120*512 . D 

H : Hp . R ((^A y.op)l{v x^ <r)) ^ . D . p., i/, p, o- e NC ind /2) 

t-.(l).i2).Dh. Prop 

The condition /i + O.p + 0 is required in the above proposition because if 
e.g. /i = 0 . p 6 NC infin, we shall have (if i/, *7 e NC ind - f‘0) pjv = o, . p/o- = a! 
whence pjv x„ p/o- =. A. but (/a x^ p)/(i/ x^ <t) = 0,. If we assume p e NC ind 
It IS not necessary to assume ;a + 0 . p + 0. This is stated in *305*142. 

*306*141. 1^ = 0 . V . o- = 0 : D . X, p/o- = A 

Dem. 

H .*303*67*11 . D h : p = 0 , /i', v' eNCind . plv — p!lv . D . i/' = 0 (1) 

H. (1). *305*1. Dh. Prop 

*306142. I- : P f NC ind . ^ + 0 . + 0 . D . X, p/<r = (;. X. p)/(. x, 

[Proof as in *305 14] 

*306 143. H : a ! {pjv x,p/o-) . . /a, i^.p, o- e NC ind . v=)= 0 . o- =)= 0 

Dem. 

y . *3051 . 3 t- : a ! (/i/i/ X, p/o-) . D . (3^', „') . p', o' e NC ind . ■/' + 0 . p/o = 
[*303182-67] 3.p,.eNCind.o + 0 (1) 

Similarly : 3 I (W" x.pM . 3. p. o- e NC ind . 0- + 0 (2) 

I- . (1) . (2) . 3 I- . Prop 

*306144. I- -a x.p/o-). D .^/o x,p/a-=(yi x„p)/(o x„o-) [*305 143142] 

*30616. p-~(M..'.P,<reNCind).v.o = 0 .v.<r = 0:D.p/ox.p/<r = A 

[*305-143 . Transp] 

*30616. I- :-P,>',p,<r€NCind:/o = 0 .v.p = 0 :o + 0. ,74=0:3. 

p/ox.p/,7 = 0, [*305 142. *303-6] 
06 17. r . ^ X, 00 5 = A [*305*141 . *303*67] 

*306-2. f-:a!-?x. K.D.X, FeRat 

Dem. 

h. *305-1. D 

' Hp ' ^ ‘ (3/*. I'.p, 0-) . p, 1/ p (F € NC ind , i/i 0 <riO T— / v / 

[*303-7] 3.^.FeRat:Dl-.Prop + " • - + « . 2r = ;o/o . F = p/. . 
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*306 21. h : X X, r € Rat - 1‘0, . D . Z, 7e Rat - 1‘0, 

Dem. 

f- . *30372 . *30.V2 . D I- : Hp . D . Z, Fe Rat 

f-. *30516. Transp. D f- : Hp.D.Z 4=0,. F4=0, 

I- . (1) . (2) . D I- . Prop 


( 1 ) 

( 2 ) 


*306-22. H:.Zx, F=0,. = :Z, FeRat:Z = 0 ,.v. F=0, 

Dem. 

I- . *3051 •2-142 . *303-66 . D 

^ X Xg Y=0g , = : (g/x, o-) , ^ ^ Y = pja , ^^v,p,<T e NC ind , 

/iXo^ = 0,vXo<7-=f0: 

[*303 66] = : v, p,<r)\ X = fijt/ , Y =^pla . pt, v,p,<T eNC ind . 

V + 0 , o- =j" 0 ! = Og . V . pl<T - 0, : 

[*303-7] = : KeRat : Z = 0,. V , r=:0, D I- . Prop 

*306 222. t- : ^ X, r e Rat . D . X, r 6 Rat [*305 21 22] 

The following propositions are lemmas designed to show that if JT. Fare 
latios which exist in a given type, X x, Y exists in the next type. 


*305 23. f- : /i6 NC ind . D . (2 x^/i) 1 < 2**+** [*117-652 . *120-420] 
*306 231. h . (m +c 1 )’ = /i’ +c (2 x^ p) +„ 1 [*116-34 . *1 1 3-43 66] 


*305 232. h : /A6 NC ind . D 

Dem. 

I- . *116 311-321 , D h . 0’< 2“+.' (1) 

H . *305-231 . Df- : Hp < 2*‘+.> +, lp< 2^-^.'+o(2 1 (2) 

h . (2) , *305-23 . D h : /i e NC ind . /i" < 2^+*’ . D . (/t 1)* < +5 2'‘+*’ . 

[*113-6G.*116-52] D .(^+, l)><2'*+‘* (3) 

h . (1) , (3) . Induct . D h . Prop 


*306 24 . ^ i p, V, p, O’ € D* U r\ Q* (f , , 

(p x^ p) n t*p, (v Xg <r) n t*p€D‘U n Q*l/ 

Dem. 


h. *116-72. 

Oh; Hp . D . 



[*305-232] 

D. 

/i* r\ t*p € (1*1/ 

(1) 

h. *116-35, 

. 3l-:Hp.D. 

p^ni*p€D*(/ 

(2) 

Similarly 

h : Hp . D . 

n t*p, p* rt t*p, a’ r\ t*p c D* 17 f\(l*U 

(3) 

h. *117-571 

0 



h Hp . D : 


•P-XgP^P^tVXgiT^l^.y .VXgtT^a* 

(4) 

h.(l).(2). 

(3).(4).Dh. 

Prop 
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*305'26. h : (/, <r € D‘ f/ nQ.‘U . D . (/x/i/ x.p/a')^ 

Dem. 

H . *30514 . D h : Hp . D . fijv x, pfa = (/x x^ p),/(i' x^. <7) (1) 

h . (1) . *304*28 . *305 24 Oh. Prop 

*306 26. h : X, Rat , A’f ^//x, Yl V e Rat def . D . (Z x, 7)^ /ooV « C‘// 

[*305*25 . *304*28] 


*305-27. h : X r € Rat - t‘0, . D . (g;x) . (X x, F) t ^ 

[*305*26. *303*721] 


*305-28. l-:Ar, y€Rat.D.(a/x).(A'x. [*30o-27-22] 

*305-3. I-:A:, FeRat.s.Xx, y^cRat 

Dem. 

I- . *305-142 . *303-7 . D h : AT. Fe Rat . D . A' x.. Ff Rat 
l-.(l). *305-222.31-. Prop 

*306 301. H:A:,FeRat-t‘0,.H.Arx. I'eRat-i'O, 

[*305-142 . *303 7 .*305-21] 


*305 31. I- : (a/i) • C «nV. FP<.,V€C‘/7. 

[*.305 301 .*.304-53] 


(a^-y.lA' X. 


*306 32. 1 : (a^) . X t <„ V. Y D V « C‘II' 

[*305-3 . *304-52] 


(a*'). (A' X. 


*306-4. o-cNCind./i=f0.p + 0.T4:0. 3. 

(X//iX.i//p)x,(o-/T) = (\x„i/x„<r)/(^x^px„T)=\/^x.(z//px,o-/T) [*305-142] 
*306-41. i-.(Xx.Y)x.Z=Xx.(Vx.Z) [*3054-2] 

*305-6. I- : +0. 3.(X//t) x,(l/l) = x//x [*.305-14-142-15] 

*306-61. K: A:eRat.3.Xx,(l/l) = A- [*305-5] 

*30662. l-:Ar£Rat-i'0,.3.A-x.X=l/l 

Dem. 

h. *305-14. *303*13. D 

H : Hp . 3 . (a/z, V) .jz, ./ 6 NC ind - i<0 . AT X. i = (/r X, v)l(v x„ . 
[*303-23] 3 . AT X. AT = 1/1 : 3 h . Prop 


*306*6. 

Dem. 



l-:.zleRat-(<0,.X€Rat.3:zl x.Ar = ^'. = .Ar = A'x..d 

*304*1 -4 . *305*32*222 . D 

Hp • 3 • (a/^, p. 0 -, f. ■’.<r£NCind-t‘0.p,f,,eNCind. 

zl = /z/z. . AT = p/<7 . yl ' = f 
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• ^ € NCind . 0 ; 

fijp X, pja = f /77 . = . (^ Xc />)/(*' X, a) = f/,; . 

[^►303-38] = ,^ Xg/) x^i? = p x^o- Xg f , 

[*303-38] =,pla = (u x^ f)/(/x x^ 1 ?) 

[*305'142.*303*13] ~^lv (2) 

l-.(l).(2).Dh.Prop 

*305 61. h ^ 6 Rat - e Rat . D : ^ x, Z= ^4'. = . ^ x,^ 

[*305-6‘222-32] 

*3057. h ; Z, Kc Rat - 1 ‘ 0 , . D . (ga) . a f NC ind . K <^(a/l x, X) 

Dem. 

I-. *117*571 . *120-511 .*117-620 
1 p,v,p,a-€ NC ind — iH ) . f > v O . 

MXcpx.f x„<T>r;x„p. 

[*304 1] D . {pjaXrip x^p Xpf)/i/. 

[*305-14] D , (pI<t) <r [fijv x,{p x^f)/!) ( 1 ) 

I- . ( 1 ) . *304*1 . *120 5 . D h . Prop 

*305 71. H Z e Rat - t‘0, . D : Z <, P . = . Z x, Z <, F x, Z 
Dem. 

I- . *305 142 . D h : Hp . Z <, F. D . 

(SM. />! o*. f. ’y) . p. 0 -. f» « NC ind + + 

X = pIp, Y== pla, Z= ^lr},px^a<v x„ p . 

Z X,Z = {/iXof)/(v Xo? 7 ), Fx, Z= (p Xof)/(o' x^i?). 
[*304*1.*126-51] D . Z x,^<, F x,Z ( 1 ) 

h . (1) . D h ; Hp , Z x,Z<r Fx,FO . Z x,Z x,Z <,rY x,Z x,Z , 
[*305-51-52] D,Z<, F (2) 

f" . (1) . (2) . D f- . Prop 



*306. ADDITION OF SIMPLE RATIOS. 


Summary of *306. 

The addition of simple ratios is treated in a way analogous to that in 
which their multiplication is treated. We wish to secure that the sum of 
Xjv and y,jv shall be and that the sum of fj^jv and pja shall be 

^0 +0 ^cp)]l(^ ^0 ^)- This is secured by the definition 

*306 01. X +, K= v^p ) . i/,peNC ind , 0 . 

^ , X = p,lp, Y=^plv.R[{p,+^p)lv]S] Df 

whence we obtain 


*30613. I- : X + 0 . D . , 1 /,/ +. = (^ 

*30614. I- : + 0 . <7 + 0 . D . ,i/x +,p/a = l(,i X. < 7 ) +,(x x, p)]l{v x. a) 

Our definition is so framed that 00 , +. 00 , = A. This is on the whole 
convenient, though we could, of course, frame our definition so as to have 

® 9 +J CO q = 00 

In applications, if R, S, T are members of a suitable vector-family we 
want to have 

R (.iJ.lv) T .S(pla)T.:i.(R\S) (pjv +, pla) T. 

which consists of first travelling a distance R and then travelling a distance 

St'S •“> - 

(*30G h4^ A vvif; ■ u j 1 . ° ° vP® exists in the next type 

A latio IS unchanged by the addition of 0 

il o'Z-ed b7 tL°f "“'nraands are 0, (*306-2). No diffic^ty 
ottered by the formal laws: we prove the commutative law t*306-in the 

associative law (*306-31). and the distributive law (*306-41). ^ 

An important proposition is 


*306-62. h;.Xc^y, 

When the axiom of 

XR'y.^ 

R. & w. HI. 


~ : X € Rat : (^Z) . Z ^ Rat - i‘0g ,X+^Z=y 
infinity is assumed, this proposition becomes 
: -y e C‘If' ; (g^ .ZcC'S.X +. Z = Y. 
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We prove also the proposition upon which subtraction depends, namely 

*306 64 . y-..X,Ye^a.t.':>-.X+,Y=X+,Z.:B.Y=Z 


*30601. X+, Y=RS[(’gn,v,p).fi,v,p€'NC'\nd.v^O. 

X = p/v.Y=p/v.R{(p+,p)/p]S] Df 

*3061. h : (Z +, r)^. = . (a/i, v,p) . p,p, p e tie ind . vf 0 . 

X = pIp . Y = pIp . R l(p p)lt,} S [(*300 01)] 
*30611. t-.X+,Y^Y+,X [*3061 . *110-51] 

*306 12. h : a ! (^ +. K) . D . X, r e Rat [*3061 . *303-7] 

*306-121. I- : m/v = m'/"' • pjv = pjp ■ 3 ■ (/* +0 p)Ip = (p! +, p)Ip' 

Dem. 

I- . ★SOS’SO . D I- : Hp , /t, I/, p, v, p e NC ind , v ^ 0 . v 0 . D . 

^ Xo v' = pf Xg V , p Xq V =p' 

[*113'43] D . (/i+o/>) = +oP) Xq ^ ■ 


[#303-39] D . (p +oP)lv = {p +9p)lv (1) 

h. *303-1 81 .*302-36. D 

\-:Hp,<^(p, v, p, p\ V, p' € NC ind) . D . (/x p)/v ^K.(p +0 p)lv = A (2) 
f-. (1). (2). *303-67 .Dh. Prop 

*306*13. H ; 0 . D . pjv -\-,plv — {p +op)/»' 

Dem. 

y , *306*1 . D 1“ : Hp . D . (/i p)/v G pjv +, pjv (1) 

h. *306-121 .D 

yipjv^ p'lu . pjv = p'jv ' . X {{p^ +.p')/i/'l K . D . Z ((/X +, p)lv] Y ( 2 ) 
h . (2) . *306'1 . D f- . pjv pjv G (/x +0 p)!^ (3) 

l-.(l).(3).Dh.Prop 


*30614. + pju +, pI<t — {{p Xq <r) +0 (j' x# p))/(»^ a) 

Devi, 

y . #303-39 . D 

h : Hp •p,v,p,<r€ NC ind . D ./x/i/ = (/x x^ <r)/(v x^tr) . pl<r — {v x^p)/(p x^ tr). 
[*306-13] D . pjv +, pI<t = [{p Xj <r) +, (v x^ p))/(i/ x^ o-) (1) 

h. #306-12. *303-11 . D 

y : o’cNCind). 3./i/i/+,p/<r=A.l(/iXoO-)+e(i/Xop))/(i/Xa(7-)=A ( 2 ) 

h . (1) . (2) . D I- . Prop 

*306141. t- V = 0 . V . 0 .0 . /x/j; -f , p/o- = A [*306-12 . Transp . *303-7] 
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*30616. h : fijv +, pja = 0g. = ./i = p = 0.i/, tre NC ind — t'O 
Dein. 

f- . *306*14 . *303*66 .Dl-:/i = p = 0.i', o-eNC ind — I'O.D ./x/x/+,/>/<7'=0, 
h . *306*12 , ^ I" I d*# p/o' = Oy . D . /i, I/, (T e NC ind 

1- . *306*141 . D 1“ : ^jv +,pla- — 0, .D.v=|=0.o' + 0 
f- . (3) . *30614 . D h : Hp (3) . D , ((/* <r) 4-^ (p p)l/(*^ >^c o-) = 0, . 

[*303*66] ^ • (m Xq 0-) +c (i' Xo p) = 0 . Xg o- =t= 0 . 

[*1 10*62. *1 13*602] 3./i = p = 0,v:^0.o'^0 

l-.(l).(2).(4).Dh.Prop 


( 1 ) 

( 2 ) 

(3) 


(4) 




*306 16. , X +, P — -R5[(ap, p,p, cr) . //, i/,p, (T e NC ind . =(= 0 , o' =(= 0 . 

X — pfp , Y= pfa . R j(^ XgO- +c 1 / X p)/»/ Xj, o-j j5] 

[*306*14*12] 

*306*17. H : p = 0 . V. p, o- 6 NC ind , V + 0 . o f 0 . D , +, p/o- = p/o- 

Dem. 

H • *303*6 . D h : Hp , D . p^jv = Oja , 

[*306*13] D . pjv +. pja = (0 +« p)/o- : D f- . Prop 

*306 2. t- : X +, K = 0, . = , X = 0, . y = Og [*306*151 2] 

*306 22. h : X y e Rat . = . X. y e Rat 

Dem. 

H . *306 16 . *303*7 . D I- : X +, y 6 Rat , = . 

( 3 /^. p, o*) . p, V, p, O' € NC ind . X = pjp , Y = pja . 1 / x^ <7 ^ 0 . 
[*113*602]=,(ap,p,p,ff).^,„^p^o.gI^Qind.^ = ^/,;. y^n/o-, v4=0.o-4=0. 

= . X, ye Rat : D h . Prop 

H:X+. yeRat-t‘ 0 ,. = .X, yeRat.~(X= Y^O.) 

[*306*22 . *303*7 . *306*2] 

h : X e Rat . D , X +,0, = A" [*306*17*11] 

H : X +. y e Rat . = . a ! ( x . a:, y € Rat 

[*306*12*22 , *303*26 . *306*14] 

Here X +, Y must be taken in a sufficiently high type, otherwise X +. y 
may be null when X, Ye Rat. 

*306*3. h . (\/p v/p) 0-/T = \/p +. (v/p o-/t) 

Dem. 

t-. *30614. Dt-:^=|=0.p + O.T + O.D.(\/^+,„/p) +, 0 ./,. 

- 1(\ x„ p) Xe (/)l/(^ X„y5) +, <7/t 

♦ns-lS I n X ") + e P Xc ^)!/(m X, p x„ t) 

[*306-14] = X/p +, (^/p 
^ • (1) • *306*12 . D h . Prop 


[*303-7] 

*306 23 

*30624. 

*30626. 


(1) 



292 


QUANTITY 


[part VI 


*306-31. K(Z+,y)+,^=Z+,(F+,^) 

Bern. 

h . *306'3 . D h ; Z = X//i. , Y = vjp . Z = crjr . 3 . 

(X+.V)+,Z = X+.(Y+.Z) (1) 

h . *306-25 . D h : ~(aX./t, o-, t) . Z = \/fj. . y= vjp . a/r , D . 

(X+.K)+.z=A.jr+,(y+.^=A (2) 

t-.(l).(2).DI-.Prop 

*306 4. I- . Xjp X, (.//p +. o-/t) = (V/x X. v/p) +, {Xjp X. <7-/t) 

Bern. 

.*306- 14 . D I- : X, /i, I/, o-.Tc NC ind.^=|=0.i/=j=0,o-=l=0,D. 

Xi (i^/^ +. o-/t) = X//* X, ((*; x„ t) +, {p x„ <r))/(/, Xe t) 

[*305 14]=i[X x„ ((i; XgT) +^{p Xo<r))]/(/4 x^/s x, t) 

[#303-23] = [X Xg^ Xo ((*^ XpT) +5 (/) x<. o')|]/(/i x^/i x,, t) 

[#1 1 3-43] = ((X X, /i X, I. x^ t) +, (X X, ^ X, ^ x, <r)|/(/i x.px^p x^ r) 

[*306 1 4] = (X Xc Xp p) +, (X Xe (t)/(p x^ t) 

[*305-14] = (X//i x,j//^)+,(X//i x,o-/t) (1) 

h . *305'2 . *306’22 . D f- : g I \/p x, {v/p +, (t/t) , D . X//i, vjp, ajr e Rat . 

[*3t^3'7] ^•Hp(l) (2) 

h. *306 12. *305143. D 

^ * 3 * KVm ^$^lp) +#(Vm W’’)) • ^ • V/*» W/’. ^ • 

[*303-7] :).Hp(l) (3) 

H.(2).(3).D 

h Hp(l). D . X //1 x,(i///3+,o-/t) = A = (X//* x, v/^) +, (X//i x,o-/t) (4) 

h . (1) . (4) . D h . Prop 

*306-41. H . Z X, ( F +, .^) = (Z X, F) +, (Z X, Z) [*306-4-25 . *305-2] 

% 

*306-61. \-.X+,(vl\ x,Z) = (*;+,l)/l x,Z 

Bern. 

I- . *306-12 . D I- a ! (Z +, (i//l x, Z)J . D : Z, i//l x. Z e Rat : 

[*305-3. *303-7] D : v e NC ind : (gp, <t) . p,a- e NCind . o- 4 0 . Z = p/o- (1) 

I- . *305-2 . D I- a ! 1(1/ +, 1)/1 x, Z) . D : (i/ +e 1)/1. Z € Rat : 

[*303'7.*126-31] 3:1/6 NC iml : (ap. <x) , p,a e NC ind . o- ^ 0 . Z = p/a- (2) 

|- . *305142 ,0 : v, p,a € NC ind , <r ^ 0 . 3 . v/l x, p/a = (i/ x^ p^ff . 

[*306-13] 3 .p/<r +,(i//l x,p/a) = {p+^ {p Xf,p)]fa 
[*113-671] =.{(i/M-el)x,pl/o- 

[#306-14] = ( 1 / +e 1)/1 x.p/a (3) 

h.(l).(2).(3).3l-.Prup 
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*306'62. f- Z F. = : Z e Rat : (gZ) . Rat - t‘0, . Z +. 2= F 
Dem. 

t-. *30613. *119 34. D 

^ O' « NC ind .i/4=0.o-=t=0.Z = jxjv . F = p/o- . ju. cr < w x„ p . 

f = (v X, p) — „ x„ O’) . Z = f/(j/ x„ O') . 3 . Z +, ^ = (v x„ p)l(v x„<r) 
[*303-23] = pI„ 

[Hp] = F (1) 

f-.(l).*3041 13.3 

f- :. Z <, F. 3 : Z e Rat (gZ) . Zf Rat - t‘0, . Z +, Z= F (2) 

h.*306 14.3 

t-:/i,.-,p,o’eNCiud.(/ + 0.p=|=0.o’ + 0.Z = ^/.<.Z = p/<7.F = Z+,Z.3. 

F= ((^ X„ O’) +„ (o X„ p))/(l/ X„ 0-) . [((>4 X„ O’) +, (i/ x„ p)\ x^v']> p x„ (k x„ a) . 

[*3041] 3 . Z <, F (3) 

I- . (3) . *3041 . 3 P iZeRat . Ze Rat - i‘0, . Z +. Z= F. 3.Z <, F (4) 

P . (2) . (4) . 3 P . Prop 

The above proposition requires that Z and F should be taken in a 
sufficiently high type, namely at least in a type in which, if Z = /i/o and 
F = p/^ where pVimv and p Prm o-, (vx,p)+,l and (/4X,<r)+,l are not 
null. Otherwise there may be no Z such that Z +, Z = F. 

*306-63. I- :. /t, v e NC ind . V 4= 0 . 0 . i; 4 0 . 3 ; 

f^l>'+tpl<r = plv+,^lv=-plT = ^lv 

P.*30612.3P:Hp.44/o+.p/o = ^/o+,f/,.~(p,^eNCind).3. 

= pl<r = A.. (1) 

[*306-25] 3 . ~ Ip/p, f/, ^ Rat} . 

[Hp.*303’7] 3.~(f,i,eNCind). 

[*303-11.(1)] 3.f/, = p/a (2) 

P . *306-25 . 3 P ; Hp . +, p/a = p/p +. f/, . p, <r e NO ind . 3 . 

f,i?€NCind ^3^ 

H . (3) . *30614 . *303-39 . D 

: Hp (3) . 3 . {(p x„ a) +, {p x, p)) x. v x„ , = ((^ x„ r,) +, („ x„ f)| x, v x, <r . 
[*113-43] 

r*l (■^ ><0 P Xc >?) = (/4 X, o X, V X. ,) +„ („» X, f X, O’) . 

[*126-4] 3 . X, (p X. ,7) = X. (f x„ O’) . 

[*303 39] 3 . p/o- = f/, 

P .(2) . (4) . 3 P :. Hp . 3 : p/v +. p/o- = p/v +. f/,, . 3 . p/o-= f/,, (5) 

P . *306-1 . 3 P : p/. = f/, . 3 . ^ 

H . (5) , (6) . D h , Prop 



QUANTITY 

*30664. FeRat . D ; Z+. F = Z +. Z. = . F=Z 

Bern. 

t- . *306 25 . 3 I- Hp . D : Z +, F f Rat : 

[»306'25] 3:X+.F=Z+.Z.D.Z«Rat 

^ * (1) • *306*53 . *303*7 . D h ■ Prop 

*306-66. t-: F<,Z.D.~(a.?).Z+.Z= F 

Bern. 


[part VI 



I- . *117*291 . *304*1 . 3 h : Hp . 3 . ~ (Z <, F) . 

[*306*52] 3.~(a^).ZeRat-t‘0,.Z+,^=F ( 1 ) 

I- . *306-24 . *304*1 . D I- : Hp . D .~(Z+.0,= F) (2) 

K*306*25. 3h:Hp.Z+.^=F.D.ZeRat (3) 

l■.(l).(2).(3).D^.P^op 

The following propositions are concerned with the existence of Z 4 , Fin 
dehnite types. It will be shown that if Z. F exist in a given tvpe, Z+, F 
exists in the next type, i.e. if Z [ <„V and FC t,.'^ exist, then (Z 4, F)[ 
exists, where X, T are rationals. 


*306*6. l■:M.peD‘^/r^a‘£;.D.(,^4,p)r^^‘/^eD‘^7na‘^7 

Bern. 

V . *306-23 2^+.i (1) 

Similarly 2^+'» (2) 

h. (1). (2). *11672. Dh. Prop 

*306'61. h M. V, p e Q‘f/ , D , {fijv +,plv) n Ratdef 
Bern. 

1 - . . 


[*303 71] D . +, p/i/) n € Rat def Oh. Prop 

*306-62. h t fi,v,pe\)*U n Q't/". D , +,p/p) n ^ooV® def 

Bern. 

h ■ *303*39 . D h ; Hp . D . pjv +, p/p = pjv +j j//j; (1) 

h. (1). *306-61 .Dh. Prop 

*306 621. h : <y 6 NC ind , D . a* o- 1 < 2' 

Bern. 

h. *116-301-311 . Dh.O»-«0+ol <2‘' (1) 

I-. *11 6-321 -331 . Dl-.P-,l+ol<2> (2) 

I- . *117-56 . *126-5 . 3 h . 2> 2 +*, 1 < 2> (3) 

H . *305-231 . D I- : Hp . o- > 1 . <r« (T +0 1 < 2' . 3 . 

(o- +« 1 )* -0 {<r + 0 1) +0 1 < 2' +, (2 X, a ) . 

[*117*652.*1 16-52] D . (<r +« 1)* (<r +« 1) 1 < 2'-^'» (4) 

1- . (1) . (2) . (3) . (4) . Induct .31-. Prop 
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*306 622. 1- : f NC ind - i‘0 . D . 1 f (2 x„ 1 

Bern. 

I- . *305-231 . 3t-:Hp.D.(^-„iy+,(2x.(M-.l))+,l=M* (1) 

t- .*113-43. *120-416 . D H : Hp. D . (2 x„(/i-„ 1)| +„2 = 2 x„/i (2) 

l-.(l).(2). D [-: Hp. D.(^ -,!)»+„ (2 x,^) = ^»+„l (3) 

I-. (3). *1 19-32. Dh. Prop 


M I 


*306-623. H :/!. 1/, ptNCind . 1/ ^ 3 - (m /i) ( i/ < 

Bern. 

h . *120 429 . 3 I- : Hp . D . (m X, (r X, /jX -« 1 )" ■ 

[*120 429.*306-G22] D . (/* x^/i.) +o(z/ x^p) < (2 x^ /i.'0 — ^ (2 X(,/a) +g 2 

[*306'621.*126-51] 2'*+*^ Oh. Prop 

*306-624. : fi.v, p,tT £ NC 

(/X x^ 0-) +, (j; Xo p) < 2**+* » [*306-623] 

*306-63. I- : /i, p, <7 € U‘ n a* . 3 . +, p/o-) f <» V e Rat def 

Bern. 

V . *306-62 .3l-:Hp.„ = ^.D. (p/^ +, p/^-) f t«,V t Rat def 
I- . *306-624 . *305-24 . *303-71 . D 

l-:Hp.v<p.p<^.o-^p.D. (p/i; +, p/o-) p £ Rat def 
Similarly 

l-:Hp.v<p.p,^p.o-^p. 3 . {^jv +, p/o-) t <ooV e Rat def 
K(2).(3).D 

l-:Hp.t<<p.a-<p.3. (/i/i/ +, p/o-) p e Rat def 

Similarly 

l-:Hp.p>„.o<p.D.(^/„+,p/o.) Ct„VeRat def 

t- .(l).(4).(o).Dl-:Hp.o</i.D. (^/i/+,p/o) t<„„VeRatdef (6) 

Similarly I- : Hp . p, ^ o . D . (^/v +, p/o) f e Rat def (7) 

1- . (6) . (7) . D I- . Prop 

The following propositions are immediate consequences of *306 63. 
*306-64. h : (p/.) [; t„.p, (p/,,) [; , Rat jef . D . (p/a +. p/o) f t„‘p e Rat def 

*306-66. I- : X, Fe Rat def . D . {X +. F) t t^‘C“0‘X e Rat def 
*306 66. I- : JT, Fe 0‘.ff . D . (^ +. F) t UC“C‘X e 
*306-67. I- : X, Fe C‘H ' . D . (^ +. F) t UC“C‘X c C'Jif' 


( 1 ) 


( 2 ) 


(3) 


(4) 


(5) 



*307. GENERALIZED RATIOS. 


Summary of #307. 

In this number we introduce neg&tive ratios. If ^ is a ratio, what would 
ordinarily be called — X is X \ Cnv. This may be seen as follows. Suppose we 

have MXS. We then have R (X \ Cnv) S. Now if R and S are vectors which 

carry us in the same direction, R and S are vectors which carry us in 
opposite directions, t.e. their ratio is negative. Hence calling the class of 
negative ratios '*Rat„,” we may put 

*30701. Rat„ = I Cnv“Rat Df 

The sum of “Rat * and “Rat„” we will call “Rat^,” where stands 
for " generalized." Thus we put 

*307*011. Ratp = Rat w Rat„ Df 

If filv<rpl<T, we have KmM I CnvK | CnvJ <,.) ((p/o-)| Cnv). Hence 
we put 

*30702. <„-|Cnv;<,. Df 
*307 021. >„ = Cnv'<„ Df 

If X and Y are generalized ratios, we consider X less than F if either 
Z, Y are both positive and X <r Y, or X, Y are both negative and X >„ F, 
or X is negative and F is positive or zero. Hence we put 

*307 03. <g = On) c/ «r) W (Ratn - I'O,) f Rat Df 

On the analogy of <„ and we put 

*30704. ^„ = |Cnv;H Df 
*30706. Hg=Hn4^H' Df 

We prove in this number that if Z is a ratio, Z|Cnv = Cnv|Z, and 

Cnv‘(Z I Cnv) = Z I Cnv (*307 •21*22). We prove also 
*307 26. h . C*If C^Hn = A 

We prove that 0^ and are their own negatives, but are not the nega- 
tives of anything else (*307-26'27*31). We prove Nr‘//„ =* Nr'^ (*307'41) 
and InBnax . D . 17 (*307*46). None of the propositions of this number 

offer any difficulty. 
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*30701. Rat„ = |Cnv“Rat 
*307 Oil. Ratg = Rat u Rat^ 
*30702. 

*307021. 

*307 03. 

*307031. 

*307 04. 

*307 05. 


„ = I CnvJ<r 
„ = Cnv‘<„ 

-■ Cnv 


9 

Hn = I Cnv'fH 
H 




Df 

Df 

Df 

Df 

t%) t Rat Df 

Df 

Df 

Df 


*3071. 

*30711. 

*30712. 

*30713. 

*30714. 

*30715. 

*30716 

*307 2. 

*307 21. 

*307-22. 

*307 23. 


h ; ii (X ; Cnv) 5 . RXS [#7l 7] 

h : i? (I CnvJX) S.~ . RXS [*307 1] 

h . X I Cnv I Cnv = X [*3071] 

H :X]Cnv = KjCnv . = ,X = K [*307 12] 
h: r = X|Cnv. = ,X= K|Cnv [*307 12] 

: a ! X C « . H . a ! « 'I (X I Cn V) p (Ciiv^a:) [*307 1] 

h /c = Cnv* V O : a ! X t /r . = , a ! (X I Cnv) p « [*307 lo] 

H . (/t»| Cnv = Cnv I (^/i/) [*307 1 . *303 10] 

h : X e Rat yj i‘cc , , D . X | Cnv = Cnv | A' [*307 2 . *303-7-67 j 
I- : X € Rat u . D . Cnv*(X ] Cnv) = X | Cnv [*307 21] 
h . Cnv“C‘/7„ = C‘//„ [*304-28 . *30313 . *307 22] 


*307 24. Prm v . p Pnn o-.p^o-.o-^^O.D. 

'kHp/<^) — (fi/u)\Cnv 

i- . *303 32 . D h Hp . D : (aP, Q).P,Q^ Rel mini ■ G . P (p/^) Q : 

[*303-21] D : (gP, Q).P,Qe Rel num . P,, G . a ! P- A (p : 

:>:(aP.Q).7^QeRol mini . a ! P" ^ Qf* . P" ^ = A : 

[*303 21] ^ ^ P{pla) Q . [P^fijv) Q] D h . IVop 




*307 26. 

Deni. 

h. *307 24. *303 13. D 

Pnn 1^ .pProiff. D . /i/i/ + (p/o-) [ Cnv 
h . *302 22 . *3u3'21 1 . *304-27*28 . D h : A', V e C*H . D . 

(a/*. v,p,<T).p,, v.p,a-€iP[f,p,Pnu V.p Pnn a . X 
^ . (I).(2).D h : X, VeC^H . D . A + KjCnv Oh. Prop 


(I) 


=w^- y = pi (T (2) 


•20 
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*307'26. K . 0, 1 Cnv = Oj — Cnv I O 5 

Dem. 

I- . ♦807-2 . D h . 0, 1 Cnv = Cnv I 0, ( 1 ) 

h . ♦303-615 . ♦307-1 . D h : i? (0, | Cnv) S . = . 3 I n / |^ 

[*33-22] =,’^\RnIfC^S. 

[♦30315] =.R%S (2) 


h 

. (1) . (2) . D h , Prop 


♦307 27. 

h - X ,1 Cnv = X , = Cnv | x , 

[♦307-26. ♦303-62] 

♦3073. 

h : .Y € C‘H . D . a ! (.Y i Cnv) 1 Rel num [»304-5 . *307 16 . •300'4] 

♦30731. 

h : X e Rat - t‘0, . D . ^ 1 Cnv + 0, . A 
[♦307-3 . ♦304-53 . ♦303 62] 

'|Cnv4=«), 

♦307 4. 

h : XHnY . = . (X 1 Cn V) ^7 ( K 1 Cnv) 

[♦150-41 .(♦307-04)] 

♦30741. 

f-.Nr*/7„ = Nr‘/7 

[♦307-13. (♦307 -04)] 

♦307 42. 

h : Infin ax . D . Nr‘i/n = Nr'i/n = 7} 

[♦307-41 .♦304-33] 

♦307 43. 

V X € C*Hn . D . 3 ! A” ^ Rel num 

[♦307-3] 

♦30744. 

y . 0 ,, X C'Un 

[♦307-31] 

♦30746. 

h,Nr‘/7j, = Nr*^-i-i + Nr‘// 

[♦307-25-41 .(♦307-05)] 

♦30746. 

h : InHn ax . D . Hg € t) 

[♦307-45. ♦304-33] 


This proposition requires + i -j- 1 ; s= which is easily proved. 



★308. ADDITION OF GENERALIZED RATIOS. 


Summary of *308. 

In this number we have to extend addition so as to include negative 
ratios as addenda, and for this purpose we have to define subtraction of 
simple ratios. This is defined as follows : 


*308 01. X-.Y=RS {(aZ) : X. K, Z e Rat : Z +. r = Z . . V . 

Z+,X=Y.RZS\ Df 

That is to say, if 1 <. .ST, AT — , K is the ratio which must be added to 1' to 

^ ^ ^ the negative of the ratio which must be 

added to X to give Y. Thus we have 

*308 13. t- :■ R <. X . V . r c Rat . r = X : D . .y F = (,^(^ +. J'= X) 
*308 14. I- : • JiT <r R . V . X € Rat . r = X : D . X r = (( +. X = 10! i Cn V 

^-.0, = X (*308-22), 0,-.X = XiCnv (*308-2:J), 
X .X-0, (*.30812). Existence-theorems for X -,Y are closely 
analogous to those for X +. X and X x. Y. Also we have 

*308-2. HiX.XcRat.^.X-.XeRat, 

We define the sum of two generalized ratios by means of the sums and 
aitterences of simple ratios, as follows : 

*308 02. -y+jX=(X-(-, r)o(X-.X|Cnv)va 

(F-,X|Cnv)ia(X|Cnv-|-, r|Cnv)]Cnv Df 
mus?Ve‘’ nu!‘r definition, all but one 

T- YIcZ V “r rf r ^ Po-‘ive, 

^ IV- ” > ’ ^ Cnv. and X Onv +, Y i Cnv are null • if X 

and y are both negative. X K. X K| Cnv. and X-. i , Co: ar: m. il. 

It A 18 Oj and Y is positive. 

If hn^ ^ ^ I Cnv) I Cnv = A. 

If both X and Fare 0„ all four relations are 0„. 
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Hence we find 

•308 32. I- : Z, Fe Rat . D . Z+„ Z+, F 

#308321. l-:ZeRat. Fe Rat„ . D . Z 4j, F = Z-, F|Cnv 

*308 322. I- : F 6 Rat . Z e Rat„ . D . Z +, F= F-. Z I Cnv 

*308 323. I- : Z, Fe Rat„ . D . Z +, F= (Z | Cnv +, F| Cnv) | Cnv 

1 he existence-theorems for Z F are closely analogous to those for 
Z F, and the formal laws offer no difficulty. We have 

*30852. I-:.Z, Fe Rat^, . D : Z -f-, F= Z -f, F. = . Y = Z 

*308 54. h : Z. Fe Rat, . D . (gF) . Fe Rat, . Z -4, F= F 

*308 56. 1- A' <, F . = : Z e Rat, : (gF) . F e Rat - (‘0, . Z -4, F= F 

*30872. h : ( Z -4, F) <, (Z -4, F') . = . Z e Rat, . F <, F' 

*308 01. Z F = ifS KaF) : Z, Fe Rat : F-4. F = Z . ffFfit. v . 

Z+,X=Y.RZS\ Df 

*30802. Z -4, 1 = (Z -4, 1") w (X 1' I Cnv) ly 

(F-,Z,Cnv)w(Z Cnv 4, )^|Cnv)|Cnv Df 

*3081. h : )■<, A .D.Z-. F= RS |(aF) . F e Rut . F+, F=Z . RZS\ 

Dem. 

I- . *30()o5 . D I- : Hp.D.~(aF).F- 4 ,Z= F (1) 

I- .(l).(*30HOl) . D h . Prop 

*308 11. h : Z D . Z F= R.S' ((gF) . Fe Rat . F- 4 , Z = )'. RZS\ 

Dem. 

V . *30(i-55 . D h : Hp . D . ~ (gF) . F 4, l'= Z ( 1 ) 

h.(l) . (*30801). Dh . Prop 

*30812. h: Ze Rat.Z= F.D.Z-, )' = 0, [*30G'54'24] 

*308 13. h :. )■ <,Z . V . I'e Rat . F= A' : D . Z F= ()F)(F4. F= A") 
Dem. 

1- . *306 52-24 . D h : Hp . D . (gF) . F -4, F= Z. FeRat (1) 

h. *.306.54. D h : Hp.F-4, V= Z.F'h-, F=Z. D.F = F' (2) 
h . (1) . (2) . *.308 1 12 . D I- . Prop 

*30814. h:.Z<,F.v.ZeRat.Z= FO.Z F= ((»F)(F4.Z = F)!|Cnv 

[Proof as in *308-13] 

*30815. 1-:~(Z, FeRat).D.Z-. F=A [(*.308-01)] 

*30816. 1-:Z, FeRat. F -4, F = Z . 3 . Z F = F 

Devi. 

(-.*306-55. #304-221 . 3 (■:. Hp .3: F<, A', v . FeRat. F=Z (I) 
h. (I). *308 13.3 1-. Prop 
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*308 17. \~zX,Y€ Rat.Z+,^= F. D . Y=Z\Cnv [*306-55. *308 14] 


= Y 


*30818. \-:Y<,X ,D.X-, FeRat-t'O, 

Dem. 

I- . *306-52 . D h : Hp. D . (g^) , ZeRat-i‘0, . Y-\-,Z 
l-.(l). *30813. Dh. Prop 

*308-19. f- : X <, F. D . Z F6 Rat„ - 

Dem. 

*306-52 . D h : Hp. D . (3Z) Rat - i‘0, . X 
I" . (1) . *308-14 . D h . Prop 

*308-2. I- :X, FeRat. = .X-, FeRat^ [*308-12 l819-15] 

*308-21. : X F= ( F-, X) i Cnv = Cnv ! ( F-, X) 

Dem. 

H. *308 1314. D 

<.K.v.jr eRat-i‘0,.Jf= F:D.;i:-.F=(r-. JT), Cnv 

H. *308-13 14. *307-12. D 

1-:. y^Rat-t'O,. K = ZO.X-. F=(F-.X)|Cnv 

I-. (1). (2). *304-221. Dh:X.y.Rat.D.X-.K=(F_V)|Cnv 

[*307-21. *308-2] =Cnvi(y-X) 

H . (3) . (4) . *308-15 . D h . Prop 


= ^ ( 1 ) 


( 1 ) 


( 1 ) 

( 2 ) 

(3) 

(4) 


*308-22. f-:ArfRat.D.X-.0. = X 


[*306-24. *308- 13] 


*308-23. >-:.SreRat.D.0,-,jr = A’|Cnv [*308-2122] 


*308-24. 

Dem. 


: (v/p) <. (X/p.) . D . X/p vjp = ((X X. p) (p X, v)]l{p, X, p) 

l-.*3041.Dt-:Hp.D.Xx.p>^x,,; 

f- . *303-23 . *306-13 . (1) . D 

H : Hp . D . ((X x„ p) - (;i X, v)\l{p. X, p) +, v/p = 

[K^ ^<,p)-(jJ- Xe k)] +^(p, x„ v)]/(p. x„p) 

[*303-23.*! 19-34] = X/p 
t-. (1). (2). *308-16. Dh. Prop 


( 1 ) 


( 2 ) 


*308-241. • 3 • V/* v/p = [((^ X. V) (X X. p)!/(p x,p)] I Cnv 

.30^26. ^ = X, p. p e D‘ t; n a‘ f7 . Wp <. X/^ . D . ( Vp V/P) t .„-p e C<^ 

h. *305-24. D 

h . Hp . D . ((\ p) (;x Xg u)] n Vfi, na^U (1) 

f- - (1) . *308-24 . *304-28 . D h . Prop 
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*308 261. <, . 3 . (X/p. vjp) U'p, e C‘H„ 

[*305 24. *308-2+1] 

*308 262. f- : X, /i, p € D‘ i/- n Q' tr . 3 . (x/^ f e C‘H, 

[*3U8 25-251 12] 

*308 26. h : Z, r 6 Rat . X t «„ >, V I <„ V f C‘H ' . 3 . (Z F) [ <„V e C‘H, 

[*308-252 . *.304-28] 

*308 261. 1- : Z, Fe C‘H ' . 3 . (Z F) [ t^‘C“C‘X e C‘H, [*308 26] 

*308 3. I- : a 1 (Z F I Cnv) . 3 . Z t Rat . F e Rat„ 

[*308 15. *307 -12] 


*308 301. 

*308 31. 

*308 32. 
Dem. 


h : a I (Z I Cnv +, F| Cnv) . 3 . Z, Fe Rat„ [*306 12 . *307-2312] 
h : a ! (Z +, F) . 3 . Z, Ff Rat^ [*30612 . *308-3 301 . (*30802)] 
I- : Z, Fe Rat . 3 . Z +„ F= Z+. F 


I- . *308-3 301 . *307-25 . (*308 02) . 3 

t-:Z, FeRat-t‘0,.3.Z+j F = Z+. F ( 1 ) 

I-. *.306-24. *308-22-3-301 .3 

h : Z e Rat - i‘0, . F= 0, . 3 . Z +, F= Z = Z +. F (2) 

I- . *306 2+ . ^.308 3-301 . 3 1- : Z = 0, . F= 0, . 3 . Z +, F= 0, = Z +, F (3) 
h . (2) . (.3) . 3 

Hi.ZfRat. F=0,.v. F€ Rat . Z = 0, : 3 . Z +, F= Z +. F (4) 

H , (1) . (4) . D h . Prop 

*308 321. hiXe^At. Ye Rat„ . D . X Z-. K| Cnv 

[*3061 2 . *308*3-301 . *307-25 . (#308 02)] 


*308-322. f-: Fe Rat . X ^ Rat„ . D . X r= F-,X|Cnv 

[*306-12 . *308-3 301 . *307 25 . (*308 02)] 

*308 323. I- : X, Fc Rat„ . D . X F = (X | Cnv +. F| Cnv) j Cnv 

[*306-12 . *308-3-301 . *307-25 . (*308 02)] 


#308 33. h : X Fe Rat^ . = . X, Ye Rat^ 

[*306-22. *308-2-32-31] 

*308-4. I- . X +, F= Y+ff X [*306-11 . (*308 02)] 

*308*41. h . X F= (X I Cnv F! Cnv) I Cnv 

Dem. 

h . *307 12 . *34 26 . (*308 02) . D 

h . (X I Cnv F| Cnv) \ Cnv = (X | Cnv 4, F| Cnv) | Cnv w (X | Cnv F) | Cnv 

m(F|Cnv-,X)|Cnvc;(X +, F) 

= (X|0nvo F|Cnv)|Cnva(F-,X|Cnv) 

c/(X-.F|Cnv)c/(X+.F) 

= X+, F.Dl-.Prop 


[*308-21] 

[(*308-02)] 
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*308'411. t- . (X +, K)|Cnv = X |Cuv F|Cnv [*308-41 . *307 12] 

*308 412. h : ATjCnv 4^ F| Cuv = Z| Cdv . = . X +g Y = Z 

[*308-411 .*307-13] 

*308 42. t- : X. F £ Rat . D . (jr F) +, F= Jf 
Dtm. 

V . *308 12-32 . *306-24 . D I- : Hp . Z = F. D . (Z F) +, F= X (1) 

(-.*308-18-32. D I- : Hp. V<,X .0.(X F)+, Y=(X F)+, F 

[*308 13] _ Y 

K *308-1 9-322. D I- :Hp.X<.F.D.(.lf-. F)+,F= Y-.(X-. F)|Cnv 

[*308-21] =F-.(F-,X) (3) 

(-.*308-13. 3(-:Hp(3).D. Jf+.(F-.Z)= F. 

[*308-16-18] D.X=F-,(F-.A') (4) 

(-.(3). (4). 3(-:Hp.Ar<,F.D.(Ar-,F)+, F=Ar ( 5 ) 

(- . ( 1 ) . (2) . ( 5 ) . *304-221 . D (- . Prop 


*308 43 . 

Dem. 


Y 

Y 


(- : Z, Fe Rat . D . (A" +, F) F= A' 

(- . *308-32 . 3 (- : Hp . D . AT F= A:^ +. F . 

[*308-1 6.*306-22] 3 . (X +, F) F = Z : D K Prop 

*308-44. h X,Ze Rat . D : AT —tZ= Y —,Z . = . X —Y 
Dem. 

(- .*308-13-14 15 . D (-: Ar= F. D . AT -.Z= F-..^ 

K*308-2. 3l-:Hp.Ar-,£:=F-.Z.D. F€Rat. 

^■{Y-,Z)+.Z: 

[*308-42] I • ^ ^ 

(-.(l).(2).D(-.Prop 

*30846. h:,X,Z€ Rat . D : Z~~,X = Z-, Y, = ,X=Y 

[★308-44-21 .*307 13] 

*308-46. t-:^,F£Rat. F+0,.D.(Ar-.F)<„Ar 

^ ^ 3 • (X F) e Rat„ - t‘0, . AT £ Rat . 

[(*307 03)] . (X Y) <, X 

h .*30812 - 3 H : Hp.X = K. D . F=0 

[*304 46.(*307 03)] 0,(X~ Y)J X 

I- .*30813 18 . D H : Hp K<r X ^ ir ^ 

[*306-.52] ^ ^ ? t ■"' ’ r -• ^ 

[(*307-03)] d'x-'f^'v' 

>-■(>)■ (2). (3). D1-. Prop ' 


( 1 ) 


( 2 ) 


( 1 ) 


(2) 


( 3 ) 
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*308 47. I- : A’ 6 Rat . F, ATf Rat - (‘0, . D . X Y^X +,Z 

Dem. 

I- . *306-52 . *308-46 . D K- Hp . D . (X F)<, {X +, Z) . 

[*304 201] 3.Z- r+Z+.ZOKProp 

*308 51, I- A' € Rat, . D : X +, F= Z . = . F= 0 , 

Deni. 

t-. *30833. 3M.Hp.D:Z+,r=X.D.r*Rat, 

I-. *30832. Dl-iATfRat. F= 0, . D . AT +, r= Z +, F 
[*306-24] 

t- . *308 322 . D [■ : AT € Rat„ . F= 0, . D . A' +, F= F-. .F I Cdv 

[*308 23.*307-12] 

t- . (2) . (3) . 3 f- :. Hp . D : F = 0, . D . a: +, F= A' 
h. *30832. DI-:A:, Fe Rat . X +, F= A' . D . A" +. F= A' . 

[*306-24-54] 3 

h . *308-321 . 3 h : X e Rat . Fe Rat„ . X +, F 
[*308-224.5] 

[*307-2] 

K *308322. DI-:XeRat„. FeRat.X+,F = X.D. F-.XiCnv = X 

[*308-23.*307 12] =0,-.X|C..v. 


€ Rat^ 

(1) 

-X+.Y 


==X 

(2) 

^=P-,*Y|Cdv 


= x 

(3) 

fl 

(4) 

X +g Y = X , 


y=0g 

(5) 

X.D.X-,YlCnv = X. 


3 . K| Cnv = Og . 


3.r=o, 

(fi) 


[*308-44] 3.F = 0, 

1- . *308 323 . *307 14 . 3 

I- : X, Ff Rat„ . X +, F= X . 3 . X | Cnv +, F| Cdv = X | Cdv . 


(7) 


[(5).*307-26] 


3. F=0, 


(«) 


h . (1) . (5) . (0) . (7) . (8) . D 1- :. Hp . 3 : X 4-, F = X . D . F= 0, (9) 

h . (4) , (9) , D H . Prop 

*308-62. h X, K e Rat^ i X ^-gY = X . Y = Z 

Dem. 

I-.*308 321 47.D»-:X, FfUat. r+0,.A'+^F= (1) 

h. #30851 . Dl-:X6Rat^. Y = 0g,X+g Y^ X +gZ, D . Z^Og (2) 

h.(l).(2).*308-33.DI-:A:, rcRat.^+^K=a3r+i,-2'.D.-^eRat (3) 

h. (3). *308 32. DI-:X,YeRat,X+gY^X+gZ,:^.X+,Y=^X+,Z, 
[*300 54] D.Y=Z (4) 

I- . (4) . *308 323 . *307 13 ,Di-:X,Ye Rat„ , X -hg Y = X -hgZ , D , Y=Z (5) 
h. *308 321 ■32-47 . D 

h : .Y e Rat , P e Rat „ . X +g Y^ X +gZ , D . Z^ e R&t - i% (6) 

h , (2) ~ , Transp , D 

1- : A' € Rat . Ye Rat„ - . X +g Y= X +g Z . D . Z+ Og 


( 7 ) 
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l-.(6).(7).*308-33.D 

: X f liat . Rat„ - i‘0, . X +gY = X +, Z . Z e Rat„ 

I- . (8) . *308-321 . 3 h : Hp (8) . D . X r i Cnv = Z X| Cnv . 
[*30845.*307-13] 3 . F= X 

I- .(9). *308 411 .#307-13. 3 
I- : A' e Rat„ . F € Rat . X F = +, Z . 3 . F = X 

H.(4).(5).(9).(10).3l-:Hp.X+„F=X+»X.3.F=X 

(-.(11). (*308 02). 3 f- . Prop 



( 8 ) 

( 9 ) 

( 10 ) 

( 11 ) 


*308 53. f-:X, Fr Rat, . 3 . X +^(F+„ X | Cnv) = F 

Dem. 

I- . *308-321 . *307-12 . 3 h : X. Fr Rat . 3 . X +,(F+^X|Cdv) =X+,(F-.X) 
[#308-4-42] 

H. #308-32.0 ^ ^ 

I- : X 6Rat„ . 1 eRat . 3 .X -l-,(F+, X | Cnv) = X -l-,(F+, X I Cnv) 
*308-4-321.*306 22] =(r+.X|Onv -.X|Cnv 

[*308-43-32] > ,^\y^nv 

I- . *308 323 .*307-12 . 3 

l-iXfRat. ^-«Rat„.3.X+,(F+,XjCDv) = X+,(F|Cnv+,X)|CDv 

[*30N32I.*306-22] /VpnvJyx 

[*308 17.*307-12] - J -.( F| Cnv +. X) 

r*308 4U 1 ' ^ 5 1 ^ I V +, X I Cn V I Cnv) = F I Cnv ! 

1*308 412 ^■■^|Cnv+,(F+,X|Cnv)|Cnv= FlCnv. 

[*.108412] 3-^-f-,(F+,X|Cnv)= F ( 4 , 

l-.(l).(2).(3).(4).3l-.Prop 

*308 54, l-:X, F€Rat,.3.(aX).XeRat,.X+,X=F [*308-53-33] 

1- . 53-52-4 •3(-:Hp.X+,X=F.3.F+,X|Cnv = X M) 

. *300-52 . *308-32 . D 

K, = :X€Ral:(a^).^eRat_i^o X -i- 7 ~ v 

h , (2) im v.xi cDv ^ > 

^ y • J 

q ^ J ; gj - f • I o.. z 

J Y ,Q\ 

R-&W. III. ^ w) 
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f- . *308-32-53 . *306 23 . D h : Z e Rat„ . F c Rat . D . 

F+3-r|CnveRat-t‘0,.X+3(r+pZjCnv)=r (4) 
l-,(l).(2).(3)-(4).(*30703).D 

\-i,X r .0 : X : (•^Z) , Z ena.i- i%.X+^Z= V (5) 

h . *35103 . (*30703) . D f- : Z f Rat„ - t% , Y eR-At , X <g V (6) 

f-.*308-55-412.D 

h:X, r€Rat,..^eRat-i‘0,.A'+^^= F . D . X | Cnv = F| Cnv +.2^ . 
[♦306-52] D . A' >„ F (7) 


h . ( 6 ) . (7) . D h X e Rat„ : ( 3 ^) . Ze Rat- t'O, . AT FO . A' F ( 8 ) 
l-.(l).( 8 ).Dh:..YcRat^ :{a^).^eRat-i‘0,.Ar+j^= FO.Ar<y F (9) 

l-.{5).(9).Dh.Prop 

*308 661. I- AT F. = : Fe Rat^ : ( 3 Z) . Rat - (‘0, . X 4 -^, F 

[*308-56-33] 


*308'67. I- : X <jy Y . = , X € Rat^ , F AT | Cnv « Rat - i‘0, . 

= , F e Ratj; . F +3 AT | Cnv e Rat — t‘0, 

Dem. 


h . *308 55 o6'4 . 0 

y X <C.g Y • = : X € Rat^ : ( 3 ^) . Ze Rat 
f-.*308-55*561-4.D 

AT <j, F. = : Ye Rat^ : (^Z) , Ze Rat 
h . (1) . (2) . D 1- . Prop 


i%.Z= Y+gX.\Cnv (1) 


t'0,.Z= F+^ATICnv (2) 


*308 6. h : AT, F. Rat . D . (AT F).+^ AT -yg(Y+gZ) 

[*308-32. *306-22-31] 

*308-601. h : AO F, ^ f Rat„ , D , (AT +p F) ^ = a: +, ( F ^ 

Dem. 

1-. *308-323. *307-12 

I- : Hp . 3 . (X +„ K) +, ^ = (X I Cnv +, r I Cnv) | Cnv +, {X| Cnv) | Cnv 
[*308-411] = {(X I Cnv +, F i Cnv) +, X 1 Cnv) | Cnv 

[*308-6.*306-22] = [X | Cnv +,(7) Cnv +,X| Cnv)) j Cnv 

[*308-411] = X +, ( F] Cnv ^ I Cnv) ) Cnv 

[*308-323] = X +, ( r +, X) : D H . Prop 

*308-602. h : A*, V, p. 0 -, T e NC ind . Ai, p, T ~ e t‘0 , D . 

(X/p +, v/p) 0 -/T = (X/p (t/t) +, v/p 

Dem. 

I- . *308-24 . 3 h : Hp . o-/t <r X//a . D . 

(X/p +. vjp) ajr = ((X X, p x„ t) 4, (p x„ v x, t) (p x, p x, <r))/(p x, p x, t) . 
(X/p (t/t) +, vjp = ((X X, p X, t) (p X. p X, <r) +e (p x,v x,t))/(p x,p x.t) (1) 
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h . *308-241 , D h : Hp . \//i vjp o-/t . D . (\//i +, vjp) ajr 

= [((M Xc <^) - (>■ x„ p X„ T) - Ot X„ ^ X„ T)l/(/i x,, p X, t)] I Cnv . 

(\/p. 0 -/t) +p vIp = [((/i x„ t) (X X, a)\l(ji x„ t)] | Cdv +, v/p 

[*308-322-21] 

= [{(^ x„ P X„ , 7 ) - (\ x„ px^r)- (p x„ 1 / X, t))/(^ X, p X, t)] | Cnv (2) 
I- . *308'24-241 . D h : Hp . \/p <, < 7/7 . ajr <, \/^ +, vlp."^. 

(\/p +, r/p) < 7/7 = ((X X„ p X, 7 ) +, (p x„ V X„ 7 ) (p Xe p X, < 7 ))/(p x„ p x„ 7 ) . 

(X/p < 7 / 7 ) +,t//p = [l(p x„ < 7 ) (X X, 7)l/(p x„ 7 )] I Cnv +„ vIp 

[*308-322 21 ] = ((X. X, p x„ 7 ) +„ (p x„ V X, 7 ) (p x„ p x„ ^ ))/(p x, p x, 7 ) (3) 

l-.* 3081612 .D 

h : Hp . x/p = < 7/7 . D . (X/p +, k/p) — , < 7/7 = vfp = (x/p o-/ 7 ) +, v/p (4) 

l-.* 30812-53 17 .D 

h : Hp . X/p +c v/p = < 7/7 . D . (X/p +, v/p) < 7/7 = 0, = (X/p < 7 / 7 ) 4-, v/p (5) 

l-.(l).( 2 ).( 3 ).( 4 ).(. 5 ).Dh.Prop 


*308-61. I- : P. ^6 Rat . D . (X +, P) (Ji^ - iT) y 

[*308-602-32] 

*308-62. h : X, KeRat . ZeRatn . D . ( Z +, K) +gZ = X +g{Y +.Z) 
Dem. 

h . *308-33 .321 • 3 I- : Hp . D . (A- +, K) +, y = (X + F) I Cn V 

=(r+,X)-.Z|Cnv 

S08-4!’ =(I^-.^|Cnv)+,X 

*308-3^] P 

^ +ff(y+„^) .Oh. Prop 

*308821. Fe Rat„ , .Zc Rat . D . (X +, K) ^ = X +, (F+, 2) 

Dem. ^ ' 

I-. *308-62. D 

r*3M n’ ? ! 5°" +, .^1 Cnv = X I Cnv +, (F| Cnv +, Cnv) 

*30^41 - ^ I Cnv = X I Cnv +, (F+, .^) | Cnv 

*308-63. I-.(X+,F)+,^ = X+,(P+,^ 

Dem. 

H.*308-6'601-62‘621.D 


( 1 ) 


( 2 ) 
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*308-71. I- : Z f Rat, , Z D . (X +,Z) <,{X+,Z^ 

Dem. 

h . #308-o7 . D I- : Hp . D . 2” +, Cnv e Rat - 1 ‘ 0 , . 

[*308-56] D . (Z +, ^)<, l(X +, Z)+^(X+,ZI Cnv)) . 

[*308 63-53] D . (Z +, Z)<, (Z +, Z) .O K Prop 

*308-72. I- : (Z +, Z)<, (Z +, Z) . = . Z r Rat, . Z <, Z 

Dem. 

f- . *308-33 . D I- : (Z +, Z)<, (Z +, Z) . D . Z, Z Z f Rat, 

h. *308-57.3 

^ Z) <, (Z +, Z) . 3 . j(X +, Z) +, (Z +, Z) I Cnv) e Rat — t ‘0, . 
[*308-411-63-53] 3 . (Z +, Z| Cnv) t Rat - i‘0, 

h.(l).(2).*.308-57.3l-:(Z+,Z)<,(Z+,Z).3.Z<,Z 

l-.(l). (3). *.308-71.31-. Prop 


( 1 ) 


( 2 ) 

(31 


*308 8. t- : Z, 1' e Rat, ■ Z [ V, F ^ V e C'ff, . 3 . (Z +, F) ^ t C"Z?, 

[*308 32-321-322-323 . *.306-64 . *.308-26] 

*308 81. h : Z, Fr C‘i7, . 3 . (Z +, F) C („‘C“6’‘Z r C‘ff, [*308-8] 



#309. MULTIPLICATION OF GENERALIZED RATIOS. 


iiummary of *309. 

The subject of this number is simpler than that of *308, because it 
requires notliing analogous to the cousideration of subtraction. The product 
of two generalized ratios is defined as follows: 


*309 01. ^ X, K = {X X, F) o i Cnv x, Y\ Cnv) 

'JiX X, FI Cnv)|CQV u (Z [Cnv x, F) j Cnv Df 

As in *308, three of the four products concerned in this definition will 
be null in any given case (unless X^% or F=0,). Hence 

*309 14. h : A. Ve Rat . D . A x, F= A x, F 

*309 141. h : A" e Rat . Fe Raf„ . D . X x, F= (AT x, F| Cnv) | Cnv 

*309 142. h : Rat . X e Rat„ . D . X x, F= (X | Cnv x, F) | Cnv 


*309-143. h : X, Fe Rat,. . D . X x, F= X j Cnv x, F| Cnv 

Ihe^ propositions of this number are merely generalizations of those of 

*305. The proofs of the formal laws are straightforward, but the proof of the 

distributive law (*309'37) is long, because of the multiplicity of different 
cases. 


*30901. 

*3091. 

*309-101. 

*309102. 

*30911. 

*30912. 

*309121. 


X X, F= (X X, F) c; (X I Cnv X, F| Cnv) 

^ (X X, F| Cnv) I Cnv c/ (X | Cnv x, F) | Cnv Df 
h.Xx,F==(X X. F)c;(X|Cnvx,F|Cnv) 

w(X X, F|Cnv)|Cnvc/(X|Cnv x, F)|Cnv [(*309 01)] 

b : X e Rat - . D . X | Cnv x, F= A [*305 2 , *307*25] 

f- : X e Rat„ - t'O, . D . X x, F= A [*305 2 . *307*25] 

b : g ! X X, F. D . X, Fe Rat, [*305*2 . *309 1] 

b.X X, F= Fx,X [*305 11 .*309 1] 

b.Xx,F=XiCnv x,F|Cnv 

= (X X, F| Cnv) I Cnv = (X | Cnv x, F) | Cnv [*309 1 . *307*12] 
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*309122. l-.Xx,r|Cnv = X|Cnvx,F=(jrx,F)|Cnv 

[*309121. *30712] 

*30913. l-:X,F£Rat-i'0,.D.Zx,F=Zx,r [*309-1 101 12] 

*309131. h:.Z = 0,. FeRat-t‘0,.v. F=0,.ZfRat-t‘0,:D. 

Zx,F=Zx,F=0 

vein. 

I-.*309101 .D 

l■:X = 0,. FfRat-t'Oj.D.JTx, F=(Z x, F)w(Z|Cnv x, F)|Cnv . 
[*307-26.*305-22] D . x, F=Z x. F= 0, (1) 

h.(l).*30912.3l-: F=O,.ZfRat-t‘O,.D.Zx,F=A’x,F=0, (2) 

I. (1). (2). D I-, Prop 

*309 133. 1 : Z = 0, . F= 0, . D . Z X, F= Z X, F= 0, 

[*309-1 . *307-26 . *30522] 

*309-14. h:Z,FeRat.>.Zx,F=Zx,F [*309 13131 133] 

*309141. h:Z«Rat. FeRat.,.D.Zx,F = (Zx,F|Cnv)|Cnv 

[*309-121-14] 

*309-142. 1: FfRat.ZeRat,.D.Zx,F=(Z|CDvx,F)|Ciiv 

[*309-141-12] 

*309-143. l■:Z,FeBat„.D.Zx,F=Z|Cnvx,F|Cnv [*309-14121] 

*30916. h:Z,FeRat,. = .Zx,F£Rat, 

Dem. 

h. #305-3, *309 14143. D 

h:.Z, FeRat.v.Z.FeRat„:D.Zx,F£Rat (1) 

I-. *30.5-3. *309-141-142.3 

I- !. Z c Rat . F t Rat„ . v . Z « Rat., . F e Rat : 3 . Z x, Fe Rat., (2) 

1.(1). (2). 3l-:Z.F£Rat,.3.Zx,F£Rat, (3) 

1 . *303-72 . (*307-01-011) . 3 1 : Z x, F« Rat, . 3 . a ! Z x, F (4) 
1.(4). *309-11. 31:Zx,FeRat,.3.Z,FeRat, (5) 

1.(3). (6). 31. Prop 

*309-16. l.(Zx,F)x,f: = Zx,(Fx,Z) [*303-41 . *3091] 

*309-17. 1 : Z, F ~ e fO, u t‘oo , . 3 . Z X, F = Cnv‘(Z x, F) 

Dem. 

l.*309-1.31.Zx,F=.(Zx,F)c((Z|Cnvx.F|Cnv) 

o (Z X, F| Cnv) I Cd V (Z I Cnv X, F) I Cnv (1) 
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(• . *30512 . D h : Hp . D . i X. F = Cnv‘(X x, F) (2) 

t- . *307 22 . D t- : jr e Rat . D . 1 j Cnv = Cnv‘(Jf ] Cnv) (3) 

f" . (3) . \ Z € Rat , X = Z \ Cnv . D . X | Cnv = (Z j Cnv) j Cnv 

[*307 12] =7 

[*307'14] =Cnv‘(jrtCnv) (4) 

l-.(3).(4).DI-:J:€Rat,.D.^|Cnv = Cuv‘(Z|Cnv) (5) 

K(2).(5).DI-:Hp.jr,F£Rat„.D. 

^ I Cnv X, F I Cnv = Cnv‘(X|Cnv x, F;Cuv). 

X x,y |Cnv = Cnv‘(Ar X, F| Cnv) . 

X|Cnv X, F=Cnv‘(A'|Ci]v X, F) (6) 

K (1) . (2) . (6) . *3091 . D I- : Hp . Fe Rat, . D . i x, F= Cnv‘(A' x, F) (7) 

!■ ■*303 13-7 . 3 H : AT, I'e Rat,-i‘0,. = . A, FeRat,- t ‘0, (8) 

(-.(8). *30911 .3 

I- : ~ ( A, Ft Rat, u I'oo ,) . D . A X, F= A . Cnv‘(A x, F) = A (9) 

l-.(7).(9). DKProp 

*309-21. h A, F € Rat, : A = 0, . v . F= O, : = . A x, F= 0, 

Dem. 

y . *309 14 141 . *305 22 . *307 26 . D h : Ac Rat, . F= 0, . D . A x, F= 0, (1) 
*■•*30915. DI-:Ax,F=0,.D.A,FeRat, (2) 

I- . (2) . *309 14141 142 143 . *307-26 . D 

l-:.Ax, F=0,.D:Ax.F=0,.v. A'Cnv x,F|Cnv = 0,. 

v.Ax.F|Cnv = 0,.v.AiCnvx. F=0,: 
[*305-22.*307-26] D : A = 0, . v . F= 0, (3) 

l-.(l).(2).(3).DI-.Prop 

*309-22. h : A, Fe Rat, - 1‘0, . = . A x, Fe Rat, - 1‘0, [*309 21 . Transp] 
*30923. P:AeRat,-;‘0,.D.Ax,A = l/l 

Dem. 


I- . *309-13 . D t- : A e Rat - 1‘0, . D . A x, A = A x, A 

[*305-52] ^ jyj 

K *309-121 . *307-22 . D I- : Fe Rat - 1<0, . A = F| Cnv . D . A x, A 
.(1) . (2). D P . Prop 

*30924. P:AeRat,.D.Ax,l/l = A 

Dem. 

P. *309-14. 3P:A«Rat.D.Ax,l/l=Ax.l/l 

[*305-51] 

P . (1) . *309-142 . 3 P ! A e Rat„ . D . A X, 1/1 = ( A I Cnv) | Cnv 

^♦uU7*l 2j _ 

P.(l).(2).DP.Prop 


( 1 ) 

= rx,F 
= 1/1 ( 2 ) 


( 1 ) 


(2) 
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*309-26. ^■■.X.AeB.at,.A^O,.:):Xx,A=A'. = .X = A 
Dem. 




f- . *309-23-2416 . 

h.d). 

1_ / 1 \ i ^ ^ yv 


3f-:Hp.D.A' = A' x,A x^A 

:>^:np.Xx,A=A’.:>.X^A'x,A 


^ X A ' • 3 [■ : Hp . 0 . A' = A' x^ A x^A 

3h:Hp.A' = 4'x,jl.D.,Vx„^ = ^' 

I- . (2) . (4) . D I- . Prop 


(1) 

( 2 ) 

(3) 

(4) 


*309-251. A+0,.D: A'x,^=^'. = . A' = x) 

[*309-25-15] 


'x,A 


*309-26, l■:X,FeRat,.Ar + 0,.D.(aZ).^^Rat„..Yx„^= K 
Dem. 

h.*309-25.Dh:Hp..?= F x, .V . D . ^ x„ Y = F (1) 

l-.(l). *.309-15-12. Dh. Prop 

*309-31 t- : Y, F e Rat . Ye Rat, . D . ( Y +„ F) x„ Z = ( Y x„ Y) +„ ( 1' x, Y) 
Dem. 

*308 32. *309 140 

t- : Hp . Ye Rat . D . (Y +, F) X, Y= (Y +. F) X, Y. 

Yx,Y=Y x.Y. Fx,Y= Fx.Y. 

[*306-41] 3.(.V+,F)x,Y = (Yx„Y)+,(Fx,Y) (1) 

t-. *309-1 22. D 

f- : Hp . TPe Rat . Y= IF; Cnv . D . (Y +„ F) x, Y= [(Y +, F) x, IF) Cnv 

[^1)1 =l(Yx, IF)+,(Fx, lF)l|Cnv 

[*308-411. *.309-1 22] =(Y x,Y)+,(Fx,Y) (2) 

h.(l).(2).Dl-.Prop 

*309 311. h : Y, F e Rat, . Y e Rat, . 3 . ( Y +, F) x, Y = ( Y x, Y) +, ( F x, Y) 
Dem, 

*308-41 . *309122. D 

I- : Hp . 3 . (Y +, F) X, Y= [(Y i Cnv +, F| Cnv) x, Y) | Cnv 
[*309-31] = |(Y I Cnv x, Y) +, ( l'| Cnv x, Y)) | Cnv 

[*309-1 22.*.308-41] =(Y x,Y) +,(Fx, Y) : 3 h . Prop 


*309 32. h : {vjp) <p(\//4) . a/Te Rat . D . 

(X//*-, vjp) X, <t/t = (((X X, p) {fi Xo I/)) Xo <r]l{p, x „ p x^ t) 

Dem. 

f- . #308*24 . D h : Hp .D . X//i v/p = ((X x^, p) {p. x^ i))//* x^ p (1 ) 
h . (1) . *30914 . *305 1 42 . 3 h . Prop 
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*309'33. h : X//i, vjp, (t/t € Rat , D , 

(X//A v/p) Xg ((t/t) = (X/fj, Xg (t/t) (u/p Xg a/r) 

Dem. 

H . *309'14' . D h : Hp . D . Xjp, Xg ajj = Xfp. x, ajr , vjp Xg a-jr = vjp x, a/r . 

[#305-142] D . X/fj. Xgtjjr-iX x^<T)l{p. x^t) . vjp Xg^jr^iv x^a)j{p x^t) (1) 
h. (1). *308-24. D 

I- : Hp .(i//p) D . {Xjp, Xgdjr) -,{vjp Xg aji)- 

((X Xo a) X, {p Xg t) {p Xg T) Xg {V Xg X, ^ X, T^) 

[*303-38] = {(X x^ aXgp)- {p Xg v Xg <T)\j{p Xg p Xg t) 

[*309-32] ={Xjp-,vjp)XgajT (2) 

h . (2) . D I- : Hp . (X//t)<,(i;/p) . D . 

(vjp Xg (Tjr) {Xjp Xg ajr) = {vjp Xjp) x, <rjr . 

[*308-21.*309-122] .{Xjp XgajT)~,{vjp <t/t) = (X//i i//p) Xgdjr (3) 
h. *308 12. *309-21. D 

f- : Hp . X//i = t//p . D . {Xjp vjp) Xg ajr = 0, . 

{Xjp y-f,(jjT)-,{vjp XgajT) = 0q (4) 

^■•(2).(3).(4).Dh.Prop 


•309 34. K,ZfRat.D.(Z - K) x„ .? = (AT x, Z) K x,Z) 

[•309-33] 


•309-36. I- : -S'. f Rat . Fe Rat, . D . (AT +, F) x„ ^ = (AT x„ ^) +„ ( K X, Z) 

Dem. 

K * 308 - 321 . Dh:Hp.D.X+,K = X-.F|Cnv. 

{X >^oZ)+g{Y XgZ) = {X XgZ)-,{Y\Cnv XgZ) ( 1 ) 
y • ( 1 ) . *309-34 . D h , Prop 


*309-36. F€Rat.D.(X+, r)x,^ = (Xx,^+„(rx,^ 

Dem. 

I-. *308-41. *309-121. D 

h:Hp.D.A:+,F=(X|CDV +, F| Cnv) | Cnv . X x,^ = .y | Cnv x,Z|Cnv. 

y ^ 0 ^= Y\Cdv XgZjCnv . 

[•309-122] D . (X +, F) X, 2= (X I Cnv +, F| Cnv) x,Z\C„y. 

(^>'.^+.(l^x.^ = (X|Cnvx,^|Cnv)+,(F|Cnvx,Z|Ciiv) (1) 
l-.(l). *309-35. DI-. Prop 

•309-361. t-:Ar«Rat,. F€Rat„.2«Rat.D. 

(X+,F)x„2 = (Xx,Z)+„(Fx„Z) [•309-311-36] 

21 
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* 309 - 362 . 

Bern. 


[part VI 


F€Rat„.D.(X+j, Y) x„Z={X y^f,X)^^{Yx^Z) 


f-. *309 122. *308-41 .D 

^ • (X +f, Y) XgZ= ((X +g Y) XgZ \ Cn vj | Cnv . 

{X Xg Z) +g(YxgZ) = j(X XgZ\ CDv)+p(F C dv)] I Cnv (1) 

h. *309-361. D 

y : Hp , Z € Rat„ . D , (X +(, F) x^ ^ j Cnv 

-(^ x^Z|Cnv)+j,(F x^^jCnv) (2) 

h.(l).(2).DI-:Hp.^eRat„.D.(X+, F)x,^ = (Z x,ir)+,(Fx,^ (3) 

I-. (3). *309-361. Dh. Prop 


*309-363. F. 6 Rat, , D . (X +, F) X, Z = (X X, ^) +, ( F X, 

Dem. 

h. *309-35-1 2. *308-4. D 

I-: F,^eRat.2-eRat„.D.(X+,r)x,^ = (Zx,^)+,(7x,Z) (1) 

h . *309-36 . D 

t-: FeRat..r,^€Rat„.D.(X+,F)x,Z = (Zx,Z)+,(Fx,^) (2) 

l■•(l).(2).D 

f-:AreRat„. Fe Rat . Rat, . D . (AT +, F) x,^ = (Z x, ^+,(F x,^) (3) 

1-. (3). *309-31. D 

h: JTeRat,. Fe Rat . Ze Rat,. D . (X +, F) x,^ = (Z x,^) +,(Fx,Z) (4) 
I- . (4) . *309-362 . D F . Prop 

*309 37. .(X +,Y)x,Z = (X x,Z)+,(Yx, Z) 

[*309-363-11-15 .*308-31-33] 

*309-41. h:.ileRat-i‘0,.3:(.l x,Z)<, F. = . <,(Fx,Jf) 

D&m. 

h . *308-56 . D h :. (^ X, X)<, F. = : 

A x,XcRat,:(a^).ZeRat-t'0,.(.4 x,X)+,/= F (1)’ 
(1). *309-15. DI-::Hp.D:.(il x,X)<,F. = : 

X«Rat,:(a.^).^«Rat-t‘0,.(i4 x,X)+,^= F: 
[*309-25-37-23-24] D : X c Rat, : (g^) . e Rat - 1‘0, . X +, {Z x^A)^Yx^A : 
[*305-31. *309-13] D : X e Rat, : (gX) . Z' e Rat - I'O, . X +, X = F x, i : 
[*308-56] D:X<,(Fx,J) (2) 

Similarly h :. Hp . D : X <,(Fx,i4) . D . (.4 x,X) <, F (8) 

I- . (2) . (3) . D I- . Prop 
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*30942. h 4 € Rat„ - t*0, . D : (4 XgX)<g F. = . (T XgA)<gX 
Dem. 

I“. *3074. #309 122 .D 

I- Hp . D : (4 XgX)<,gY . = . (F|Cnv) |Cnv Xj,X). 

[*30941. *307-22] = . ( F | Gnv ^ | Cnv) X . 

[*309-121] =.(YxgA)<gX Prop 

*309-6. h : Z. Fe Rat, . X ^ V. y t V « . D . (Z x, F) [: e C^Hg 

[*309-14-141 142143 . *305-26] 

*309-61. V\X,Y^C^Hg.:>.{XxgY)lUC^^C^XeC*Hg [*309 5] 



*310. THE SERIES OF REAL NUMBERS. 


Summary of *310. 


Real as opposed to ratios, are required primarily in order to 

obta.., a Dedek.nd.an series, so as to secure limits to sets of rationals having 
no rational limit. If rationals and irrationals are to form one series, it is 
necessary to give some definition of “rationals” other than “ratios," since 
e series of ratios (assuming the axiom of infinity) is not Dedekindian, and 

- f * Ib * • * A series. But in virtue 

of the propositions of *212, the series of segments of the series of ratios, 

the series is Dedekindian, and this series contains a series, namely 

HiH, which is ordinally similar to H. Thus the properties which we desire 
real numbers to have will result if we identify them* with segments of H. 

and give the name “rational real numbers” to segments of the form WX, 


i.e. to segments which have ratios as limits. Thus H‘X is the rational real 

number corresponding to the ratio X. and a real number in general is of the 

form H“X, where X is a class of ratios. H‘‘X will be irrational when X has 
no limit or maximum in H. 


Since real numbers involve classes of ratios, the ratios concerned must be 
of some one type, and cannot be typically indefinite. Thus, as might be 
expected, hardly any of the properties of real numbers can be proved without 
assuming the axiom of infinity. In the present number, however, we shall 
be mainly concerned with just those few simple properties which are inde- 
pendent of the axiom of infinity. 

The series by which real numbers are to be defined, has both a 
beginning and an end, namely A and J)^H (which if the axiom of 

infinity holds). D*H will be infinity among real numbers. It in not con- 
venient to include it in the series of real numbers as defined, just as it was 
not convenient to include oo, in the series H or H\ Again A is not 
naturally to be taken as the zero of real numbers, which should rather be 
taken as being Thus we are led to the two following definitions, in 

which 0 is the series of positive real numbers other than zero and infinity, 


• On this defiDitioD of real number*, cf. PrineipUi 0/ Mathematics, Chap. 1X1117. 
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while is the series of zero and the positive real numbers other than 
infinity : 

*31001. e = Df 

*310011. = 0 Df 

These notations are framed on the analogy of H and H', the letter 0 
being chosen to suggest 6, the relation-number of the continuum. Although 
we do not have Nr‘0 = ^, we have = and therefore (*31015) 

i -f Nr @-j- i = 0, and Nr*0 -j- 1 = ^ (assuming the axiom of infinity). Thus 
the relation-number of 0 is simply that of a ^ with the ends cut off. 

We put further, on the analogy of H„, Hg, 

*31002. = Df 

*310021. 0'„ = f‘O,*f0„ Df 

*31003. @5=0„4.0' Df 

Thus 0„ is the series of negative real numbers, 0\, the series of zero and 
the negative real numbers, 0^ the series of negative and positive real numbers 
including zero (infinity always excluded). The class of positive real numbers 
is 0*0, of negative real numbers C'0n, of all real numbers (excluding infinity) 
6*0 w u C‘0„. If i* is a positive real number, | Cnv“t/ is the corre- 
sponding negative real number (*310T6). The properties of 0, in 

respect of limits, continuity, etc., result from the properties of ^ as proved in 
#275, and from the properties of series of segments as proved in *212. 

Instead of taking the series of segments as constituting the real numbers, 
It IS possible to take the series of their relational sums, ie. sJ0. This 
depends on the fact that iJ@8mor0 (*310-33). The chief advantage of 

IS that It IS of the same type as the series of ratios. We shall show in 

*314 how to construct the arithmetic of re .1 numbers defined as the relational 

sums of segments ; until then, we shall regard real numbers as segments of 
the series of ratios. 


*31001. 0 = 

*310011. e =i<o,+f« 

*310 02. 0„ = I (- 1<A - i‘D<Hn) 
*310021. 0'„ = i<o,4+e„ 

*31003. 0^=e„4i0' 


Df 

Df 

Df 

Df 

Df 


*3101. 

*31011. 


t- . 0, 0', 0„, 0'„, 0j £ Ser [*304-23 . *307-41-25 . *204-5 . *212 31] 

I- : . = ./*, V e D‘if, - t‘A - t'D'if C K . 

a !M.a!D‘if-„.a 
= . /i, K e D'5‘if n . ,1 C K . u i V 
[*212 23-132 . *211-61 . (*310 01)] 
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*310111. 


*310112. 


I- : . = . /t. I. f - J'A - C V . =1= V , 

= .fi,ve n a‘s‘^„ .fiCv.nj^v [(*310 02)] 

1- fidgv. = : . V . fjiBv . v . 

li e C‘0„ . 1, e j‘t‘0, u (7‘0 . V . ^ = t‘0, . i; t C'‘0 [(*310 03)] 


*310113 


I- fiB'v . = : /i = (‘0, . i/ e C‘0 . v . /»0i/ 


*310 114. 1- :. /x0'„i/ . = : = j‘0, . ^ f C‘0„ . v . /i0„v 


[(*310011)] 

[(*310-021)] 


*310-12. )• . C‘0 = r. a‘s‘// = B'H. - t‘A - CD ‘ H . 

C‘ 0 „= D‘9‘^r„ n a‘s‘/^„ = D‘(zr„), - i'a - [* 212 - 132 ] 


*310 121. h . C‘0 C Cl ex‘D‘i/ . C‘0,. C Cl ex‘D‘H„ 


[*310-12] 


*310122 


H:a!3. = .a!0. = .ai0'. = .a!0„. = .^,0'_^. = _^,g,^ 

[*212-14. *161-13. *304 27] 


*310 123. I- : a ! 3 . D . C‘0' = (‘i‘0, u C‘0 . C‘0'„ = t‘j‘0, u C‘0„ . 

(.“0, = C‘0„ u t‘i‘0, w C‘0 [*310-122 . *161-14] 

*310 13. h . C‘0 n C‘0„ = A . s‘C‘0 n s‘C‘0„ = A 
Dem. 

[*307-2o] Prop 

*310131. h . 0% ^ € C‘0 u C‘0„ [*304-282] 

*31014. H , 0„8mor0 [*212*72 . *30741] 

*31016. h : Infin ax . D . 0' C^H, 0'„ -K C‘/f„, C‘if„ *4 0^, C'//' f ^ 

[*304’33 . *31014 . *275*21] 


*310151. h : Infin ax . D . 0', 0'„ e Ser comp a semi Ded 

[*310*15 . *275*1 . *271*18 . *214*74] 


*310 16. I- : 1/ e C‘0 . = . I Cnv“i/ e C‘0n 

*310*17. I-.|Cnv«|Cnv«i/=»/ 

*310*18. h : ^ = I Cnv"!* . = , v = I Cnv“/i 

*31019. H : 1/ . = , 1 Cnv“;i = I Cdv"i/ 

*310*31. h : ^ 6 C‘0 u C‘en . D . a I (a» [ Rel uum 


[*310*12, (*307*04)] 

[*307*12] 

[*310*17] 

[*310*17] 

[*304*5. *310*121] 
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*310 32. V \ . . D : s*fi ~s*v , = , ^ — v 

Deni. 

h . *310-31 . *303-62 . D 

C‘0 u C‘0n . V - i^Og . D . g I {s*fi) I Rel num . g ! (5**^) ^ Rel num . 


D.sV + sV (1) 

h . *31012-31 . *307-25 . D h : ^ f C*0 . « C‘0„ . D . iV + s'*' (2) 

h . *310 1 1 . D h /i0v . D : g ! — /Li : 

[*310'121] D : (gp, a) : p/ar € p : ^jr} e fx . Df,, . + : 

[*303-52] 0 : (gp, o-, : p/aev. R{pl(r)S: ^/j) ^ fx {R (f/»?)S) : 

[*4111] D : g ! s*i/ — (3) 
h . (3) . *310’1 . D h : /I, 6 . p,^p . s^fx ^ s^p (4) 

Similarly : /i, e C‘0„ . /a =|: . D . i-'p, ^ (5) 

h . (1) . (2) . (4) . (5) . D h Hp . D : p ^ i/ . D . s^p. ^ s*p (6) 

I- . (6) . Transp . D h . Prop 


*310-33. h . ^ »08mor0 , s»@„smor 0„ . ij0jsmor 0^ [*310-32] 



*3H. ADDITION OF CONCORDANT REAL NUMBERS. 


Summary of *311. 

We define a set of real numbers as concordant when all are positive 

or zero, or all are negative or zero. i.e. when all belong to or all belong 

to C‘0„. Given two concordant real numbers ^ and v, we define the sum of 

and V as the class of sums, in the sense of *308, of a member of a and a 
meniber of v, i.e. as 

W[{^M.N).M efi.Nev. W^M+^N], 

U as in virtue of *40-7. It is easy to prove that, assuming the 

axiom of infinity, the sum so defined has the properties we require of a sum. 
We denote the sum so defined by In order to insure that 

shall be A unless v are concordant real numbers, we put 

#311-02. fi->rpV=X {concord (/i. v),X € Df 

Thus if fi, 1 / are concordant real numbers, /* +p = (#31 Ml); if 

not, fi+pP = A (#311-1). A definition of addition which applies to real 
numbers of opposite sign will be given in #312. 

The commutative and associative laws for (#31M2121) follow at 
once from the corresponding laws for +(,. Assuming the axiom of infinity, 
we prove without much difficulty that the sum of two positive real numbers 
is a positive real number (#311-27). and the sum of two negative real 
numbei-s is a negative real number (#311-42). In these proofs, when propo- 
sitions of previous numbers involving Rat " are used. “ Rat " is replaced by 
C*H and “Rat — f‘0, by C*H. This is legitimate in virtue of #304-49*34. 

In #311 511 we prove (assuming the axiom of infinity) that if f is a positive 
real number, and V is any positive ratio, however small, there are members 
X of ^ such that Y -{-gX is not a member of i.e. given any positive real 
number, there are rationals differing from it by less than any assigned positive 
rational. This proposition is useful, and is used in proving that if ij are 
positive real numbers, each is less than f i? (#3 1 1 *52). The converse of this 
proposition, i.e. the proposition that, if fiSv, there is a positive real number 
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X such that v = /i+pX, is proved io *311-621-64, after a considerable amount 
of work. Thus we have 

*311-65. h :: Infin ax . D fiBv , = :fi,v€ C‘© : (^X) . X e C*© = 

We have, of course, a corresponding proposition for ©„ (*311-66). From 
*311-65 we deduce without difficulty that if ^ is less than v (fi, v being 
positive real numbers), then X+^fi is less than X +p i; (X being a positive 
real number), i.e. 

*311-73. h : Infin ax . X e (7‘© . /i©i/ . 3 . (X +p /i) © (X +p v) 

whence (with the corresponding proposition for ©„) we deduce 
*311-76. h Infin ax . concord (X, ^) . D : X +p = X 4-p i; . = . = i; 
which secures the uniqueness of subtraction. 


*311-01. concord (^, p, ...). = ; ^^ p . ^ ( 7 ^ 0 ^ . v . /x, i., . . . c C*©'„ Df 

*31102. /M+pV = X (concord (fi, p),X € sV Df 

*3111. f- : ~ concord (/i, © . D . +p */ = A [(*31102)] 

*31111. h : concord (fi, i/) . D . 

fi+pv=s*fi+y^p^ ^{(^M,N).M€fi.N€P.W = M-i-gX] 
[(*31102)] 

*311-12. h-fi+pV=v-\-pfi [*311-1*11 . *308-4] 

*311-121. h . (X +p /i) +p v = X +p (/4 -Pp v) [*311 1-11 .*308-63] 

*31113. I- : concord (fi, v) concord (| Cnv'V. | Cnv“w) 

[*310-16. (*311-01)] 

*31114. h : concord (^, I Cdv“v) . =. concord (| Cnv*V,© [*31113. *310-17] 

*31116. h : concord (/I, I Cnv“p) . D , ,-u concord (/i, v) [*3101316] 

*311-2. h : Infin , X eC^H .:>.X = H**X + a ^*X 

Bern. ^ ^ 

I- • *308 72 . ♦304-34-401 . 3 H Hp . D : X +/<Zr<<f . = . 

('KZ,Z').Z' ^^.Z€C‘H.Y=X+,Z.(x\ Z^HiX^. 

[«>ej . . w, F) . z. c-* . F. X z . r.x J; la ? *’ * ' 

(•30.S2j..F,J(..x+,..J.Xi,F:.3..p„p ' ' 

^ ‘ 1"»" « ■ t C ™ . 3 ! t . X , C'». 3 . a,‘X c H‘IX +,■'{ 

^ “P ■ = f- :>• F) : 

L*4U5161] + 

^ • (1) • *304-23 . D h , Prop 

R- & w. in. 


(1) 
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•311-22. l-:Infinax.fCC‘l?.a!f. jTeC'ff.D. 

H“X +/‘f = H^‘X u X +/‘Zr»f 

1/67/1. 

^■*m23.:)^■.H“X+,“^={H“X+,“^r^H^,‘X)^^{H‘•X+,“^r^t‘X) (1) 

K(l).*311-2-21.DF.Prop 

*311-23. h : Infin ax . f c C‘0 . X e C‘H . D . H“X +,“f = IJ^^'X u X 

[#311-22 .*310-12] 

*311-24. h:. Infinax.feC‘0. YeC'H.D: 


Dem. 

h. #304 31 .Dh 
[#306-52] 


fr 

Hp.D.(air). iTef . lYBY. 

D,( 3 Z, W). We^.ZHY. Y ^ Z W : 0 \- .?rop 


# 311 - 26 . l-:Innnax.fi?eC‘ 0 .D.f Cf+pi?.vCf +pi 7 

Dem. 


I-. #310*1 2. 
[#311-24] 

f-.(l). #311-11 
H. (2). #311 12 
h. (2). (3)01- 


Dh:Hp. r6770.//‘rCi?. 
. D h ; Hp O ,1? Cf +p7; 

OhrHpO.fCf+pi; 

. Prop 


( 1 ) 

( 2 ) 

( 3 ) 


* 311 - 26 . h : Infinax .?,?;€ C *0 . D . //“(f +p v)== f 4 -p V 

Dem. 

H.#311’23.DI-:.HpO: Kci? O . +(, K) = ^#‘7 u(ir“f) K : 

[#31111.#31012] 3 : ^“(f +p V) = ^#“V y (f +P V) 

[#31 1*25.#31012] => f +P :0 1- , Prop 

# 311 - 27 . h : Infin ax . f, »? e C ‘0 O . f +pi; e C *0 

Dem. 

H . #311*25 . *310*12 O I- : Hp O . a ! f +p . 

[*31126.*31U-12] D.f+pi,e(7‘0ut‘D‘/f (1) 

h. *310-12. *211-703. D 

1- : Hp . D . (a.¥, N).M,Nf D'H . « p‘5'‘f . N « p‘iy“v . 

[*308-32-72.*300'2.3] D . (ait/, N).M+, N +, v) " D'// (2) 

I- . (2) . #200-5 . D I- : Hp . D . f +, >; + D‘J/ (3) 

h . (1) . (3) . D h . Prop 

The axiom of inhnity is essential to the truth of the above proposition, for 
if it fails we have E I D*B . ~e f +p 17 * while C‘0 . D . B*H efi. 
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*311‘31. h . [ Cnv“(/i = (| Cnv‘V)+p(|Cnv“i') 

Dern. 

f-.*311131 .D 

h : ^concord D . | Cnv“(/i+pj<) = A . (| CDv“/i)+p(| Cnv“t/) = A (1) 
h .#3111311 . D h : concord . D . | Ciiv“(/a +p i/) = | Cnv'V^ 

[*308-411] =s‘(|Cnv“/i)+/'(|Cnv“i/) (2) 

1“ . (1) . (2) . D I- , Prop 


*311-32. t-.|Cnv“(/i+p|Cnv‘V) = (|Cnv‘V)+y./ [*311-31 .*31017] 

*311-33. l-./i+p,. = |Cnv“l(;Cnv‘V)+p(iCnv“.-)l [*311-31 . *31018] 

*311-41. 1- : Infin ax . /i, i/ e C‘®„ .O . /iC /i+pv . v C /i+pv 
Dem. 

K . *311-25 . *310 16 . D h : Hp . D . I Cnv»/i C (| Cnv»^) (| Cnv“*^) . 
[*311-33.*310-17'] D . /X C ^ +P 1/ (1) 

Similarly h : Hp . D . v C ^ +p v (2) 

K(l).(2).DI-.Prop 


*311-42. h : lufin ax , € C*0„ . D . /x +p »; e 

Dem. 

K . *311-27 . *31016 . D h : Hp . . (I Cnv‘V) +p (I Cav»i/) e C‘@ . 
[*311-33.*31016] D ./i+p ve C*0n': 0 h . Prop 

*311-43. h : /i € C'0p . D . /X +p t'O, = /x 
Dem. 


h. *311-11. Dh:Hp.D.^+,t‘0,= W . M ^ ix . W = M+.0„] 

[*308 .51] = /i : D h . Prop 

*31144. l-:lDfinax.coacord(/*, j-).D./i+, [*311-27-42-43] 

*311-46. t- :. lofin ax . concord (/i, v) : =|= t‘0, . v . k = t>0, : 3 . /* C +j, v 

[*311-25-41-43] 


*311-61. h : InHn ax . f t D‘if, -i‘\.YeC‘H.Y +,“f C f . 3 . f = C'jy 

Dem. 

l■.*38•13.Dh:Hp. Aef.D. r+jXef, 

[*306-52] D.Kef 

K. *306-51 0 


= D‘if 


( 1 ) 


h ' m ^ ‘ ^ ("/I ^ +» K- +. 1)/1 X. ^ 1 * f (2) 

t-.(l).(2).Induct.3h:Hp.veNCind.2r6f.D. r+^(„/l x.X)6f ( 3 ) 


H. *305-7. *306 520 


f- : Hp . .Y e ? . Z e C*H , D , (gj,) , 1 / e NC ind . Zi/" ( F + (Wl x, A')] 
H . (3) . (4) . D t- : Hp . Ze C*H . D . Z c f : D h . Prop 
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#311-611. l-:lnfinax.fee'0. C"^. D . (gZ) . Xc f . F+,Z~ff 

[*311*51 . Tranep] 

*311*62. I- : Infin ax . f ^ . fe (f +p i?) 

Dem. 

f-.*311-511.Dh:.Hp.D: Fc(7‘fl^.D.(aZ).Zef .Z+,F~ff; 

[*31111 ] 3 :(a^,F).Z+,Fc(f+,,)-f: 

[*310-1 1.*31 1-27] D : f0(f +p,) D h . Prop 

*311-63. 1- : Infin ax. f,i 7 fC‘ 0 „.D.f 0 „(f+y,) [*311-52-33] 

*311-66. l-:.Infinax.f€C‘0,.D:f = f+p,. = ., = i‘o, [*3111-43-52-53] 

*311-67. l-::Infioax.D :.f=f+y,. = ;f=A.v.ff(7‘0,., = £‘O, 

[*311-56-1] 


*311-68. fi: Infin ax . /i€(7‘0.D./i = /7‘V [*3043 . *270-31] 

*31J-6. l-:Iufinax ./t0v.Z. Y tv- /i. XHY . M e /j. . M +,(Y -,X)e v 

Dem. 

I-. *310*11. DI-:Hp.D.A/i/^. 

[*308-42-72] D.(^+,(F-,Z)JjyF (1) 

l-.(l). *311-58. Dh. Prop 

*311*61. h : Infin ax ./A0I/. 

>^=-2 ((air, Y).x,r€p-fi.xHY,L^r-,x\.-^. 

s^fi^y^XCv [*311*6] 

*311*62. l-:lDfinax./iei/,Zep-/i.D.(aF). Yev-fi.XHY 

Dem. 

h • *311*68 . D h : Hp . D . Z e — H**fi i D !■ . Prop 


*311*621. l-:Hp*31161.D.X€C'e 
Dem. 

I-. *311*62. DhiHp.D.glX (1) 

H . *308*46 . D h : Hp , D . \ C W*p (2) 

h. *311*62, DH:Hp.Z,Fci;-/i.Zifr.D.(aZ)..^ev-^. YHZ, 
[*308*42*72] D . . Z ep - .{Y -,X) H (Z -,X) (3) 

|-.(3).*37*l.DI-:Hp.D.XC^“\ (4) 

I- . *308*56*42*72 . D 

h : Hp . Z, Ff ^ . Zf^r . Xj9'(y-, Z) . 3 . Z^(Z Z) . (Z +,Z) . 

[*310*11. *308*43] D . X « X (6) 

I- . (5) . *37*1 . D I- : Hp . D , ^«X C X (6) 

h.(l).(2).(4).(6).DI-:Hp.D.X«D'^,-t‘A-t'D‘^. 

[*310*12] D . X e C'B O f* . Prop 
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»311'63, y-.lri(m&x.veC'&.Xev.NeC‘H.'2.{'^L).LHN.X+,Lev 
Dem. 

f-.*311-58.DI-:Hp.3.(aK). Fev.ZiTF (1) 

I-. *308-42. D f- : Hp. Fei/. (2) 

t-.»308-42-72.D 

^■^^■Y,v.XHY.Z=Y-.X.XHtZ.LUN.:>.LUN.X+,Lev (3) 

t- .(3). *31 1-58. D 

t-:Hp. Y(v.XHY.Z=Y-,X .NHt^Z.:i.('gL).LHN .X+,L(v (4) 

l-.(l).(2).(4).D|-.Prop 
*311-631. h : Infin ax . fjBv 

Dem . M e ,j. . X,Y ev - ^ . XHY . N ^ M ^^{Y -,X) 

h. *31 1-58. *308-72. D 

^■^V-^^«-H'-LHN.X+,Lev.Y=X-{;L.M = N-,L.:i. 

Me,i.X,Yev-ij..XHY.N = M+,(Y-.X) ( 1 ) 

^ . (1) . *311-63 . D h . Prop 
*311-632. h : Infin ax . fi^v .Nev-fi. D . 

h . *306-52 . *311-63-58 . 3 ^ : Hp . D . (g IT) . IFr 0-/7 . i\r Tf , , _ ^ 

K *311-511. Dt-:Hp. W eC'H . M e ,i . M +,W .^e ,i 

I-. *311-58. W eC‘H .:3 . MEN . WeC'H. 

f :>.(M+,W)H(N+,W) 

I- .(3) . *311-58 . D h : Hp(3) . iV+, IFe v . ':>.M+gWev 
f--(2).(4).D 

HHp. WeC‘E.E+,Wev-^.0.('^M).Me^.M+,We„-^ 

^ ■ (1) • (3) . (5) . D H , Prop 

*311-633. 1- : Infin ax . fj,Sv 

Dem Y) • ^ € fi. X,V€v - fi, XHY . N=M^y(Y~,X) 

h.#308 6l’4*63.D 

^■^Y-MHN.X = M+,W.Y^N+,W.-3.N=M+g(Y-,X) 
(■.*311-632.*.308-72.Dh: Hp.iV~6;i.D.(gi(/, IF.Z, F). 


( 1 ) 

(2) 

(3) 

(4) 

(5) 


(1) 
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*311-64. I- : Hp *311*61 . D . i» = /i+pX 
Dem. 

h . *311*633 . D . V C (1) 

l-.(l).*3H*621*61.Dh :Hp.D.\eC‘0.^* = sW'^• 

[*311’ll] D . v = /i+pX : D h . Prop 

*311*65. h :: Infin ax . D ^0*; , = : fi,v € C‘0 : (gX) . Xc C*S .v = fi+p\ 

[*311 •52*64] 

*311-66. f- :: Infin ax . D fi^nV • = : /i, vf C'*0n : (gX) . X e C‘0„ ,v = fi-^pX 
Dem. 

h . *31011-111 . D I- : /i0„i; . = . (1 Cnv‘V) ^ (I Cov“i.) (1) 

h. (1). *311-65. Dt-::Hp.D:. 

fi^nV • = : I Cnv“/ie 0*0 : (gX) . X € 0*0 . 1 Cnv**i/ = | Cnv**/i+^X : 
[*31 1*32.*31016*19] = : ^ 6 O*0n : (gX) . X € O*0„ . i/ = ^ +p X :: D h . Prop 

*311-73. I- : Infin ax . Xe 0*0 . /t0v . D . (X +p/i) 0(X +p v) 

Dem. 

h . *311*65 . D l- : Hp . D . (gp) . p€ 0*0 ,v = fi+pp • 

[*311*121] D . (gp) . p € 0*0 . X +p V = (X /i) p (1 ) 

h. *311*27. DI-:Hp.D.X+pp.X+pi;e 0*0 (2) 

l-.(l).(2).*311‘65.DI-.Prop 

*311*731. I- : Infin ax . Xc O*0„ . /i0„*^ . 3 . (X+;,/i)0„(X +p i/) [*311*73] 

*311’74. (■ Infin ax : X,/i c 0*0 . v . X, /i e O*0„ :D:X+p/i=3X+pV. = ./* = *' 
Dem. 

h. *311*27*1. DI-:X./i€O‘0.X+p/i = X+,v.D.veO*0 (1) 

h . *3ir73 . Transp . D I- : Hp(l). D . ~ (/i0v) . (vB/*) (2) 

I-.(1).{2).*310*1. Dh:Hp(l).D.M = *; (3) 

Similarly h : X,/t e O*0» . X+p/i= X +p v . 3 . /* = v (4) 

h . (3) . (4) . D l- . Prop 

*311*75. h Infin ax . concord (X, /*) . D : X +p /i = X +p v . s . /* = p 

[*311-74*43] 



*312. ALGEBRAIC ADDITION OF REAL NUMBERS. 


Summary of *312. 

In this number we extend the definition of addition so as to apply to real 

numbers of opposite sign. As in *308, this requires a previous definition of 

subtraction. We define subtraction as follows: If there is a X such that 

v+pX = ^, then v is if there is a X such that /t +, X = i/, then n-pv ia 

|Cnv“X, i.e. the negative of X; in any other case, /r-pv = A. The formal 
definition is : 


*31201. ((gX) 0*% : 

= Cnv“Xj Df 

Hence assuming the axiom of infinity we have 

= (*31218). 

M w 0„) i» . D . /i -p 1; = (ix) I Cnv*‘\ = v) (*312181), 

X€C‘0j,.D.X-pX = i*O, (*312191). 

The algebraic sum of ^ and v is defined as if ^ and a are of the 
same sign, and as -, | Cnv<‘v if ^ and v are of opposite signs ; t.e. we put 

*31202. /i+oV = (M+pv)w(/4-p|Cnv“j.) Df 

This definition is justified because either or rr-„|Cnv“v must 

always be A. Thus we have A* p|v.nv a must 


*312 32. h : concord (ji.v) . fi+^v = fi+^v 

*312'33. h : concord (/r, v) . D . ^ ^ | Cnv<‘v 

The propositions proved are analogous to those of 
ofifer no difiBculty. 


previous numbers, and 


*31201. 


/i -p V = ((gX) : X, /*, V € : 

*'+pX«=/i.Z«X.v.;i+pX = p,Xe|Cnv“X) 
M +a V = (m +p v) w (/* -p I Cnv“i/) Df 



*31202. 
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y'>Xe^-pV,= : /A, v e : (3X) : X e (7*0^ : 

v+pX = /A.^eX.v./i+pX = i;.Ze|CDv“X [(#311*01)] 
h : - concord (/i. i^) O . ^ -p 1; = A [*31 1*1 27-42-43] 

I" ; Infin ax . i;0^ . D . 

/i-;,i^ = Z((aX).X€C"0.i.+pX = /A.Z€X) = (?X) {v +pX = /A) 

I- . #3111G5 . h : Hp . D . ~(aX) . /A +p X = V (1) 

H. (1). *312-1 . : Hp. D./A-pt/ = X ((3X).Xc(7‘0.i/-fpX = ^.Z€X) (2) 

l-.(2).#311*74.Dh.Prop 

*312*13. I- : Infin ax . /a0*^ . D . 

fi—pv- X ((gX) . X e C‘0 . /A -hp X = v . X e I Cnv“X) 

= |Cqv*‘(?X)(^+pX = i/) [Proof as in *312*12] 

*312*14. I- : Infin ax . v0„/a , D , 

fi-pv^$ ((gX) . X € (7'0„ . »/ +p X = /A . X e Xj 

= {JX)(v + p\ = [Proof as in *312*12] 

*312*16. h : Infin ax . /A0nV . D . 

fi~pV = X ((gX) . X c C*&n - /* +p X = 1; . X c I Cnv‘‘X] 

= ICnv“(?X)(/A+pX = i/) [Proof as in *312*12] 

*312-16. h : /A€ C‘0(, . D . /A-p t‘0, = /A [*312*1 . *311*43] 

*31217. h ifieC^Sg . D . t‘0, -pfL = \ Cnv'V [*312*1 . ♦311-43] 

*31218. h : Infin ax .i/(0u 0rt)/A. D . /A-p v = (?X)(i/ +p X = /a) [*312*12*14] 

*312*181. h : Infin ax . /a (0 v:/ 0„) v ,0 ,fi~pv = \ Cuv**(i\) (/a +p X = v) 

= (jM(m+p|Cdv“X=p) [*312*13-15] 

*312*19. h : Infin ax . concord (X, /*) . 5 . (X +p /a) — p X = /a 

[*312-18. *31 1-65-6G-43] 

*312*191. I- : Infin ax . X « C^Bg . D . X -p X = t‘0, [*31 1*62-63*43] 

*312*2. h . I Cdv»(/a -p W = I Cnv“/A -p | Cnv»v 
Dem. 

h , *312*1 . *310-16 . D 

H X e I Cnv“/A — p | Cnv^'v . = : /a, v e C"0p : 

(gX) : X « C'0p : | Cnv^v +p X =» | Cnv“/A . X c X . v . 

I Cnv“/A +p X = I Cnv“i' .X e\ Cnv'‘X : 

[*311*32] = : /A, *. € C*Bg ; (gX) : X e C*Bg : 

i/+p|CDv“X = A*.XcX.v./A+p|Cnv«X=.i/..are|Cnv«X: 

[*312-1 .*310-16] = : ^ c] Cnv«(/A-j»*') " ^ ^ • Prop 
*312-201. I- . /i -p I Cnv«v = | Cnv»(| Cnv'V -p v) [*312*2] 


*312*1. 

*312*11. 
*312 12. 

Dem. 
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*312'21. I" . I Cnv“(»/ — p ^) = ^ — P 1 / 

Dem. 

I- . *312*1 . D h :: X e i Cnv‘*(*/ -pfi). = (g ]’') fi,v€ 

(gX) : X € C*Sg : V , YeX. X = F | Cnv . v . 

V +p X = /I . Fe I Cnv^'X , X ~ F| Cnv 
[*31016] = :. C*^g ( 3 X) : X e C'0j, : /x +pX = 1 / . X el Cnv*‘X . v . 

V +p\ = fl» X €\l» 

[*312*1] B X € fi —p p :i 0\- , Prop 

*312*211. H . /i -p I Cdv“i; ^v-p\ Cnv“/A [*312*201*21] 

*312*22. h : Infin ax . 1 ^ (0 u 0„) fi.O . ^-pve C'0 
Dem. 


h. *311*65. *312*12.Dh:Hp 
i-.*311*66.*312*15.Dl-:Hp 
[*310*16] 

f-.(l).(2).DI-.Prop 


vSfl . D . /A — p i; € C*0 

/t@„i^.D.lCnv‘V-p»^)eC‘0„ 

, fl-pV € C*0 


( 1 ) 


( 2 ) 


*31223. 

h : In fin ax - ;a (0 u 0„) . D . /A -p 1 / 6 (7‘0„ 

[*312'21-22.*31016] 

*3123. 

1- . /A +a I' = (/X +p I/) v (/A -p 1 Cnv“l/) 

[(*312-02)] 

*312*31. 

1- : (/A, € C‘0g) . D . ^ -f a 1 ; = A 

[*312-3-11 .*311 1] 

*31232. 

h : concord (/a, 1 ;) . D . /a +„ 1 / = /a +p i; 

[*312 3 11 .*311 15] 

*312*33. 

f- : concord (/a.v) . D . ^ i' = /a -p | Cnv“i/ 

[*312-3. *311 1] 

*312*34. 

h : Infin ax . 1 ; e C‘0(, . D . /a i' e C'©j, 

[*312*32*33*22*23. *311*44] 


*31241. 

Dem. 

. /A +a A* = V +0 /A 



( 2 ) 


K .*312*32 ,*311*12 . D h : concord (/i, v) . D . /A+a i/ = »/ +a>i (1) 

. *312*33*21 . D f- : ~ concord (/a, v) . D . /a +„ p = | Cnv»(| Cnv“i/ u) 

[*312-201] =.-,iCav‘V 

[*312-33] 

h , (1) . (2) . D h . Prop 

*312-42. h : Infio ax . concord (X, (x +, v) = ^ „ 

Dem. 

h . *311 27*42*43 . D h Hp . D : concord (X +p ;a, X +p X. /a. v) : 

[*311*75] 

Similarly h Hp . D : /A+p p = X . = . (^ +p 1 /) p 

K (1). (2). *312*1. Dt-. Prop 


^ : X +pp — ^ , (X +pp) +p 1/ = ^ +P (; 


(1) 

(2) 
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*31243. 

Dem. 


h,: Infin ax . concord (X, /x, v) . (0 w 0„) /i . D . 

(X +pfi)-pV=^\ +p {fi -p p) 


f* . *3U’65-66 . D h : Hp . D . (gp) . p e (7*0^ = v+pp. 

[*312121319] D . (2p) . p e C‘%, • (X +p/i) k = X . /i v = p : D |- . Prop 


*312'44. h : Infin ax . concord (X, i*) . /x (0 vy 0„) v . D . 

+p/i)-pV = \ ~p (p ~p p) 

y . *31 1*65'66 . D I" : Hp . D , (gp) . p e . v = /x +p p . 

[*312 42 19] D . (gp) . p e (7*0^. (X+;,/x) — p*/ = X— pp . p = »; ^ , Prop 

*312-46. h : Infin ax . concord (X, /i) . ^ - (X +p /x) -p p = X +p (/x -p 
Dem. 

h . *312-19 . *311-43 . D 1- : Hp . D . /X -p p = x'O, . 

[*3H ’43] ^ • X +p(/x-pp) = X 

[*31219] = (X +pp)— pp ; D h , Prop 

*312461. I- : Infin ax . concord (X,p,i;) . D , 

(X +p p) -p w = (X +« p) +u I Cn v“p = X +0 (p +a I Cnv'‘i») 

Dem. 

I" . *312*43 . D h : Hp . v (0 u 0n)p • ^ • (X +pp) — pV =* X +,, (p — p p) 

[*312’33] = X+p (p +0 I Cnv“i/) 

[*312-32-1214] = X +. (p +J Cnv“i/) (1) 

^.★312-44.31- :Hp.p(0u0„)i;.D.{X+pp)-pV = X-p(i/-pp) 

[*312-21] =X-p|Cnv«(p-pv) 

[*312*33-1214] =X+o(p— pv) 

[*312-33] = X +„ (p +„ I Cnv»i;) (2) 

y . *312-45 . D I- : Hp . p = 1/ . D . (X +pp) -p V = X +p (p -pp) 

[*312-33-32] = X +a (p +. I Cnv‘V) (3) 

1- . (1) . (2) . (3) . *312-32 .*311-43 . D I- . Prop 


*312 46. y : Infin ax . concord (X, p) . D . (X +o p) ^ +a (f* +a v) 

Dem. 

f- . *312-32 . *311-65-66-43 . D h : Hp . concord (X, p, . D . 

(X /*) +a = (X +p p) +p V . X +a (p +a v) = X +p (p +p v) (1) 
h. *312-451. D 

I- : Hp , concord (X, p, | Cnv"i/) . D . (X +0 p) +« v = X +« (p +. p) (2) 

h.*312-31.Dl-:i;~eC'0j.D.(X+<ip)+aV = A.X+„(p+av) = A (3) 
h . (1) . (2) . (3) . *311-121 . D h . Prop 
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( 2 ) 


*312-461. h ! Infin ax . concord (/i, v) . D . (X +„ ^) +„ i/ = X +„ +„ v) 

Dem. 

h . *312-46 . D h : Hp . D . (v +0 /i) +o X = I' +a (m +a (1) 

l-.(l). *312-41. Dh. Prop 

*312*47. V : Infin ax . concord (\, v) . D . (X i/ = \ (/i v) 

Dem. 

H . *312-461 . D I- : Hp . D . (/i +„ X) +. r = ^ +„ (X +a r) . 

[*312-41] D . (X +a /i) +„ K = ya +„ (X +„ v) 

[*312-41] =(X+„.)+„^ 

[*312-46] = X +„ (r +„ 

[*312-41] = X +, (m +.»■): 3 I-. Prop 

*312-48. h : Infin ax . D . (X ^ = x +„ +„ „) 

Dem. 

H. *312-31 .D 

t- : ~ |X, r e C *%,] . D . (X +„ ^) +, p = A . X +, (^ +, v) = A 

t- . *31012 . D h X, /i, 1 / e C'B, . 3 : concord (X, . concord (X, v ) : 

[*312-46-47] D : (X +. /.) +. V = X +, (^ +, v) 

^ • (1) . (2) . D h . Prop 

*312-61. t- : X € . D . X = X [*31 2-32 . *31 1-43] 

*312-62. h : Infin ax . X e . D . X | Cov»X = 

Dem. 

t- . *312-33 . D 1- : Hp . D . X +, I Cnv“X = X X 
[*312-191] = ,<0, Oh. Prop 

*312-63, l-:.Infinax.X,^,r€C‘0,.D:X+„^ = y. = .X = „+,|Cnv‘V 

[*312-48-51-52] 

*312 64. h : Infin ax . X, e C‘&, . D . (ga) . <r e C‘0, . X +„ <r = u 
Dem. 

I- . *312-48-51-52 . D h : Hp . D . X +„ (| Cnv“X +a)i) = n (1) 

h. *312-34. 3 I- : Hp . D . I Cuv“X +, /i e C'‘ 0 i, ( 2 ) 

t- . (1) . (2) . 3 h . Prop 

*312 66. t-:-Iiifinax.X,/r,„6C"0,,D:X+./r = X+.„. = .u = n 

Dem. 

K*312-41-53.Dh:.Hp.D:X+,^ = X+,n...^ = (X+„n)+.|Cnv“X. 

[*3l2-M-52j -.M-+(X+ ICuVX). 

= = Prop 



332 


QUANTITY 


*312-66. f- Infin ax . concord (\, /i) . D : . 

Dem. 


[part VI 
( 30 -) . <r € G*S . X +a O' » /i 


h. *311-65. *312-32. D 

h:.Hp.X,/tfC‘ 0 .D:Xe,^. = .(aa).aeC'‘ 0 ,\+„<r = |t ( 1 ) 

t-. *311-66. *310-16. D 

I- :. Hp . X, /i e C‘0„ . D : X0j^ . = . (3,7) . a e (7*0 . ^ +, | Cdv “(7 = X . 

[*312 53-32] =.(3o-).(7eC‘0.X+a<T = ,i (2) 

h. *312-51. 3l-:.Hp.X = i‘O,.D:X 0 ,/i.=.(a<r).< 7 eC'‘ 0 .X+„a = /* (3) 

h. *312-5.3-51 .3H:.Hp./i = i‘O,.D:X0,^. = .(a<r).< 7 £(;‘ 0 .X +.<7 = /i (4) 
K(l).(2).(3).(4).Dh.Prop 


*312 67. t- :. In6n ax . X, e C‘0j . ~ concord (X, /t) . 3 : 

\Bgfj , . = . (go-) . <7 e C*B . X 4-® <r = ^ 

Dem. 

h. *312-48-51-52. D I- : Xe C‘0„ . /*£ C‘0 . 3 .^ = X+a(| Cnv“X+,/i) (1) 
t- . *312-32 . *311-27 . 3 t- : Hp (1) . 3 . (I Cdv“X +, € C‘& (2) 

h.(l).(2). 3l-:XeC‘0„./i£C‘0.3.{a<T).<rfC‘0.X+.(r = /x (3) 

I- . *312-32 . *311-27 . *31013 . 3 

h:XfC'‘0.^eC'‘0„.3.~(a<r).<7cC'‘0.X+.<7 = ,4 (4) 

I- . (3) . (4) . 3 

1" :. Hp . 3 : X 6 C‘0 „ . fi t C ‘& . = . (a<r) . <r c C‘0 . X +„ it = /i :. 3 h . Prop 

*312-68. l■:.In6Dax.X,/ieC'‘0,.3: 

X0j/t . = . (ao-) . 0- e C‘0 . X +a 0- =/i [*312-56-57] 



*313. MULTIPLICATION OF REAL NUMBERS. 


Summary of *313. 

Multiplication of real numbers is simpler than addition, because it is not 
necessary to distinguish between factors of the same sign and factors of 
opposite signs. Thus we put 

*31301. = Z (/I, i; € ,X es^fjL x/Vl Df 

fr 

Thus if fi, V are real numbers, their product is the class of products (in 
the sense of *309) of members of fi and members of v ; otherwise their product 
is A. The propositions of this number are analogous to those of previous 
numbers, and the proofs are as a rule analogous to those of *311, except in 
the case of the distributive law (*313*55). 

*31301. n><.aV = ^{fi,v(C‘&,.Xea‘/j.x,“v] Df 

Proofs in this number are mostly analogous to those for addition, and are 
therefore often omitted. 

*31311. h : (/I, € C^Sg ) . D . /I Xa v = A 

*313 12. V \ y.,v e ^ Xq Xj‘*v 

*313-21. \-Xfi,v€ w t'l'O, . D . /i Xa V = sV x/‘i/ 

•313-22. V e C‘0„ u . D . x. >/ = s‘(| Cnv'V) x.“(| Cdv“i/) 

*313-23. I- : ,1 e C‘0„ . » e C"© . D . x„ i; = | Cnv‘V(| Cnv“/.) x,“.. 

*313-24. h : c C‘0 . 1 / e C‘0„ . D . x, v = | Cnv“s‘(/i x,)‘'| Ctiv“j/ 

*313-26. h . x„ „ = I Cnv»(i Cnv“,i x, v) = | Cnv'V x, | Cnv»v 
*313-26. I- . /i x„ I Cnv'V = | Cdv“,i x, v = | Cnv“(/i x. v) 

*313 31. I : InHo ax . f « C‘0 . X e . D . AT x/‘f C H“X x,“f 
*313-32. h : Infin ax . f « C‘ 0 . X e C'H .D.X x,“f = H“X x,“ f 
*313-33. t- : InfiQ ax . f e C‘0 . 2r e C‘Zr . D . X x/‘f e C ‘0 
*313-34. h : Infin ax . f « C‘0„ . X e C‘if„ . 3 . X x/‘f t C‘0 
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*313-36. h : Infin ax , f e (7‘e . X f . D . X x/‘f e C'e„ 

*313-361. I- : Infin ax . f e . X e C‘iy . D . X x/'f e C‘e„ 

*313-36. h : f 6 C"0j, . D . 0, x/‘f = 

*313-37. h : X € C'/f, . D . X x/‘f‘0, = 

*313-38. I- : Infin ax . f e 0*0, . X € C'iTj, . D . X x/‘f e C'Bj 
*313-41. h : Infin ax . concord (^, v).^^ . v + t'O, . D . /* x^ i; e (7'0 

*313-42. 1- : Infin ax . ~ concord (/i. v) . /t, i* e (7*0^ . D . /* x^ v « C‘0„ 

*313'43. h :. /i = t‘0j . v . i/ = t'O, : v e (7*0^ : D . /* x^ i/ = t'O, 

*313-44. V : Infin ax , /i, r € (7*0^ . D . /i x^ € (7*0^ 

*313'46. h , /* XaV = i> Xfl/i 

*313 46. 1“ : Infin ax . D . (X x, /i) x^ v = X x* x^ v) 

The following propositions are concerned with the proof of the distributive 
law. 

*313-61. h : Infin ax . concord (X, /*, p) . D , (p x^ X) +* {v x* /i) = 

k [(gZ, Y,Z,Z').Xe\.Yt^L.Z.Z•(v.M={Z■K,X)+,(Z'x,Y)] 
[*31312. •312'32. *.31111 .*313-41] 

*313 611. t-:lDfinax.X,/te(7'e.Z^'«/t..^jyZ'.ZeX,D.Zx,Z'x,Zf\ 
Dem. 

f- . *3041 -401 . *30514 . D I- : Hp . D . (Z x^ X) I? x,X) . 

[•309-41] 0.iZx,Zx,X)HX. 

[•311-58] :i.Zx,Z'x,Xe\:Oh.PTop 

*313-62. h : lufin ax . concord (X, /*, i/) . 3 . (» x. X) +, (k x, /*) = k x^ (X +. m) 
Dem. 

l-.*313-51-511.Dh:Hp.D. 

{v XaX)+a(pXaM)-^[(aX,r.^,XfX.Fe/i.X6p.if=(Zx^X)+//Xjy)] 
[*309-37] ^M[(^X,Y,Z).X€\,Y€ti,ZMv.M=Zx,{X-^gY)] 

[*313 12.*312-32.*311T1] - p Xa(X +. /*) O I- . Prop 

*313 63. h : Infin ax . concord (X, ft ) . concord (X, p) . p € C*^g . 3 . 

(p X.X)+a(p *./*)“*' 

Dem. 

V . *313 26 . D I- . (X +a /*) x* p = I Cnv“((X +« ti) x. | Cdv“p) (1) 

h . *313-52 . D I- : Hp .D. (X+a m) x. | Cnv«p-(X x. | Cnv"p) +.0* x.| Cnv"p) 
[♦313-26.*311-31] - Cnv“{(XXaP)+.(MX->')) W 

h . (1) . (2) . D I- • Prop 
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*313*64. h : Infiu ax . concord (X, u) . concord (X, /x) . u e . D . 

V Xa (X +a m) = (»' X„ X) +0 {v Xo ;i) 

Dem. 

h . *312'33'34 . D h Hp . X +a yx = p .D:coQCord (X, p) . v . concord (/x.p) (I) 
h . *313'52 . D h : Hp (1) . concord (X, p) . D . 

(p Xa v) +a (I Cnv“;i X,, v) = (p | Cnv“p) Xa V 

[*312*63] =XXaV. 

[*312'53.*313*26] D . p Xa = (X Xa v)+a(M Xfl I') (2) 

Similarly h : Hp (1) . concord (/x. p) . D . p Xa v = (X Xa v) +a (/x Xa v) (3) 
l-.(l).(2).(3).Dl-.Prop 

h : Infin ax . D , (v Xa X) +a (p Xa /x) = P Xa (X +a At) 

[*313*52o3‘5411 .*312*31] 


* 31366 . 



^►314. REAL NUMBERS AS RELATIONS. 


Summary of *314. 

In this number we take up the definition of real numbers suggested in 
*310, namely instead of 0^0,. The series of real numbers is now 

s>0rt instead of 0^. Everything in this number depends upon 

*310 32. h i, fi,v e C*^g , D ; s* ^ = s^v , ~ , fi = v 

Ir consequence of this proposition, s f" O‘0(, is a correlation of the two 
sorts of real numbers, and the properties of the relational sort can be 
immediately deduced from the propositions of previous numbers. VVe define 
addition and multiplication of relational real numbers so as to secure that, if 
(j.,v are real numbers of our previous sort, the arithmetical sum of s*y. and 
s*v is iV +u v) and their product is sV v). This is effected by putting 

*31401. ^ , X =s^y.,Y^s^v . R[8*{fi-^av)]^ Df 

with a similar definition for X x,. Y. The zero of real numbers is now 
0^ instead of i%, and the negative of a real number X is A'lCnv. The 
fundamental propositions are 

#31413. h : /*, 1/ € O*0j, . D . +,. s^v = «'(/* +« p) 

*31414 h : /1, 1/ € C*Bg . D . iV Xr s*v = v)' 

in virtue of which the arithmetical properties of relational real numbers 
follow at once from those of real numbers as segments. 

Relational real numbers are useful in applying measurement by means of 
real numbers to vector-families, since it is convenient to have real numbers 
of the same type as ratios. 

For some purposes, a somewhat different definition of real numbers as 
relations is more convenient. Instead of deriving our relations from 0^, we 
may derive them from i.e. we may consider the relations 8*^C*^*Hg 

instead of the relations In virtue of *217’43, (^*ffg)l(-i*A — i*C*Hg) 

is ordinally similar to 0^; hence the requisite properties of 8**C*%*Hg follow 
at once. 



SECTION a] real NUMBERS AS RELATIONS 


337 


*314*01. X-^r y = RS[{'^fj,,v),X = s^fi. Y=8 'v,R[s\^^.^v)\ S] Df 

*31402. X XrV = RS [(a/i, p).X = s^fi.V=s*v.R (5‘(/i i/)j S] Df 

*314 03. ^ (H,), I {C^H„ -) [ - i<A - 

o {C*H„) I (t%) O (C^Hr, w) [ (D^Ht - i*A - i^C^H) Df 

*31404. = = Df 

*31406. = [s^^^^Xav)} -ST] Df 

*3141. I- : a ! X +r >^ D . Z, F ei“C>@j [*312*31 . (*31401)] 

#314*11. h :. Infin ax . D : a ! Z +, F. = ,X,Y €S^*G^(dg [*3141 . *312-34] 
*31412. h :. Infin ax. D:a! Z F. = .Z, 

*31413. C^%g . D . iV +r S^V = 8\fL +a v) 

Dem. 

h . *3U 1 . (*31401) . D h : i( \s‘^, +, i<„) S. = . 

(ap. <^) • P, <r € (7‘0, . « V = s‘/> • sV = s V . Ji ( j<(p +. 0-)) S ( 1 ) 

H . (1) . *310-32 . D (- . Prop 


Dem. 


*314 14. H : /i, iv e 0*0^ . D , s*^ s*v = s‘(/a x^ v) 

*314-2. t-:ie6s“(C‘0,-i‘i‘O,).D.a!iJtRelnum [*310-31] 
*314 21 . t- : . Infin ax . D : iJ, S 6 s“(7‘0, . = .R+.Se s“C‘&, . 

= .RXrS€s“C‘&g 

f- . *3141314 , *312-34 . *313*44 . D 

\-:Hp.R,S€ .0.R+,S,RxrS€ s»C"0, 

f" . (1) , *314'11-12 . D 1" . Prop 

*314*22. \-: He - D . +, 0, = x, 0, = 0, 

Dem. 

*-.*314-1314. D 

H : /i 6 C‘&g . D . s</i +, 0, = s‘(ii +„ t‘0,) . s‘/i x, 0, = s ‘(/4 x„ r‘0,) 

[*312 ,51 .*313-43] D . +, 0, = «> . s‘^ x. 0, = 0, : D h . Prop 

*314-23. 1 : Infin ax . e i“C‘ 0 , . D . iJ +. ij | Cnv = 0, 

Dem. 

H . *314-13 . D t- : ^ e C‘ 0 , . D . +, *< , Cnv> V = i‘(,. +. | Cn v‘ V 

9 ^ I +« I 

^ J =0, Oh. Prop 

iL&w. in. 
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*314-24. .R+rS--S+rR [*312-41 .(*314-01)] 

*314-26. h.RxrS=^SxrR [*313-45 . (*314’02)] 

*314-26. h : Infin ax , D , (i2 jS) T = i? (jSf +r 2") 

Dem. 

h . *314-13 . D h : Hp . p, 0-, T e C*%g . = s‘p • = . T = iV . D . 


(R +r S)-\-rT = 8*{(p +0 a) t) 


[*312-48] 

= s‘(p +a(o-+aT)l 


[*314-13] 

= R^r{S-\-rT) 

(1) 

h. *314-11-21.3 



h : ~ (ap. 0-, t) . p. <7-, T e 

c‘e(,.ie-sv.-Sf»«‘<7.T=sv.3. 


{R +f S) +r T= A . 

> R-\-r{S 4*r T) — A 

(2) 

h . (1) , (2) , 3 h . Prop 



*314-27. h : Infin ax , 3 , 

{R XrS) XrT^Rx,(Sx,T) 


[*314-14. *313 

-46. *314-12-21] 


*314 28. h : Infin ax . 3 . 

.{RXrS)+r{RXrT) = R X, (S +, T) 


Dem. 



l-.*31413*14.3h:Hp.p 

<T T e , R = 8*P ,S= 8*0- . T = s't . 3 . 



(R Xr 8) +r {Rx,T) = 8*(p X^ a) S‘(p X 

.t) 

[*314-21-13] 

= s'|(p Xar)+a(p Xa 

t)| 

[*313-55] 

= i'[p Xa(<r+aT)| 


[*314-21-14] 

= s'p x,.a'(<r +aT) 


[*31413] 

= «‘p Xr(«‘o- +r«‘T) 


[Hp] 


(1) 


(-.*314-2M112.D 

h . ( 2 [p, a, r) .p,<T,T € C*Sg . R = 8*p . S = 8*<r , T = . D . 

{RXrS)-\-r{RXrT) = k,RXr{S-^rT) = k (2) 

h.(l).(2).Dh.Prop 

*314'4. f- : Infia ax . D . </* c I (- i*\ - i*C*Hg)] srnor 0^ 

[*217-43 . *304-31-282-23 .*307 -41-44-46-25 . (*310 01-01 l-l)2 03)] 

*314-41. I- . » [“ 6 1 — » 1 [The proof is analogous.to that of *310*32] 

*31442. h : Infio ax . D [*314’4*41] 

*314*6. h In6n ax . D : 

a I ilf +. . a I Af X. . Jf. 6 i“(D - I'A) 

[*312-34 . *313-44 . *314 42 . (*314-04 05)] 

*314*61. h : Infin ax ./i, I'cC'Oj . D . 

[*314-42. (*314-04-05)] 

The properties of M+,N and Mx^N result from this proposition exactly 
as those of X +r K and X XyY result from «314*13'14. 
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VECTOR-FAMILIES. 


Suvimary of Section B. 

The present Section is concerned with the theory of magnitude, so far 
aa this can be developed without measurement. Measurement— f.c. the 
app ication of ratios and real numbers to magnitudes-will be dealt with in 
Section C; for the present, we shall oonfine ourselves to those properties of 

throughout this 

Section measurement is the goal : the hypotheses introduced and the 

propositions proved will be such as are relevant to the possibiUty of 
measurement. ^ ^ 

We conceive a magnitude as a vector, f.s. as an operation, i.e. as a 
dewriptive function in the sense of *.S0. Thus for example, we shall so 
define our terms that 1 gramme would not be a magnitude, but the difference 

and a 7 0“ ‘he other hand a centimetre 

a d a second will both be magnitudes according to our definition, because 

d^tances m space and time are vectors. It will be remembered that we 

efined ratios as relations between relations ; hence if ratios are to hold 

between magnitudes, magnitudes must be taken as relationa 

We demand of a vector (1) that it shall be a one-one relation (2) that it 

i » *■ r« i. i,t 

II, .K u ^ "hich it takes us from o is ■ 

■ D.Vcal?'' r.Tl; kr - S I . 3,. E ■ MV i; 

.r u,. .if, 2 Si; M Ik‘. .'“'"‘I 

considered A • ^ possible arguments to R 

- ad ip,., 

eld of the vector consists of all points from which the vector can ^ta^t"' By 
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assuniiog we exclude magnitudes of kinds which have a definite 

maximum, unless they are circular, like the angles at a point or the distances 
on an elliptic straight line; but, except when they are circular, such 
magnitudes are of little importance. 

According to what has just been said, if is a vector whose field is er, we 
have 

i2el->l.a‘i2 = o.D‘J?Ca 


A relation which fulfils this hypothesis is called a “correspondence” of fl, 
because it makes a part of a correspond with a. The class of correspondences 

of a we denote by“cr‘a,” which is the cardinal correlative of'cror'P,” defined 
in *208. Thus we put 

cr‘a = (l-^l)rta‘aAD“Cl‘a Df. 

We proceed next to define a ’ vector-family of a,” This we define as an 
existent sub-class of cr‘a such that, if R and S are any two members of it, 
R\S~S\R, We define a class of relations as “Abelian *’ when the relative 
product of any two members of the class is commutative, i.e. we put 

Ahe\=K(R,S€K.:>f^s-R\S=:=S\R) Df. 

Thus a vector-family of a is an existent Abelian sub-class of cr'a, i.e. writing 
“ fm'a ” for “ vector-family of a,” we put 

fm‘a = Abel n Cl ei'cr'a Df. 

The class of vector- families is then defined as everything which is a vector- 
family of some a, i.e. we put 

FM = 8^mm Df. 


Thus a vector-family is an existent Abelian class of one-one relations 
which alt have the same converse domain, and all have their domains 
contained in this common converse domain. If < is a vector-family, the 

common converse domain is which is identical with and will 

be called the “ field ” of the family. Thus we have 

h : teeFM , = .k e Abel . x C 1 — ^ 1 , Q"x6 1 . «'D"xCs'Q“x. 


A vector-family may be regarded as a kind of magnitude. In order to 
render measurement possible, we require various hypotheses as to the nature 
of the family. Measurement within a given family k is obtained by limiting 
the fields of ratios to x, i.e. by considering XI k where X is a ratio, or Z[/c 
where Z is a relational real number of the kind defined in *314. In order 
to make measurement possible, we wish x to be such that, if A* is a ratio, 
X^K shall be one-one; again, if R, 8, T are members of x, and R has the 
ratio X to 8j while 8 has the ratio K to T, we wish R to have the ratio 
Z X, F to Tt i.e. we wish to have 

ZCx|FtxG(X x,F)tx; 
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again, if R has the ratio X Ui T, and S has the ratio Y to T, we wish R [ S 
(which represents the “ sum " of R and S) to have the ratio Z +, F to T, 
i,e. we wish to have 


(X t k^T)\( 71 K*T)QiX+. Y) I k^T. 

The above and other similar properties will be proved, with suitable 
hypotheses, in Section C ; for the present, we shall proceed with the theory 
of vector-families without explicit regard to measurement. 

The first and most important hypothesis as to a family which we consider 
is the hypothesis that it is " connected,” i.e. that there is at least one member 
of its field from which we can reach any member of the field by a vector 
belonging to the family or by the converse of a vector belonging to the 
family. Such a member of the field of k we shall call a “ connected point ” 
of «■; the class of such points will be denoted by “conxV ” ; the definition is 

conxV = A a u Isi'a == Df. 

It will be observed that are the points to which there is a vector from 

a, while are the points from which there is a vector to a. The definition 
states that these two classes together make up the whole field of the family. 

We define a connected family as one which has at least one connected point, 
i.e. we put 

FM conx = ZJir A (a ! conx‘«) Df. 

The properties of connected families are many and important. Among these 
may be mentioned the following: If « is a connected family, the logical 
product of any two different members of k is null, i.e. if P^Qck . P ^ Q, then 
Pp Q = A, or, what comes to the same thing, if P. Q e and if we ever have 
P‘a? - Q'a:, then P = Q ; if P e /c, all the powers of P are either members of « 
or the converses of members; if P.Qe/r. then P| Q is either a member of 

* or the converse of a member. A connected family may not form a group, 
%.e. we do not necessarily have * 


P,Qe K , Q , P I Qsk, 


but we shall show at a later stage («354) that a group can be derived from a 
connected family « by merely adding to it the converses of those members of 

J°'«ains. The result 

ot this addition IS to give us a connected family which is a group 


Another important property of a connected family 
always a member of it. I C s‘a“« is the zero vector, 
every vector except /fa'a"* is contained in diversity, 
the class of vectors excluding I [ s‘a“* is important. 


fc is that is 

In a connected family, 
For many purposes, 
We therefore put 


^a = «-Rl‘/ Df. 
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Iq the study of a vector-family k, an important derived class of relations 
is the class of all relations of the form 72 1 5, where The operation 

R I S consists of an ^-step forward, followed by an i 2 - 3 tep backward ; that is 
to say, if R^S^a exists, it is obtained by moving a distance S forward from a 
to jS^a, and then a distance R backward from jS'a to R*S*cl The class of 

sj 

such relations as 72 1*9, where R^Sex, we call x,; i.e. we put 

Df. 

ff 

The class x, will have different properties according to the nature of x. We 
may distinguish three cases : 


(1) The field of x may have a first term, i.e. there may be a member of 
s‘Q“/c which is not a member of s'D'Vg. This case is illustrated, e.g. by a 
family of distances from left to right on the portion of a given line not lying 
to the left of a given point. This given point will then belong to 
since there are vectors which start from it, but it will not belong to 
since there are no vectors which end at it except the zero vector. A 
connected point a which belongs to s'G"* but not to s'D'Vg is called the 
" initial ” point, and a family which has an initial point is called an "initial’' 
family. A family cannot have more than one initial point. Thus we put 

init‘/c= i‘(conx‘«-s‘D“« 5 ) Df, 

FM init = FM n Q*init Df. 


(2) It may happen that, even if x is not an initial family, none of the 
converses of members of x^ are members of x. (If x is an initial family, this 
must happen.) This case is illustrated by the case of all distances towards 
the right on a straight line. It is also illustrated by the family of vectors of 
the form (+j A) I C*H, where X c C^H\ In this case, as in (1), it is possible, 
by adding suitable hypotheses, to secure that shall be a seri^. This case 
divides into two, which are illustrated by the above two instances : it may 
happen, as in our first instance, that the domain of a vector is always equal 
to its converse domain, i.e. D**x = (l**x ; or it may happen, as in our second 
instance, that the domain is only part of the converse domain. (The domain 
of (-f, X) t C*H consists of all ratios greater than X.) 

(3) It may happen that xq contains pairs of vectors which are each 
other’s converses. In this case, it is obvious that Fxq cannot be serial, since 

72, 72e/C0.D-72|72-/f' s'Q'V . 72 1 72 C (Fx^y, so that (Fx^y is not contained 
in diversity (except in the trivial case * * t'A). 

In considering we do not at first explicitly introduce any of the above 
possibilities, but it is necessary to bear them in mind in order to realize the 
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purpose of the propositions proved concerning k,. If Z is a member of k,, 

and i = where R,8$k, then if a is a connected point, and Ua exists, 
it follows that there is a member T of « u Cnv*^K such that = T*a. It is 
easy to deduce from this that L=T, hence i e « u Cnv^^K. The same holds 

if L^a exists. Hence if E ! X'n . v . E ! L‘a, i.e. if a e C^L, L is a member of 
/f w Cnv‘V. Thus if a belongs to the field of every member of we shall 
have K, = «uCnv“«. We say that a family "has connexity ” (not to be 
confounded with “being connected”) if g ! conx‘>c n jo'C'V. ; thus we put 

J^’ilfconnex = FM n « (g ! conx‘* Df 

and by what has just been said we have 

H : « € ^ifconnex . D w Cnv*‘/c. 

We also have hiKeFAf connex . D . c connex 

and h 6 FM conx : k e FM connex . = , s*kq€ connex. 

It IS these propositions that justify the notation “ connex.” 

It is obvious that we shall have g ! p*C*^K, if D'‘/c = Q'V. unless a: = (‘A. 

Sorne illustrations will serve to make clearer the nature of the hypothesis 
g •/> tc^. This hypothesis states that there is at least one term a in the 
field of K such that, if R, S are any two members of *, we can either take an 
«-8tep forward from a. followed by an S-step backward, or we can take an 
S-step forward followed by an ij-step backward. Suppose, for example, that 

“'"'Jo"''/ (+„ m) D NC induct, where 

M e IN O induct. ^Then if R is the operation of adding /r, and S is the operation 

of adding u, R\S is the operation of adding p>f,, and is the 

operation of subtracting I„ the former case ^ | S r *, while 

in the latter case S| ij e*. In the former ease, ifw is any inductive cardinal, 

(iJ I S)‘w = . - ^ ; in the latter case, (S | iJ)‘w = ^ Thus in 

either c^e weC‘(fl|S). Thus the family in question has connexity, and 


fx ‘he family consisting of all vectors of the form 

amdv^ ? -fT " M e NC induct - t‘0. This is an initial 

family, Its initial point being 1. But it does not have connexity. If 

*' = <x«'')t‘WCinduct-t‘A), is the 
LdTc live " ““d ‘J'^iding by with its field confined to 

m Se o^ •: has only 

Selcr irfierd'" -"d only multiples of v in its domain 

no remh f “““ multiples of v. Thus 

in has the 

« for Its field, and there ia no number which belongs to the 
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field of every member of The above family may be usefully borne in 
mind in considering since it affords good illustrations of most of the 
general theorems concerning k,. 

If K is any family except (‘A, any finite number of members of /c, have an 
existent relative product, and their converse domains have an existent 
logical product. If k is a connected family, any two members L, of 
whose logical product exists, ie. for which (:^y) . L*ij = are identical, and 
if x,y are any two members of there is just one member of such 

that x = U\j. If M € K, and P is a power of M, there is some member L of 
K^ such that P Q. L. But P is not in general itself a member of For the 
application of ratio, the member of which contains P is important. We 
call it the "representative ofP. The general definition of a representative is 

rep/P = s‘(«, aOP) Df. 

In a connected family, n G*P cannot have more than one member; hence 
if there is any member of k, which contains P, that member is rep,‘P, and if 
there is no member of which contains P, rep/P = A. 

If P I Q is any member of k, (where P,Q€k), we shall have 

rep/{P|Qy’ = P'*lQ^; 
and if L, M € k ,, wc shall have 


rep/(P I = rep, ‘(Zp | AP) = rep.*((rep/i>) | (rep/AP)). 

These two formulae are the most useful in determining representatives. 

In order to apply the above theory to the measurement of vectors, it is 
necessary to distinguish between open and cyclic families. An open family 
is one in which, if Af e /c, — R1‘/, Afp^ Gt/, i.e. one in which no number of 
repetitions of a non-zero member of /c, will bring us back to our starting- 
point. If this condition fails, as in the case of angles, or distances on the 
elliptic straight line, the problem of measurement is more complicated, since, 
if ^ is a measure of an angle, so is 2v7r + $ for any integral v. The case of 
cyclic families will be considered in Section D; for the present, we proceed 
to consider open families, and we shall still be concerned almost exclusively 
with open families in Section C. It should be observed that in c)clic 
families, as we shall define them, members of return into themselves, 
whereas in open families, not merely no member of but no member of 
/f, — Rl'/, returns into itself. In most of the families that naturally occur, 
it happens either that no member of — R1‘/ returns into itself, or that 
there are members of which do so. But there is no logical necessity in 
this, as the following instance shows : Consider the family consisting of 
positive and negative integral midtipliers other than —1, with their fields 
confined to positive and negative integers other than —1. Then 1 is a 
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connected point of this family, in fact the initial point. Multiplication by 
- 1 13 a member of since it can be obtained by multiplying by any integer 
/4 and then dividing by - Also the square of multiplication by - 1 is 
contained in identity, and is the zero vector of our family. Hence there is a 
member of k, - R1‘/ whose square is contained in identity, although no power 
of any member of is contained in identity. 

In order to avoid brackets, we put 

*.3 = - Rl‘/. 

Then the definition of open families is 


FMs.^ = FMn1c (s‘Pot“/f,^ C RP7) Df. 

Hence ^ ( FM a.ii> .= ■. k e FM i M e . M^QJ. 

It will be observed that if * is an open family, is contained in Rel num id 
(cf. *300), and /c,g C Rel num. Hence if M e /c.g, M- = M, (cf. *121), and the 
propositions on intervals in *121 become available. Also if Af e * - and 

we have 

M t 6 Prog . ^ e o). 

The chief use of these facts is to show that the existence of open families 

implies the axiom of infinity and the existence of Ko. Hence as applied to 

open families, the theory of ratio undergoes the very great simplification 
which results from the axiom of infinity. 

If* is open and connected, and 4ilfe*„and<r is any inductive cardinal 

if = or rep.‘i;^ = rep.‘Jl/^ or 

a ^ . If p,T are also inductive cardinals other than 0 , we shall 

have rep.‘Zs = rep/J/- if = 

a ! i-x.' A We have in fact 

rep/i/ = rep/^- . = . g ! i> n 

= . a ! 3/<rx,7 

rep/JlI- = Tep/M- . M>= M" . = . p =„. 

On applying the definition of ratio (*303-01), we see from the above 
propositions that, with the above hypothesis, 

M {pja) iV . = . a ! ilf*' n A^P . = , rep/ jlf' = rep/ 
while if H, T are members of k, 

R (p/a-) S , = , = Ay 

Further, we have, in virtue of the above propositions, 

.:).px,<r = px,p. 

whence X, Ye 0‘H' • 3 I D *,5 A F [; . 3 . A' = 7 


23 



34G 


QUANTITY 


[part VI 


These propositions, together with 

belong to Section C. They are mentioned here as showing why the 
propositions of this Section are useful in connection with measurement. 


We next proceed to consider serial families, which are those in which 
IS an existent serial relation. For this purpose we require the definition 
of ■' FA/ connex " already given, and also the definition of "transitive” 
families. We define a as a "transitive point” of k if 


i.e. if any point which can be reached from a in two non-null steps can also 
be re^hed in one non-null step. We define a family as transitive when it 
hius at least one transitive point. If k e FM conx, the hypothesis that k is 
transitive is equivalent to the hypothesis that forms a group, and implies 
that K forms a group. We define a serial family as one which is transitive 
and has connexity, i.e. we put 


FM sr = FM trs n FAf connex Df. 


Then if * e FM sr, is a .serial relation, so that the points of the field of * 
are arranged in a aeries by means of relations of distance. 

When a family is serial, the vectoi*s also can be arranged in a series, by 
means of a relation which may be regarded as that of greater and less. After 
a short number on initial families (explained above), we proceed to the 
consideration of greater and less (as it may be called) among vectors. We 
may call a point y " earlier ” than a point z when there is a non-null vector 
which goes from y to z, i.e. when 2 (s*«a)y. If we then say that N 

is " less than M if the W-step from some point x takes us to an earlier 

point than the AZ-.step. Writing K, for "greater than” among members of 
our definition is 


K, = mP \M, Wf : (ga:) . {M'x) (sV^) (W*a:)! Df. 

For the same relation confined to members of k, we use the notation U, ; 
thus 

U,= V,Ik Df. 

If AC 6 FAf conx, we liave 

U^ = PQ {P,Q€K:('^T),TeKs,P = T\Q\; 

this is generally the most serviceable formula for U,. 

If AC is a serial family, I/* and V, are series ; and if k is an initial family, 
Ug is similar to s*k^. 

The last number in this Section is concerned with the axiom of 
Archimedes and with the existence of sub-multiples of vectors. The axiom 
of Archimedes will be expressed by saying that if a is any member of the 
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field of K, and R is any vector, then for a sufficiently great finite v, will 

be later than any assigned member of the field of In other words, putting 
P=Cnv‘s‘«g, we wish to have 

00 € C*P . D, . (gz^) . Z/ e NC ind - t'O . a:P (P-'a), 

or, what comes to the same thing, 

- C^P. 

This will hold if /c is a serial family and P is semi-Dedek Indian (cf. #214). 

If, further, P is compact (i.e. P‘=P), then all finite sub-multiples of a given 
vector exist, i.e. 


5 e « . 1 / e NC ind - PO . D . (gi) .L€k,S = L\ 

It will be observed that, according to our definition of ratio, i( S = L>' and 
S^A,L has to S the ratio l/p, so that L is the i^th sub-multiple of ,5. 

Instead of treating vector-families by the method we have adopted, we 

might have started from a double descriptive function, which we may denote 

by a- + y, and concerning which we should make various hypotheses. By the 

general notation of #38. we obtain various relations of the form -l-y or x-j-. 

ese relations may replace the « employed in our method. For convenience 
or notation, we may put 


= + y Df. 


+*x-a:+ Df. 

Then If H- has suitable properties, and 7 is a suitable class, will be a 
vector family. 

Let us assume that x + y exists when, and only when, i and y both 
belong to the class 7, and that when a: and y both belong to the class 7, a: + v 

T y. j-ieuce ycy.j.u+yss/y. Hence if 7 exists, 


a“+“7 e 1 . s‘D“-I-“ 7 C s‘a“+“7. 
IHve now a.ssume y + = ^ -|- x , D,,,. ^ . y = 

then -(-“7 C I — ► 1. Hence we now have 


* +“7 e Cl ex'cr‘7. 

In order to obtain the Abelian property, we require 

{x-\‘y)-\-z^(x-\-z) + y, 

which holds if + obeys the permutative and associative laws 
case, 


Thus in this 
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In order that +“7 may be a connected family, we require 

(aa):.^6 7. D, : (gy) :a = ^ + y.v.^ = a + y. 

% 

A sufficient, though not a necessary, condition for this is that there should be 
a zero, i.e. 

(ga) : z ey ,0^ , z = a + z. 

In this case, + a is the zero vector, and if a is not the sum of two terms other 
than itself, a is the initial point of the family. 

The condition that if ar, y are members of 7 so is ^ + y secures that +**7 
is a group. Families which are groups we denote by " FM grp.” 

Thus collecting what has been said, we find that 

+‘*7 € FM conx grp 
if + fulfils the following conditions: 

( 1 ) x+y exists when, and only when, x, y e 7 ; 

(2) a:.ye70,.„.a: + y€7; 

( 3 ) « + y = a:-|-^.D*.i,,,.y = ^; 

( 4 ) a: + y = y + a;; 

( 5 ) (x + y) + z^x + {y-\-2); 

(6) (ga) :z€y,Oz.z = a-\-z. 

From ( 3 ) and ( 4 ) it follows that the a of (6) is unique, i.e. there cannot be 
more than one zero. 


In order to insure that our family shall have connexity, we require 
further 

( 7 ) iz,y€y.'^^,y:(’3^z):z€y:x-{-z = y,v.y + z = x; 

(8) in order that our family may be an initial family we require that 

a; + y shall only be zero when x and y are zero. 

With this further condition, our family becomes serial. 

The above is only a sketch of one of the simplest ways of generating 
families by means of double descriptive functions. Other ways are possible, 
and by greater complication greater generality can be obtained. 

There are some advantages in the above manner of treatment. First, it 
is possible to take our magnitudes as being the x and y which appear in 
“ X + y," instead of having to take them as the vectors + y or x +. Secondly, 
our vector-family derives unity from the fact of being generated by the 
single operation Thirdly, the method is more in agreement with current 
conceptions of quantity than the method we have adopted. The choice 
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between the two methods is a matter of taste ; but it would seem that the 
method we have adopted is capable of somewhat greater generality than the 
other, and that it requires less new technical apparatus than the other. We 
have not elsewhere had occasion to treat of double descriptive functions 
which only exist when their arguments belong to assigned classes, though 
it is to be observed that our definitions of various kinds of addition and 


multiplication might quite easily have been so framed as to give this result. 
For instance, we might have put 


/*+«>*' = 0^) ((aa* ^) - M = NoC‘a . I. = NoC‘y9 . = Nc‘(a + /3)1 Df. 

In that case. E!(/i +^i;) would have implied /i.veNoC, whereas with our 
definition it is only a !(/*+. „) that implies , N.C. The general treatment 
of double functions which only exist in certain cases would require a 
considerable logical apparatus not required elsewhere in our work, and this 
is. for us, a reason against adopting the method of treating vector-families 
which derives them, as in the above sketch, from a single function x + y. 



*330. ELEMENTARY PROPERTIES OF VECTOR-FAMILIES. 

Summary of *330. 

In this number, we begin by defining the class of " correspondences ” of 

a. A correspondence of a is a one-one relation R which makes every 

member of a correspond to an o, i.e. which is such that, if a, R^x always 

exists and is a member of a. Thus, for example, if /i is an inductive number, 

d"o Ml 'vith its field limited to inductive numbers, is a correspondence of the 

class of inductive numbers, provided the axiom of infinity holds. (Otherwise, 

(*bo m) D ^ ^ IS not one-one.) The definition of correspondences of 

a is 

*330 01. cr*a = (1 1 ) n 0*0 n b**Cl*a Df 

I.e. a correspondence of o is a one-one reLation whose converse domain is 
0 and whose domain is contained in o. The definition should be compared 
with the definition of “cror*/^” in *208. 

It will be seen that if Recr^a and xea, R*x exists and is an o, and 
therefore R*R*x exists and is an o, and so on. Hence all the powers of 
R exist (*330'23). Similarly if R, S, T, ... are any finite number of corre- 
spondences of a, H S\T\ ... exists. This is proved for two and three factors 
in *330*21 -22. 

We define a "vector-family of a" as an existent Abelian class of 
correspondences of a, where an Abelian class of relations is defined as one 
such that the relative product of any two of its members is commutative. 
Thus we put 

*330 02. Abel =K{R,S€K.Ott,S’R\S=S\R) Df 

*33003. fm*a = Abe! a Cl ex'cr'a Df 

*33004. /’il/-«*D*fm Df 

It will be remembered that Potid'7^ and (for certain kinds of relations) 

finid*i^ are Abelian classes of relations (*91*34 and *121*352). If ► 1, 
Potid*/* will be a vector-family of C*P, and if further F^^CJ, finid'/’ will be 
the same vector-family. 

One other definition belongs to this number, namely 
*33006. it.-s‘(Cnv“«);*‘* Df 

ff 

This definition has been sufficiently discussed in the summary of the 
present Section. 
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After some preliminary propositions on Cl ex‘cr*o (*330 1 — 32) and on 
(*330-4 — -43), we proceed to such properties of families as do not require 
any further hypothesis as to the nature of the family concerned. These 
properties are mainly such as assert the existence of relative products, and 
of logical products of converse domains, or such as assert commutativeness of 
the relative product under certain circumstances. The earlier propositions 
deal with members of k, the later propositions mainly with members of 
The most useful propositions are: 


*330-64. ViK€FM.q,R^K,'^\R^x.:>,^\R^Q^x 

*330-56. I- : « € . Q, 6 « . E ! . D . R^Q^a = Q^R^a 

*330-61. V I k€FM- . Z. if € . D . 


*330611. 

*330624. 


3 ! a*L n a*i/ , a ! . 3 : n dm/ . 3 \ dv. a d'j/ 

Vxk^FM- i/e . D . 3 ! /; I if 

I- : « t- FM~ iH^k . 6 /c, . D . A ~ e Pot‘f 


*33063. 

*330-642. 

*33071. 

*330-72. 

*33073. 


‘.KeFAf .L.iMcK.^ElVx.El . D . L^M^x = M‘Dx 
\-:k€FM~ iH^k . L, if e AT. . D . 3^:) . E ! Z‘.r . E ! L^j\Fx 

1 - : /f € f^if . P, Q 6 « . p 6 NC ind - 1*0 . E ! h^x . D . E ! (P , Qy^x 

\- : K€ FM — t*t*A . Z, if e /c, , p, ff e NC induct . D . 3 ! Q‘Z'’ n Q*ip 
ViK€FM,P,Q€K .p6NCind.E!(P| D .(P[ Pp*yo*x 


*33001. 

*330-02. 

*33003. 

*33004. 

*33006. 

*3301. 

*33011. 

*33012. 

*330-13. 

*330131. 

*33014. 


cr‘a = (1 1) n Q'a n D**Cl‘a 

Abel = ^ (P, 5c a: . . P |5 = .Sj P) 

fm*a = Abel r\ Cl ex‘cr*a 

FM = s*D*ftn 

/c. = s*(Cnv**Ar)|«A: 


Df 

Df 

Df 

Df 

Df 


b : « € Cl ex*cr‘a . = . a C 1 
t-:.(aa),AeClex*cr‘o.= 

f*330-l] 


► 1 . a**« = Oa . D**a C Cl*a [(*330-01 )] 
« C 1 -► 1 : (ga) . a‘*A = /*a . s*D‘*a C 0 


b : * e Cl ex‘cr*a . D . a*a**A = a [*3301 . *53 02] 

H : * e Cl ex‘cr‘a . D . D»* C Cl‘*‘a.‘V . s‘D'‘* C i'Q'V [*3.301 1 2] 

t- : (a“) ■ * e Cl ex'cr'o . = . * C 1 -♦ 1 . Q'V € 1 . s'!)' V C s'Q'V 
[*33011 12] 

I- : * e Cl ex'cr'a . D . D“* C Nc‘a [*3301] 
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★33016. I- . Cl ex'cr'A = t't'A [*330-1] 

*330161. 1- :3 !a. ^eCl ex'cr'a . D . A~e« [*330*14] 

*330 16. I- (ga) . < e Cl ex^cr'a : /t + t‘A O , A e « [*330-15-151] 

*33017. !■ : 3 ! a . Cl ex'cr'a . D . D“« C Ci [* 330 - 13 ' 151 ] 

*33018. f-:.(aa).*€Clex*cr‘a:«=f:i‘A:D.D‘VCClexVa“« [*33015-17] 

*33019. h , (*(/ f“a)eCl ex'cr'a [*330-1] 

*330-2, ^■:«€Clex‘c^‘a.i^c«.g!D‘JVr^5‘a"/K.D.a!i^| 

Dem. 

t- . *330 1 12 . D 1- : Hp . D . 3 I D‘if n Q'iJ : D I- . Prop 
*330 21. h : K 6 Cl ex'cr'a • « + (‘A . iJ, S e * . 3 . 3 I ( S 
Dem. 

t- . *33018 . 3 h : Hp . 3 . 3 1 U'S n s‘(1“k ( 1 ) 

1" . (1) . *330'2 ,31". Prop 

*330 22 . h : * 6 Cl ex'cr'a ■ * + t'A . ij, 51, ft « . 3 . 3 I ii |^ 1 | f 
Dem. 

h . *330-2M8 . 3 I- : Hp . 3 . 3 ! D'(51| T) n ^'Q"* ( 1 ) 

1- . (1) . *330 2 .31-. Prop 

*330 23. h : * e Cl ex'cr'a .* + r'A.iie*. 3 .A~e Potid'iJ 
Dem. 

h . *330-16 . D f- : Hp . D . a ! / [ ( 1 ) 

h . *330-18 . D h : Hp . P e Potid'P . g I P . D . g I D*P n 3 *<I**k . 

[*330'2] 3.3liJ|/> ( 2 ) 

h , ( 1 ) . (2) . Induct . D h . Prop 

*330*3. h : < e Cl ex'cr'a . / [ a e * . D . « C 
Dem. 

I- . *3301 .3H:.Hp.3:iee*.3.fl = it|/|‘a:.31-. Prop 

*330 31. h : * e Cl ex'cr'a .JJe*.3..ft|iJ = /C [*3301] 

*330-32. h * e Cl ex'cr'o .iJ,5fe*.3:.B|51=/|‘ x'Q"* .s.R = S 
Dem. 

h.*330-31 .31-:. Hp. 3:iJ.= S.3.fl|6' = 7|‘*'a"* ( 1 ) 

t-.*3301. 3t-:Hp. 3 . B | A] 5 = (D'i2) 1 51 (2) 

H . (2) . 3 t- Hp . 3 : .R 1 51= / Cx'a"* . 3 . R = (D'R) 1 51. 

[*72-92] 3 . R = 51 r Q'R , 

[*330-1] O.R = S (3) 

I- . (1) . (3) . 3 h . Prop 
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*330 4. : Me = , (gi?, S) , R, S e k . M = R\ S [(*33005)] 

*330'41. f',Cnv‘V(=«i [*330'41 

*330 42. 1“ : c Cl ex'cr'a ,I[a€/c,O.K\j Cnv“>e C 
Dem. 

h . *3301 . *50-5-51 . D h : Hp . i? 6«. D , = (/ [a)| . / fa eCnv“« (1) 

l“.(l).*330-4-41 .Dh.Prop 


*33043. 

h : K 6 Cl ex‘cr*a . D , / f s*Q“/c e 

[*330-31-4] 

*330-&. 

)-:.«€ Abel . = \ R, S e k R\S = S\R 

[(*330-02)] 

*33061. 

(■ : /c 6 fm'a , = , k e Abel n Cl ex‘cr‘o 

[(*330-03)] 

*330'52. 

h : K € FM . = . (a®) • K e Abel n Cl ex'cr'a , 

= . AT e Abel . « C 1 — > 1 . e 1 

[*330-51-131 .(*33004)] 

. s*D“/c C s‘Q 

*33063. 

Dem. 

ViKeFM ,Q,ReK,^\ hQ^x . D . E 1 . 

ElR^x 


l*.*330-5.DI-:Hp.D.E!Q‘^' 

l-.(l).*30-5.DI-,Prop 

'X 

*330-64. 

y\tceFM.Q,R€K.^\R*x,'^,'E\ R^Q*x 



Dem. 




I- . *330-31'52 . D H : Hp . D . R‘x = R‘Q‘Q‘x 
(-.(1). *330-53. Dh. Prop 

*330 641. 1- : * e f Af . Q, iJ 6 * . 3 . Q‘<D‘R c D‘R [*330-54] 

*330 642. h : * 6 A'Jl/ . /J £ K . 3 . D‘fl esect's'/t [*330 541 .*211-1] 

*330-66. \-:KeFM- i‘t‘A .Q.iJf/t.D.glD'QnD'iJ.g! 

Dem. 

H . *330-54 . 3 h Hp , D : . D . Q'ice D'ii : 

D : a ! D*i2 . D . a ! D*Q n D^R 
H . (1) , *330-16 . D t- : Hp . 0 . 3 ! D‘Q n D*i2 

I- . *330 1 1-16 . D 1- : Hp . D . C Q'Q . a ! D*R . 

[*37-43] 3 . g I QitDiji 

l-.(2).(3).Dh.Prop 

*330-661. l-:Hp*330-55.D,a!Q|/e [*330-55 . *37-32] 

R. * w. in. 


(1) 


(1) 


( 1 ) 

( 2 ) 


( 3 ) 
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*330 66. ^:KeFM.Q.ReK.ElR‘a.'^.R‘Q‘a = Q‘R‘a 

Dem. 


H.*330-511.DI- 

[*72-24] 

[*330-31 -54] 


Hp . D . Q‘R‘R‘a = R‘Q‘R‘a . 

O.Q‘a = R‘Q‘R‘a . 

D . R*Q*a = Q^R*a : D h , Prop 

*330-561. yiK,FM.Q,R,k,:>.R\Q\\)*R^Q\R [* 33056 ] 

*330-562. H € W . Q, , * . D . G Q [*330-561] 

*330 563. h : /f e FM . Re k ,\Q k , RH^X G i^X [*330*562] 

*330 67. ViKe Abel ,R,SeK,ve NC induct , D . 

Dem. 

K *301-2. = 

1- .*330- 5. *30 1-21 . D 1- : Hp. /f |S- = S-l . D . = S^+.i | 

f- .(1).(2). Induct . D I- : Hp. D. 7?|if- = S.| 7 ; 

!• . (3) . *301-21 . D I- : Hp . D . TJ-'+.i |5'+.i = /J-- 1 S'^| /I |5 

t- . (4) . *301-21 . D I- : Hp . i?' I S- = (iJ 1 6')- . D . | s-^.i = 1 5).+.i 

(- . (1 ) . (.5) . Induct .Df-:Hp.D.iJ-|S'' = (/l|S)- 
F.{3).(6).DKPi-op 


= S-i7? 


( 1 ) 

( 2 ) 

(3) 

(*) 

(5) 

(fi) 


*330 6. )-;KeFM- 1‘1‘A . Z f . 3 .'g ! z 
Dem. 

I- . *330-16-4 . 3 H : Hp . D . (aQ, /J) . Q, f * . g ! . jr ^ ^ ^ _ 

[*.330-54] 3 . (aQ. .R. «) . Q, i? f * . E 1 ^ ‘Q'a; .L = R\Q. 

[*-34 +1] 3 . a 1 Z : D K Prop 

*33061. \-'.K€FM-tH*k.L,M€K,,‘^^ 

a I a‘Z n a*M . a i d‘z n a * a'z « 3 1 d‘Z « d*m 

Dem. 

h . #330-55-4 . D 

b: Hp.D,{aQ.i?.^r,r).Q. R,S,TeK,L^R\Q,M=T\S,’3_\D*RnD*T, 
[#330o4] 

^•{•rQ,R,8,T,x),Q, R,S,TeK.L^R\Q.M^T\S,'E.\hQ*x.'E.\rS*x. 
[*34-41] D . (a^c) . E I Z'a: . E I M^x . 

[*33-43] D . a I <I‘Z a'ilf (1) 

l■.(l). *330-4101-. Prop 
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*330-612. \-:k€FM- tU*A . if, iVe . D . 3 ! a*L a QM/ a 

Dem. 

l-.*330-22-4 ..D 

l-:Hp.D.(aP, Q,R.S,T,W).P,Q.R,S,T,W€k. 

L^P\Q.M=R\S.N=TW.'^<P\R\T. 

[*330o3] D . (gP, Q. R, S, T, W, x) . P, Q. R, S.TJVe^. 

L = P\Q. M = R\S. N ^ T\W. E I P‘x.E\R‘x. El T‘x. 

[*330-54] D . (gx) . E ! X‘x . E ! M‘x . E ! N‘x : 3 h . Prop 

*330-613. h Kt FM -i‘i‘k .L,M,NeK,.'^ .^\L\M\N 

Dem. 

l-.*330-22'4.D 

l-:Hp.D.(gP, Q,R.S.T,W.x) . P,Q,R,S,T,W e k . 

« M 

L^P\Q.M=R\S.N=^T\W .ElP‘R‘T‘x. 

[*330-54] 3 . (gP. Q, R, S.x) . P,Q, R, S e k . 

L = P\Q.M=R]S. El P‘R‘(N‘x). 

[*330-54] 3 . (gP, g) . P, Q « * . £ = P I Q . E ! h{M‘N‘x) . 

[*330-54] 3 . (gx) . E ! L‘APN‘x : 3 I- . Prop 


*330 62. ic€ FM . LeK,.Se K .0 .S\LQL\S 

Dem. 


h. *330-561 .3h:Hp.P,gcK 
[*330-5] 


.P = P|Q.3.S|PCP|S. 

3.S|P|gGP|g|S:3h.Prop 


*330 621. \-i.KeFM- t't'A . £ e *. 

Dem. 


C^P C 8*0.** K . a I P : 
Se*.3s.S|PePlS:3.g!Pi£ 


1- . *33011 .31-:. Hp.g, Pc*.£ = Q|iJ. 3 . 


[*.34-1] 

[*330-5] 

[*330-561] 

[Hp] 


xPy . 3 . (gu, i) . uRx . zQy . xPy . 

3.g!P|P|g. 

3.g!P|P|g. 

3 . g I P I £ :. 3 I- . Prop 
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*330 622. h : Hp *330-621 . D . g I Z | P 
Dem. 


t- . *33011 . #72-59 . 3 h : Hp . Q, P e * 
[*72-59] 

[*330-621] 

[*330-5] 

[Hp] 


.i=eip.D.pceiP|e. 

3--pieceip. 

3.aiei-P|i?. 

3 ■ a I Z I P : 3 h . Prop 


*330623. h-.KeFM • S e k . L e k, , M eVot'L . S\M Q M \S 

Dem. 


I- . *34-34 . 3 I- : Hp . S| if e |£f. 3 . S| Jlf I Z Cif |S|Z . 

[*330-62] 3.5|if|ZGif|Z|S 

I" . (1) . #330 62 • Induct . D I- . Prop 


#330 624. \-\KeFM- t'l'A . X t it, . D , A ~ c Pot'X 
Dem. 

V . #330-6 . D h ; Hp . D . a I X 

K . #330-622-623 . D h ; Hp . Jf c Pot'X •^ \ M \ M\L 

H . (1) . (2) . Induct . 3 t- Hp . D : if ePot'Z . 3j, . g ! if 3 I . Prop 


( 1 ) 

(2) 


*330-626. f-:*ePif.Z.if«*..QrPot'(Z|if).Sc*.3.5|ge^|S 

Dem. 

l■.*330-62.3^:Hp.3.5r|Z|ifeZ|if|S 

V . *34-34 . 3 

h:Hp.PePot‘(Z|if).5|RCP|S.3.i!|P|Z|ifGP|5r|Z|if 

[WJ QR\L\M\S 

h . (1) . (2) . Induct .31-. Prop 


( 1 ) 

( 2 ) 


*330-626. I- : * « Pif - t‘t‘A . Z, if e . 3 . A ~ e Pot‘(Z | if) 
Dem. 


h . #330-611 . 3 1- : Hp . 3 , a I X I Jf (1) 

I- . *330-621-625 . 3 h : Hp . Q « Pot‘(Z | if ) . a • G • 3 . g t g | Z (2) 

I-. *330-626 . 3h:Hp.Q,Pot‘(Z|if).afe*.3.5|G|ZGC|fif|Z 

[*330-62] CQlljR (3) 

h.(2).(3).*330-621.3P:Hp.$ePot'(Z|if).gIQ.3.alG|A|.*^ (4) 

I" . (1) . (4) . Induct . D H . Prop 
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*330627. ViK€FM-iH^k,L,M€K,.P€Voi^M 
Dem. 

h . *330-611 . D 1- : Hp . D . a ! if I Z . a I Z I (1) 

1- . *330-623 . Dl“:Hp.5€/c.D.<S|PiZGP|5lZ. 

[*330-62] D.iS|P|ZGP|Z|iS (2) 

H . (2) . *330-622 . Dh;Hp,a!P|Z.D.a!if|P|Z (3) 

h . (1) . (3) . Induct . D H : Hp . D . a I P | Z (4) 

H . (2) . *330-621 . D h : Hp . a * ^ I -P - 3 • a ^ ^ (^) 

h . (1) . (5) . Induct . D I- : Hp . D . a * Z | P (6) 

H . (4) , (6) . D h . Prop 


*33063. h : «6 Pif . Z, i/€ . E ! Z^j: . E ! L^M^x . D . ZMPx = 

Dem. 

H.*330-56.DI-:Hp.Q,P,iS.P6^.Z = Q|P. Af = S|P.D. 

Q^R‘S*T*x^Q‘S^R^T^x 
[*330-5] = S‘Q‘TR‘x 

[♦330-56.Hp] = S‘fQ‘R‘x .Of-. Prop 

*33064. \--..KeFM .L.MeK..-^-. 

E ! i‘x . E 1 L‘M‘x . = .ElM‘x.El M‘L‘x [*330 63] 

*330 641. xe FM . L, M ( K,. El L‘x .El M‘x : 

E I L‘M‘x . = . E ! M‘L‘x . = . L‘M‘x = M‘L‘x [*330-63-64] 

*330 642. hiKcFM- t‘t‘A .L,M€k..O. (gx) . E ! i‘x . E ! L‘M‘x 
Dem. 

h. *330-21 . D 

I- : Hp . 3 . (gP, Q, iJ.S.x).P,Q,iJ,S6*.Z = P|Q.Jlf=i|S.E!P‘.R<x. 

[*330-53-54]3.(gP.Q,P,S.x).P,Q,P,Se*.P = P|Q.itf = PiS. 

E I P'Q'x . E I P‘Q‘R‘S‘x Oh. Prop 

*330-643. h : * e FM . P « * . P e . E I L‘x . 3 . P‘L‘x = L‘P‘x [*330-56 5] 

*330 66. y-.KeFM.Q,R,S,TeK. R‘Q‘x = T‘S‘x . 3 . T‘Q‘x = R‘S‘x 
Dem. 

h . *72 24 . D h : Hp . D ■ = R‘T^S^x 

[*330-56] = T‘R‘S‘x . 

[*72-24] 3 . PQ‘x = R‘S‘x Oh. Prop 
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*330-66. ^:.KeFM.Q,R,S,TeK. El R'Q‘x . E I T‘S‘x . D : 


Dem. 


y . *330-56 . D I- : Hp . T‘Q‘a: 
[*72-241] 

[*72-241] 

I- . (1) . *330-65 . D h . Prop 


R‘Q‘x = T‘S<x . = . T‘Q‘x = R‘S‘x 
= R‘S‘x . D . T'R'Q'x = R‘R‘S‘x 


= S‘x. 

D . R‘Q‘x = T‘S‘x 


( 1 ) 


*3307. 


I- : *€ Filf . P, Qe* . p eNC ind - r‘0 . E ! Q‘(p\Qy--'‘P‘x . D . 


Dem. 

h. *330*56. *301 -2.3 


Q‘(P\Qy--^>P‘x = (P\Qyx 


1 - : Hp . E ! Q‘(p I QrP‘x . D . q>(P | QyP'^ = (p | 

h. *330-56. *301-21 .3 

h Hp : E I Q'(P | Qy-^^^P^x . D, . | Qy--^^P*x = {P\ Q^x : D : 


( 1 ) 


E I Q\P I Qy'P'j: . D . I = (p | QytQt pt^ 

[*330*56. *301*21] ={P|Q)^+*‘a: (2) 

I- . (1) . (2) , Induct . D I- . Prop 

* 330 * 71 . h : . AQf « .p c NC ind - 1*0 . E ! D. E I(P| 

Dem. 

• 1- . *330*54 . D h : Hp . E I P'j; . D . E I (P| 0)''ar 
H . *301*21 . D h Hp : E ! . D, , E I (P| Qp'x : D : 

E I . D . E ! (PiQp'P'x . 


( 1 ) 


[*330*52] 

[*330*7] 

H . (1) . (2> . Induct . D h . Prop 


D . E r Q\P I QY^^P^x . 
D.El(P|Qp+-»*a: 


( 2 ) 


#330*711. iKeFM ,Qe tf*Pot“« . D . Q'Q = a'Q"* 

Dem, 

H . *330*52 .DI-:Hp,P«*.D. Q'P = i'Q"* 

I- . *37*322 . D 

h : Hp . P e « . Q « Pot'P . Q'Q = a'Q"* . D . a'(Q | P) - tf'Q'V 
h . (1) . (2) . Induct . D h . Prop 


( 1 ) 


( 2 ) 
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★330‘72. h : kcFM — i^^K . L.M € K^ , p,<j € NC induct . D . ^ ! e\ 

Dem. 

f-. *330-71 1-230 

h : Hp . P, Re K . (^a) . E ! R^^a . R^*a e G.*P^ , 

[*330*52] D . (ga) . E ! (1) 

h . *330-57 O h : Hp (1) . X = P<'*R-^a O . E ! P^*x . E ! R<^^x (2) 

h. (2;. *330-71.3 

h:Hp(2).(3.S6/f.Z, = P|i3.i^/ = P|5.3.E!P'>‘x.E!ilP‘^. 
[*33-43] 0,xe a‘i> n (3) 

^ .(l).(3).3h.Prop 

We have “NC induct” in the above proposition, not “ NC ind,” because 
it is necessary to have E ! /.p . E ! and by *30116 this may fail if either 
p or O' is null in the type of L ami M. Tlie existence of a family does not 
imply the axiom of infinity, since the family may be cyclic. 


*330-73. h : « e P71/ . P, Q e /c. p e NC ind . E ! (P j Qy^x . 3 . 


Dem. 


{P\Qrx = Pp^Q^^x 


1- . *330-56 . 3 h : Hp . E ! P'y . 3 . Q‘P‘y == P‘Q^y (1) 

■ (1) . 3 H : Hp . Q*Po~<^^x = Pf‘-*^^Q‘x . E ! P^^^ . 3 . Q'Po'y == 

[Hp] 




[*301-23] 


= P‘Pi—'‘Q‘y 

= h‘Q‘y ( 2 ) 

• (1) . (2) . Induct . D h : Hp . E ! P’“y . D . Q‘Pp‘y = P^'Q'y (3) 

I- . *301-23 . D I- : Hp . (P I Qy‘x = Pp‘Qp‘x . E ! (P [ Q)'+*'‘x . 0 . 

(P\Qy->--^‘x = P‘Q‘Pp‘Q“x 
[( 3 )] = P‘Pp‘Q‘Qp‘x 

[*301-23] = 

• (4) , Induct . D H , Prop 



*331. CONNECTED FAMILIES. 


Summary of *331. 


A ■■ connected point” of a family * is a point of the field of* from which 
every member of the field can be reached by a member of * or the converse 
of a member. That is, if o is a connected point, we are to have 

X € . (gi?) . Re K ,x{Rfj E)a 

as well as a e s‘a“x. Jhis amounts to saying that every member of j'Q"* 
is of the form R‘a or R‘a. where R e k. The definition is 


*331*01. conxV = 5‘Q‘V n a (sU*a u = 8*G**k) Df 

Here we include the factor s'O"* in the definition, in order to exclude 
the case when * _ (‘A. If *‘0“* were not included, we should have 
conx‘i‘A = V, whereas with the above definition conx't'A = A. 

Id the case of any other family, the factor makes no difference, 

since if s *( 1 **k exists, 


s‘/c'a u $*K*a = . D . a e C^s*k, 

andy * is a family, CV* = s'a“*. But in the case of i‘A. the factor 

a'Q"* insures that no connected point exists, thus securing, conversely, that 

a family which has a connected point is not t‘A. This is convenient, since 

the case of i‘A, which is trivial, would often otherwise have to be explicitly 
excluded. 


The definition would be more analogous to the definition of a connected 
relation in *202 if we put 

eonx‘* = s‘a“* n a u w i‘o = s'Q"*) Df. 

But this definition fails to give us the information that there is a member 
of * which relates a to itself, whereas cur definition does give this informa- 
tion, and hence leads to the proof that I f s'Q'U e *, j.e. that there is a zero 
vector. 

We say that a family " is coonected “ when it has at least one connected 
point, t.e. we put 

*331-02. FM conx = /’Jf a 5 (g I conxU) Df 
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When all points of the field are connected points, the family “ has con- 
nexity” (cf, 3 |k 33427), provided For the present, we only assume 

that at least one of the points of the field is a connected point. To 
take an illustration: the family whose members are of the form 
(Xq / i) ^ (NC induct — 1 ^ 0 ), where e NC induct — has only one con- 
nected point, namely 1. If we had taken positive and negative integers, 
both as multipliers and as constituting the field, we should have had two 
connected points, namely 1 and — 1. 

Almost all our future propositions on vector-families will be confined to 
connected families. In the present number, we prove first that in a connected 
family k, the vector which relates a connected point to itself also relates any 
other member of the field to itself (*331‘2), whence it follows that 
is a member of « (#33r22), and that every other member of k is wholly 
contained in diversity (*331-23), and that w Cnv‘V C (*331-24). We 
next prove that the product of two members of /c is a member of k or of 
Cnv“/f (*33T33). We then proceed to consider k,, and prove at once the 
two fundamental properties of k, in a connected family, namely (1) that 
between any two members of there is a relation which is a member 

of (*33T4), and (2) that two members of /c. whose logical product exists 
are identical (*33T42). From these two propositions it follows that there is 
just one member of K^ which relates any two members of 5 ^( 1 * V (*331-43). 
Finally we prove that any power of a member of is a member of « w Cnv^V 
(*33T54), and that any power of a member of /c, is contained in some member 

of (*331*56). 

Stated symbolically, the above propositions are as follows : 

*331-2. hx.KeFM.a € conxV , , R e k . ^ t R^a — a^ = . R*x = x 

*331 22. h : « e FM conx . D . / p s‘Q“/c e k 
*331 23. I- : « e FTlfconx . D . /c C RIV w R1‘J 
*331’24. h : K e FM conx . D . ic u Cnv“« C k* 

*331’33. h : « € FM conx . D . s^k C « u Cnv‘ V 

11 

*331-4. V I KeFM conx .ar, y es'Q'V . D . (g/,) . Ze/r. .a: = 

*331*42. h /e e FAf conx . Z, /t, . D : g ! Z n Af . = , Z = 3/ 

*331-43. h : K 6 FM conx . x, y € . D . (71/ e /c, ■ xMy) e 1 

*331-64. h : /ceFTlfconx . . D . Pot‘PC« u Cnv“« 

*331-66. ^ :kcFM conx, L e K,, M € ?oi^L. N £k,.MCLN 

*331-01. conx‘« = a d w = s‘a“*) Df 
*331-02, F M conx = FM a ^ (g I conx'/c) Df 


24 



QUANTITY 
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*3311. 

*33111. 


*33112. 

*33113. 

Dem. 


H : a 6 conx'^c . = , a f .9‘CI‘V , 8*K*a w s*K*a = [(*331-01)] 

h o e conx‘* . = : a e *‘a»* : ® t s‘a»* (’^R) .Ri k .x{Rv,R)a 

|^vool*lj 

f- : a ! conx‘/f . D . /e =1= i'A [*3311] 

/c e Cl ex'cr'o . D : a c conx‘« . = . =f t‘A . 


a yj s*K*a — 8*(l**K 


h . *53-24 . D h : Hp . * + t‘A . w K‘a = *‘0“* . 3 . g . 

[*33013] D.ae«‘a“* (1) 

>•.(1). *331112. 3 f-. Prop 

*331-131, h * e Cl ex'cr'a . 3 a e conx‘/c . = ; * + t'A : x es‘a“* , 3, , 

(a-R) . e * . X (7i w ,B) a [*33113] 

* 331 14 . I- X = * u Cqv“* . 3 : o e conx'* . = . o f s‘a“« . i^'o = «‘a“* 

[*331-1] 

*331-2. >-:-*«-f’4^.afconx‘*.xes‘a‘V.R«*.3:iJ'9 = a. = .fl‘x = x 

Dem. 


K *.331-11 . 
I- . *330-5 . 
[Hp] 

[Hp] 

I- . *.330-56 . 


D I- : Hp . D . (giSf) •S€K.x{8yuS)a 
3 f- : Hp , 5 e * . a; = iSf'a . i2'a = a . D . R^x = 8*R*a 

= 8^a 
= x 

3 I- : Hp . 5 e * . X = S‘a . iJ'o = o . 3 . i?‘x = iS'iJ'o 


[Hp] 

[Hp] 

l•.(l).(2).{3).3l-:.Hp.3:i^'a = a.3.fl'x = x 

Similarly I- Hp . 3 : il‘x = x. 3 . iJ'a = a 

I- . (4) . (5) . 3 P . Prop 



( 1 ) 


( 2 ) 


(3) 

(4) 

(5) 


*331 21, \-i.KeFM.a( conx ‘* . Re k : R‘a = a . = . / fs'a"* = R 

Dem. 

P. *331-2. 3P:Hp..K‘o = o.3./f‘«'a“« = lJ (1) 

P. *331-1. 3P:Hp./I-«<a«* = iJ.3.i2‘o = o ( 2 ) 

P.(l).(2).3P.Prop 


*33122. P : * « FM conx . 3 . / [ «‘Q“* « « 

Dem. 


P . *331-11 . 3 P : Hp . a e conx‘* . 3 . (gil) .Rex.R>a = a (1) 
P. (1). *331-21. 3 P. Prop 
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*331-23. VikcFM codx , D . « C R1'/ w RI‘/ 

Dem. 

V . *33l-2-21 .:)f-:Hp.i2eitf.aIi2n/,D.72G/::)f-. Prop 

*331-24. h : /c 6 .W coux , D . « u CQv“/e c /f, [*330 42 . *331-22] 

*331-26. \-\k€FM conx - 1 . D . g ! « n RPJ [*331-22-23] 

*331*26. h : /c c FM conx — 1 , D . K^ 

Dem. 

h . *331'22'25 . D 1“ : Hp . D . (ga, R,8,x) , R,S€k* aRa . aSx . . 

[*71172.*41-11] D , e 1 -> 1 . 

[*331-24'] D . e 1 — ► 1 

l“.(l). (2). *330-5201-. Prop 

*331-31. f- kgFM , aeconx‘< . P e * . iVe -t, . D ; 

^ P*a = i\r<rt . = . P‘x = 

Dem. 

*331*11. *330-4. D 

h : Hp . D . (gQ^ Rf8)»Q,R,S€K.x(QKjQ)a,N = R\S 

f- . *330*6 . D 

1- : Hp . Q, P, «, Q*a . JV'sz P I S . P‘a = N^a . D . P‘x = Q'P'S'a 

[*330*56] ^ P‘Q'S‘a 

[*330*5] ^ P‘P‘Q‘a 

[Hp] 

V . *330-56 . D 

l-:Hp.Q, P,^€/c.x = Q‘o.P'=P|P.P'a = 2^‘a.D.P'x = Q'P‘5'a 
[*330-5] ^ 

[*330-56.Hp] =P‘S‘0‘a 

[Hp] 

t- . (1) . (2) . (3) . D h : Hp . P‘a = iV'a . D . P'x = N‘x 
Similarly I- : Hp , P‘x - P'x . D . P‘a = N*a 

f" - (4) , (5) , D h . Prop 

*331-32. Vi.k^FM conx .PeK.P'€«*.D:g!PAiV. = .P = P' 

Dem. 

1- .*331-31 . D P :: Hp . aeconxV . D :.x, yes^Q'^O : 

K (1) . (*33102) . D h :. Hp . D : ar, y f s'Q'V . P‘x = IV'® . D . P‘y = N‘v • 
[*33-45.*72 94] D : 3 ! P n iV. D . P = iV ^ 

H . *331 12 . *33016. D H :. Hp .D:P = J^.D.'i!P.S/V 
!■ . (2) . (3) . D t- . Prop 


( 1 ) 

( 2 ) 


N‘x 


( 1 ) 


( 2 ) 


(3) 

W 

(5) 


( 1 ) 

(2) 

(3) 
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QUANTITY 


( 2 ) 


QUANTITY 

*331 321. h . FM ooni ■ P,Q . k .:> P f. Q . ^ . f = q [*331.32.21] 

*331-33. }-:x€FM conx |'V Ckv Cnv'‘« 

Dem. 

^ Hp • 3 : (aa) : P, Q e * . 3,., . (gij) . (p.Q.^) (R^R^a (1) 

r • JfooO 5 • J 

P . Hp . P, Q, p e * . P‘Q‘a = R‘a . S e k .y = 8‘a .'2 . P‘Q‘y = S‘P‘Q‘a 
[^00^ = 8‘R‘a 

[#330-5. Hp] 

P . *330-56 . 3 ^ 

P : Hp . P, Q, P e * . P'Q'a = R‘a • 8e k .y = S‘a . P‘Q‘y = S' P'Q'a 

[*330-56.Hp] 

P . (2) . (3) . *331-1 1 . 3 P : Hp . P, Q, P e * . p<Q<a = p<o . 3 . P fg = P 

Similarly •- = Hp . P. Q,p , , . p.Q.„ = . 3 . p, ^ 

^••(l)•(4).(5).3 

P:.Hp.P,ge*.3:(aP):Pe«:P|Q = p.,,.^|g^^._3^_p^^p 

*331-4. P : * e Pif conx . y , «‘a“« . 3 . (gP) . P e ® = i'y 

Dm. 

P.*331-11.3P:Hp.3.(ga,P,S).p,Pe*.i(P«;P)a.y(St,S)a (1) 

P . *330-56 • 3 P : Hp . P, P e * . a: = R'o . y = P‘a . 3 . ® = S'R'y , 

3 . (aP) .L,K,.x = L‘y (2) 

P. *331-24-33. 3 


(3) 

(4) 

(5) 


P:Hp. P,Pe*.a: = p<a.y = p<a.3.p|5j^ 

P. *331 -24-33. 3 

l-:Hp.i2,5e/c.a; = i2'a.y = 5'a.D.D|5€>€,,a: = (^)^'y 

h. ♦330-4. D 

W ^ 

P:Hp.P,P««.j:=p<a.3, = 5.a.3.P|Pe*..a:=.(P|P)'y 
P.(l).(2).(3).(4).(5).3P.Prop 

*331-41. P : *<Pil/'conx . 3.s‘«. = (s<a‘'*) ]• (j‘a“«) [*331-4] 

*331 42. P :. * e Pif conx • L, M e k,."^ :^ \ L f\ M . = . L = M 
Dem. 

P.*330-6.*331 12.3P:Hp.P = if.3.alP<S.lf 

P . *331-4 . 3 

P : Hp . P'x = IP* . E 1 P‘y . 3 . (gPl) . P**. , jV<x»y . E I P‘y 


(3) 


(4) 


(5) 


( 1 ) 
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[♦330’C3] 

[Hp] 

[*330-63] 

[*13-12] 

Similarly 


^ • (3^) • . N*x = y . L*y = 


N^Vx 

N^M^x 


= M^N^x 


L*13-12J ‘^.Uy^M'y 

Similarly 1- : Hp . . E I Af'y . D . Uy = M^y 

1- . (2) . (3) . *71-35 .Dl-:Hp.a!ir»Af.D.i = if 
l“.(l).(4)Oh.Prop 


( 2 ) 

(3) 

(4) 


*331-43. :k€ FM codx .x,y€ s‘a“« . D . ^(M e k, . xMy) e 1 

Dem. 

*331*4. ^ 1“ : Hp , D . (gAf) . (^ c /e, . xj/y) (1) 

h . *331*42 . D h ; Hp , L, Me /c^, xMy . . D . Z = (2) 

l-.(l).(2).Dh,Prop 

*331-44. H:.K€FJfconx.P,Q€K.D:aIPAg. = .P = Q [*331-42-24] 
*331-46. h 1. K e COM . L,M,NeK,.0 : 

'kiL\MnN. = .L\M = N[a‘(L\M) 

I- . *330-611 .D[-:Hp.Z,|i/ = iV'|' a‘(i \ M) . L\ M n m) 

I- . *330-63 . D I- : Hp . L‘M‘x = N‘x . E ! L‘AI‘y .Xeie,.y = X‘x . D . 

L‘M‘y = L‘X‘M‘x . E ! L‘M‘x . E ! L'X‘M‘x .ElX‘x 
[*330-63] :i.L‘M‘y = X‘L‘M‘x.ElX‘x. 

[Hp] D . L‘M‘y = X‘N‘x .E\X‘x. 

[*330-63] D . L‘M‘y = N‘X‘x 

[Hp] = N‘y (2) 

^•(^) ■*^31-4,. Up. L‘AI‘x = N‘x.y(a‘(LlM).-:i.L‘M‘y = X‘y (3) 

■ (1) . (3) . D I- . Prop 

*331-46. f-:.Hp*331-45.D:il/|Z; = P[-a‘(Jlf|i). = .i|Jif = ph(I<(^|^) 
Dem. VI/ 

h . *330-642-63 .Dh:Hp.i|Jf=jV[‘ a‘(L | ) . D . (g®) . M‘L‘x = N‘x . 

, 3.^|i = Pra‘(Jtf|P) (1) 

“ 2 , , , , . p,';'*'- " I " - ^ r I r «, , 2 , 

*331-47. J-Jg* I . i, itf c . D . (gP) 

*33148. h : K e . X t . g ! conxV nC'L.O.Lexyj Cnv“« 

Dem. 

K*330-41.3P:.Hj).acconxVAC'‘P.3:i,Pe*.:E!Z‘a.v.E!Z>o: 

[*331-11] D : P, Z e : (gP) : P « * Cnv»« : i<o = P‘a . v . P‘a = P‘a • 
[*331-24-42] D : (gP) : p , * „ Cnv»* :£ = P.v.Z = P:.3P. Prop 
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QUANTITY 


[part 


ei-s 


(1) 

( 2 ) 


Cnv‘(r|G). 


#331'6. y-.KeFMconx.PfK, Lex,. D.i|P,P|Ze*. 

Dem. 

I-.♦331•33.D 

I- : Hp . Q, i? e « . i = Q I ^ ^ ^ ^ ^ ^ I ^ _ 

l-.*330-4.3h:Hp(l).S*«.i|p = Q|5.3_2;|Pe«, 

t- . *34-2 . D 

H:Hp(l).SeCnv‘‘*.Z|P = Q|S,D.(ar).r6/t.Z|P 

t*331'33] 3.Z|P«*wCnv“*. 

[•331-24] D.ZIPe,. 

H . (1) , (2) . (3) . *330'41 , D . Prop 

*331-61. y-.KeFMconx.PeK.:>.?oVPCK. [*33I-5 . Induct] 

•331-62. l■:*e^’dIconx.Z>.Q,,.Ze*..D.P)Z|ge*. [*331-5] 

*331-63. l-:*e-PJIfconx.P,Qc*.p,(reNCinduct.D.PPiQ'e/c. 

[*331-5 . Induct . #331*51 . *330*43] 


( 3 ) 


*331*64. ViKtFM conx ,PeK.^, ?ot‘P C « w Cnv'V 
Dem. 

H . *330 711 . D h : Hp . a 6 conx‘« . Q c Pot'P . D , E ! Q*a . 

3 • (3.T) .Tckv Cnv“* . Q‘a = Pa . 
[*331-51 42-24] 3 . Q e * « Cnv“« Oh. Prop 

*331-66. I- : * c FM conx . P, Q «*.. p e NC induct . D . 

(PlQyCI^lQf.Pi’lQeeK. [*330-73 . *331 -63] 

*331 66. \-:KeFM conx .LeK..M€ Pot'Z . 3 . (gZ?) .N<k..MC.N 

[*331-55 . *330-4] 



*332. ON THE REPRESENTATIVE OF A RELATION IN A FAMILY. 


Summary of *332. 

We saw at the end of the last number (*331 06) that any power of a 
member of k, is contained in a member of k,. When a relation is contained 
in a member of K^, we call this member the “representative” of the relation 
in the family. For purposes connected with the application of ratio, the 
“representative” is an important function of a relation, especially when the 
relation concerned is a power of a member of k,. By the definition of i-atio 
(*303 01), we shall have Lipja) M g ! Z' n ilff and p Prm <7, Now if Z*" 
and jiff* each have a representative, then they must have the same representative 
if a ! Z*^ n Afo (by *331-42). Hence we are enabled to substitute an equality 
for g ! Z*" A A/** in dealing with ratios of members of it,. Tlie elementary 
properties of representatives are dealt with in the present number. 

We denote the representative of P in the family k by “ rep/P.” In order 
to insure E ! rep.'P under all circumstances, we do not define rep,‘P as the 
only member of k, which contains P, but as the logical sum of the class of 
members of which contain P, i.e. we put 

*332-01. rep/P = «*(«. n%P) Df 

In a connected family, if P is not null, k, n^'P cannot have more than 
one member (*332*21), and therefore the representative of P. if it is not null, 

must be a member of /t. (*332*22). If P is a member of /c., it is its own 
representative (*332*241). 

We provein this number that, if P,Q,P,... have existent representatives, 
the repre.sentative of their relative product (unless this product is null) is 
the representative of the relative product of their representatives (*332-37). 
Among other important propositions in this number are the following; 

*332*32. V I KeFM conx , Z, A/ e . D . rep/(Z | if ) = rep/(A/' | Z) 

*332’61. h : /c € FM conx . P, Qe « . D , rep.'(P| Q) = Q| P 

*332-63. f- : K e FM conx . P, Q e « . p e NC induct . D . rep/(P | = Pp | Qp 

*332-61. h : « € FM conx . Z e . D . rep/‘Potid‘Z C 
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*3328. 


QUANTirr 


*332-81. 


[PART VI 

ik€FM conx . A if € /f* . f 6 NC iod . 3 . 

rep/(i I My = rep/(Zf | M) 

: K 6 FM conx ,v,tT€ NC ind - 1‘0 . Z f ^ . 

rep/Z^><e^ = rep/(rep/Z-)' 


*332 01. rep/P = s\k, a OP) Df 


*332-1. 


*33211. 

*33212. 

*33213. 

*33214. 

*33216, 

Dem. 


*33216. 

*3322. 

Dem. 


UKf,]' iw ■ i 

I- : a ! rep/P . D . P (• rep/P [*332’1] 

I- : a ! rep/P . 0 . g I ^ C'P) [*3321] 
^•rep/A=5V, [*332*1] 

I- : P e Q . D . rep/Q C rep/P [*332*1] 

I- . rep/P= Cnv‘rep/P 

f- . *330-4'l . D I- . n C'P = Cov“(^tfj a1g‘P) 

■ (1) . *332'1 . D , Prop 

f- : « = t‘A . D . rep/P = A [*332 1] 

f-:.«6P.l/-tVA.D:aI(^.AW). = .alrep/P 


(1) 


I- . *330-6 . 3 F : Hp , a I (-f. A G‘P) . D . g I (#. a OP) - pA . 

3.gIrep/P ( 1 ) 

H. (1). *33212. Dh. Prop 


*332-21. \-:x€FM conx . g I P . D . («, a G'P) e 0 w. 1 
Dem. 

I- . *331-42 •^^*:Hp.Z,i/f«. .PeZ.Peif.D.Z = J^/■0^- 

*33222. huKeFM conx . g * -P - 3 : rep/Pe . y . rep/P = A 
Dem. 


Prop 


I- . *332-21*12 . D h : Hp . a ! rep/P . D . (*, a G‘P) e 1 . 

D . rep/P €K,iOh. Prop 


*332-23. h « c FM conx . g I P . D ; rep,'P c . g ! («, a G'P) 
Dem. 

)- . *332'22'2 . D I- : Hp . rep.‘P~ « . D . (*. n OP) = A 

h . •3.30’6 . D I- : Hp . rep.'P t . D . g I rep.'P , 

[•332-2] 3.3l(*.nW) 

h.(l).(2).Dh.Prop 


( 1 ) 


( 2 ) 
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4^332 231. h xeFMconx — 1 . ^ : rep,*Pc . = . g ! P . g ! («, n G'P) 

Dem, 

h . *33r26 . D h Hp . D : rep,‘P e . D . rep,‘P ^ s*K ^ , 

[#332*13] D.P + A (1) 

l-.(l). #332-23.3 1-. Prop 

#332 232. 1 - KcFMconx — 1.3: rep/P e/c, . = . g I P . g ! rep,‘P 

[#332*231*2] 

#332*24. K € Pifconx . g ! P . 3 : Z e(jt, r* C‘P) . = , g ! rep,‘P . rep,*P=;: L 
Dem. 

^ ( 1 ) 

( 2 ) 


h. #332*21 1 . 3l-:.Hp.3:P6«.n G‘P.3.rep/P = /; 

h . #332*2 . 3 f- Hp .3:Z€/c. r(G*P.3.g! rep.'P 

h . #332*22 . 31-:. Hp . 3 : g ! rep,‘P . 3 . rep,‘P e k, : 

[^13-12] Dig! rep/P . rep/P= L . 3 . P € *. 

!■ . (3), #332*11 .31-;. Hp . 3 : g ! rep*‘P . rep^‘P = L . 3 . L€{K^r\ G‘P) 
l-.(l).{2).(4).3l-.Prop 

#332*241. 1“ : « e FM conx , P € . "D . P — rep,‘P 

Dem. 


(3) 

(4) 


y . # 332 * 24 . 31 -:, Hp . g ! P . 3 : P e /c, a G‘P . = , g ! rep,‘P . rep,‘P = P : 
[Hp] 3 :rep*‘P = P ( 1 ) 

h. # 330 * 6 . 31 -:Hp.-g!P. 3 .« = t‘A. 

[# 332 * 13 ] 3 .rep<'P=:A ( 2 ) 

l-.(l).( 2 ). 3 l-.Prop 

# 332 * 242 . \- : K e FM conx ■ g i P . g ! rep*‘P , 3 . rep.'P = rep,‘rep*‘P 
Dem. 

f- . * 332*22 3 1 - : Hp . 3 . rep/P € ( 1 ) 

h.(l). # 332 * 241 . 31 -. Prop 

# 332 * 243 . h I K€ FM conx . g I P . P G / [ s'Q'V , 3 . i*ep,‘P = I [ 

[# 332 * 24 . # 330 * 43 ] 

# 332 * 244 . !-:,«€ FM conx — 1 , 3 : 

g ! P , P G / [ . = . rep.‘P = 1 1 

Dem. ' 

1 - . # 331*26 . #330 43 . 3 h Hp . 3 : + 1 \ s'Q'V : 

[# 332 * 13 ] 3 : rep.'P = 

!■ .# 332*11 , 3 I- :. Hp . 3 : rep«*P = 

1 - . ( 1 ) . ( 2 ) . # 332 * 243 . 3 h . Prop 

R. & W. III. 


( 1 ) 

3.PG/|-6'‘a“/c ( 2 ) 
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QUANTITY 


(1) 

( 2 ) 


[PART VI 

•33m I- : * e n/ conx . g ! P . g - rep.‘Q . P C « . D . rep.'P = rep,‘Q 

I- .•33211 . D f- : Hp. D . PCrep,‘Q n\ 

»- . •332-22 . D t- : Hp . 3 . rep.'Q t *. (2) 

(-.(I). (2). *332-24.31-. Prop 

•332-26. t- : * r Pi/ conx . g ! P n Q . g . rep.'P . g . rep.‘Q . D . 

rep.'P = rep.'Q = rep.‘(P n Q) [*332 25] 
•33m h : « r Pif conx . a ! P . a . rep.-Q . g ! Q n rep.«P . 3 . rep.<P = rep.'Q 

I- . *332*11 . D f- ; Hp . D . Q C rep/Q . 

^ • a ! rep/P n rep,*Q 

f- . *332-22 O h : Hp . D . rep/i^. rep.'Q , 

^ • (0 • (2) • *331*42 . D h , Prop 
*332-31. \-:k€FM conx ,L,M€k,,0, rep . %L \M)€k, 

[*330*611 , *331*47*12 . *332*23] 

•332-32. h : * e Pi/ conx . P, i/r . 3 . rep.‘(i ( i/) = rep.‘(i/| £) 

[*330*611 .*331 •47*1 2. *332*24] 

•332-33. ^ * r Pi/conx . rep.'P, rep.'Q c . g ! P fg . 3 . rep/(P | Q) 

Bern ~ I ('-ep.'®) = rep.'Krep.'P) | Qj = rep.'jP | rep.-gj 

P . •330-6 . •331-12 . 3 t- : Hp . 3 . a ! rep.'P . g I rep.'g . 

3-.PCrep.‘P.gCrep,‘g. 

[^pj ^•al.P|rep.‘g 

h. •330 6. •332-31 .(1). 3 

: Hp . 3 . P I rep/g C rep/P | rep/g . g I rep.'frep.'P | rep.‘Q ] . 

[(2).*332-25] 

^■'■®P«‘(-^l''®P*‘C) = fep*‘f''ep.‘-P|rep.‘e).aIrep.‘(P|rep.‘g) (3) 
Similarly I- : Hp . 3 . rep.‘((rep.‘P) ) g) = rep,'((rep.‘P) I (rep.'g)! (4) 

H . (1) . D h : Hp , D . P| QGP| rep.'Q , 

[Hp,(3).*332*25] D . rep/(P | Q) = rep/(P ( rep.'Q) (5) 

l-.(3).(4).(5).Dh.Prop 

*332*34. I- : Hp *332*33 . 3 . rep/(P | Q) « if, [*332*31*33] 

*332*35. H : « e P^conx • L, M, N e . 

rep.‘(£ \M\N)= rep.<(Z | rep.‘(i/| N)\ = rep.'[(rep.‘(Z | i/)) | PJ 

[•330-6 13. *332-31 33] 

•332-36. P:Hp*332-35.D.iep,‘(Z|i/|P)e*^ [*332-35-31] 


( 1 ) 

( 2 ) 
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«332'37. \-:k€ FM conx . rep/P, rep*‘Q, rep,‘i2 e/c. .a!P|Q|i2.D. 

rep/(P I Q I P) = rep,‘[rep,‘P | rep/Q | rep/i?! 

= rep*‘(rep,'P | rep.'P | rep/Q) 

= rep/(rep/Q | rep/P | rep/P) 

Dem. 

I-.*332'33.D 

h : Hp . , rep/(P | Q | P) = rep/lrep/P | rep/(Q | P)) 

[*332-33] = rep,‘{rep«‘P | rep/(rep/Q | rep/P)) ( 1 ) 

[*332-35] = rep/(rep/P | rep/Q | rep/P) (2) 

*332-320 

I- ; Hp O . rep.‘(P I Q I P) = rep/(rep/P | rep/(rep/P | rep/Q)) 
[*332-35] = rep,‘(rep*'P | rep»'P | rep,‘Q) (3) 

l-.(l). *332-33-32 0 

h : Hp O . rep^'(P | Q | P) = rep.‘[jrep*'(rep/Q | rep/P)) | rep*'P] 
[*332-35] =rep/(rep/Q|rep,‘P|rep*‘P) (4) 

1-. (2). (3). (4) Oh. Prop 


*332-41. 

Dem. 


h « e FM codx . iV e O : 

rep*‘(Z I M) - rep.'(Z | N) 

h . *34-34 . D h : Hp . rep/(i | M) = rep.‘(i | P") . D . 

L I rep,‘(Z \M) = L\ rep*‘(/i | N) , 

[*332-36] D . rep/(£| L\M) = rep/(Z | Z | P") . 
[*330*31] D , rep,‘Jl/ = rep«‘P^ . 

[*332-241] D . = P- O h . Prop 


M^N 


*332-411. h « e Pi/ conx . A M, Nck, . D :rep/(i/ 1 L) = rep.*(P' \L),~,M = N 

[* 332 - 32 - 41 ] 


*332-42. h ; « e FM conx . i/ c >c, . D , Cnv‘rep«‘(P | if) = rep/(f; | if) 

[*332*3215] 

*332-43. h « cPif conx . L, M, Ne ** . D : 

N = rep/(Z \M). = .L = rep/(P’ \M), = .L^ Tep/(M | N) . 

= . if = rep/(iV' I P) . = . if = rep/(X | N) 

h . *332-35 . *330 41 . D 

h : Hp . iV = rep/(Z. | if ) O . rep/(Z, \M\M)^ rep/(iV | M ) . 

[*330'31] 3 , rep.'X = rep.‘(iV | M ) . 

[*332-241] D.i-rep/(iV'|jtf), ( 1 ) 

[*332-32.*330-41] D , P = rep/(Jtf | N) (2) 

h . (1) . *330-41 O h : Hp . Z = rep/(P'| .^) . D . rep,‘(P [ if) (3) 
h . (1) . (2) . (3) O h . Prop 
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QUANTITY 


*332ii. 


^:.k€FM coni,L,M,N€fc,.0:rep/(L\M) = N, 
[*330-6. ♦332*24'31] 


[PAKT VI 

LIMQN 


*332^46. I- Hp ,332-44 . D : rep.‘(Z | if) = JV . h . rep,<(i | if | if) = 

Vem. 

K «32-3S . 3 h Hp . 3 ; r,p.-(i I ») . jr . 3 , I jl, I jfj _ 

h . *332-35 . D t- :. Hp . 3 : rep/(l | if | if) = / 1- giqtt^ _ 3 _ 


[,332-31-43] 

[Kt332-241] 

l-.(l).(2).3l-.Prop 


rep.‘[(rep.‘(Z | if)) | ^] = / [,<0“, . 

3.rep.‘(Zfif) = rep.‘ir 


( 2 ) 


*332 46. t-UKcFAf conx .Z, ife*..D:Z|ifC/. = ., 

Dm. 

h.*330-43-6n. *332-243.3 

I- : Hp . Z I if C / . D . rep/(Z I if ) = / C «-a“* . 

[*332-43.*330-43] D . Z = rep.'itf 
[*332-241.*330-41] 

t-.*71-191 .3l-:Hp.Z = .^.3.Z!ife/ 

K(l).(2).DI-.Prop 


( 1 ) 

( 2 ) 


*332 51. h : K e FM conx . 
Dem. 

I-, *33 1-24. *332-32. 


H,Qe*.3.rep/(/>|C)=,Q|/> 

D I- : Hp . 3 . rep.‘(P | Q) = rep.‘(Q | P) 


[*332-241] 


= Q I D ! 3 1- , Prop 


*332'62. I- : * e FM coax.P,Q,F,Sex,D, rep* '(D|Q|Dji^ = Q|jS|D|D 
Dem. 

H. *330-613. *331-12-124. 3 l-rHp. 3. a I (P|g)|(i2|^). 

[*332-33-51] ^^■rep.‘(P|$|P|5) = rep.‘(g|P|S)P) (1) 

h.*330-561-611.3(-:Hp.3.g|P|S|PC(?)^[P|P.alQ|P|5)ij (2) 

h. *331-52. 3H:Hp.3.g)S|P|P„, (3) 

H . (1) . (2) . (3) . *332-24 . 3 h . Prop 
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4^253. f* : « e FM conx , P,Q e k . p e NC induct . D . rep,‘(P | Qy — pp\Q(^ 


Dem. 

I- . *330-624 , D I- : Hp . D . a I(P| Q>* (1) 

t- . *330-73 . D h : Hp . D . (P I Qy G P** I (2) 

I- . *331-53 . D h : Hp . D . P**! O'* 6 AT. (3) 

f- . (1) . (2) . (3) . *332-24 . D h . Prop 

*332‘61. : K € FM conx . Z e jt, . D . rep*“Potid'Z C k, 

Dem. 

V . *332-243 . *330-43 . 3 h : Hp . D . rep.‘(/ [ C*L) € *. (1) 

y . *332 31 . D H : Hp , M e Pot‘Z . rep,‘2l/ c , D . rep,'(Z | rep,'^) e (2) 
I- . *330-624 . D h : Hp . Af € Pot'Z . D . g I Z | Af (3) 

h . (2) . (3) . *332-33 . D h : Hp (2) . D . rep/(Z ! Af) 6 /c. (4) 

h . (1) . (4) . Induct . D h . Prop 


*332-62. I- : K 6 PAf conx . A 6 Pot‘P , g I rep.'P . D . 

rep*“Pot‘P C rep,'‘PotVep**P 

Dem. 


y • *332-242 . D h : Hp , D , rep*‘P = rep,*rep*‘P 
H. *332-22. DhrHp.D.rep/P e K^ 
t-. (2). *332-61 .3 

I- : Hp . Q e Pol'P . rep.'Q e rep.“Pot‘rep.‘P . 3 . rep,‘Q f *. 
I-. *91-36. 3h:Hp.Q6Pot‘P.D.a!P|Q 


( 1 ) 

( 2 ) 

(3) 

(4) 


(• . (2) . (3) . (4) . *332-33 . 3 h : Hp (3) . 3 . rep.'(P | Q)= rep.‘(rep.‘P | rep/Q) . 


[Hp.*91-36] 3 . rep.‘(P | Q) e rep,“Pot‘rep,‘P (5) 

I" ■ (1) . (5) . Induct .31-. Prop 


•332 63. h : Hp *332 62 . 3 . repi“Pot‘P C «. 

Dem, 

I- . *332-22 . 3 h : Hp . 3 . rep.'P e *. ( 1 ) 

l-.(l). *332-62-61. 3 I-.. Prop 


♦332 64. y-.KcFM conx . rep/‘Pot‘P C . D . rep/‘Pot‘P C rep/‘Pot'rep/P 
Dem. 


I-. *.331-26. *332-13. 3 (-:Hp.*~« 1 .3.A~ePot‘P 
I- . *330-6 . *331-12 . 3 h : Hp . 3 . A ~ * rep.“Pot‘ P 

. (1) . (2) . *332-62 . 3 h : Hp . (f~e 1.3. rep,“Pot‘PC rep.“Pot‘rep,‘P 
^ . *330-43 . *331-22 . 3 1- : Hp . , . 1 . 3 . = <c 


( 1 ) 

( 2 ) 

(3) 

( 4 ) 
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QUANTITY 


[past VI 


t- . (2) . (4) . *332 12 . D t- : Hp (4) . D . P C / [■ s‘a“* . 
[*332'24313.(4)] 3 , rep.'P = / [■ 

h . (5) . *301-3 . D I- : Hp (4) . D . Pot'P = t‘P . 

[(6).*332-241] 3 . rep,“Pot‘P = i‘rep,‘rep,‘P 

I- . (3) . (7) . D I- . Prop 


( 6 ) 

( 6 ) 

(7) 


*332 66. [- : A ~ e Pot'P . g 1 rep.'P , D . Pot'P C «'Rl“Pot'rep.'P 
Dem. 

h . #332*11 . D h : Hp . D . P G rep,*P 

h. (1). D t- : Hp. Qe Pot'P. PtPot'rep.'P.Q CP. 3. g|PGP| rep.'P ( 2 ) 

h . (1) . (2) . Induct . D h . Prop 


*332-66. t- : a I rep.'P . P e Pot'rep.'P . D . (gQ) . Q e Pot'P .QCR 

[Proof as in *332*66] 


*332*67. h : K cPAf conx . A Pot'P.glrep^'P.D, 

rep*‘*Pot‘rep,‘P =* rep. “Pot'P 

Dem. 

h . *332*242 . D h : Hp , D , rep.'rep.'P = rep.'P 
. *332*66 . D h Hp . D ; P e Pot'rep.'P . D . g I P | P 
h . *332*22 . D I- : Hp O . rep.'P e /r, 

H . (3) . *332*61 . D h Hp . D ; P e Pot'rep.'P . D . rep.'P e jr, 
h. (2). (3). (4). *332*330 

1- Hp O : P e Pot'rep.'P . D . rep. '(rep.'P | rep.'P) = rep.'(P | rep.'P) 
h . *332*33 . D h : Hp . P e Pot'rep.'P . Q e Pot'P . rep.'P = rep.'Q . 0 . 

rep.'(Q I P) = rep. '(rep.'P | rep.'P) 

[(5)] = rep.'(P I rep.'P) 

h . (6) O h : Hp . P € Pot'rep.'P . rep.'P e rep.'‘Pot'P‘. D . 

rep.'(P I rep.'P) e rep.‘'Pot'P (7) 
h . (1) . (7). Induct . D h : Hp O . rep.'‘Pot‘rep«‘P C rep.‘'Pot'P (8) 

I- . (8) . *332*62 Oh. Prop 


(1) 

( 2 ) 

(3) 

(4) 

(5) 


( 6 ) 


*332*71. f- : « c FM conx 

rep.''Pot'(X I M) = rep.''Pot'rep.'(Z | if) 

Dem, 

h. *330*626. DI-:Hp.D.A<^ePot'(Z|if) 

(- . *332*31 . *330*6 . D h : Hp . D . g ! rep.'(X | M) 
h. (1). (2). *332*67. Dh. Prop 


( 1 ) 

( 2 ) 
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*33272. 

h 

: Hp *332-71 . D . rep.“Pot‘(Z | ilf ) C [*332 31-61-71] 


*332-73. 

1- 

-.KeFM conx .L,Mee,.0. ?ot‘{L \M)C «‘Rl“Pot‘rep ‘(i 1 M) 


[*332-65-31 .*330-626] 

1 / 

*33274. 

V 

■.xeFM conx . L.Mee, .PePot'M. D . 


Dem. 


rep,‘(i 1 P) = rep,‘iP \L) = rep,‘(Z j 

rep/P) 



H .*330-627 .*332-61.33 . 0 




P : Hp . D . rep,‘(i | P) = rep.‘(Z | rep.'Pj 

(1) 



[*332-61-32] = rep,‘(rep.‘P Z,j 



[*330-627.*332-61-33] = rep.‘(P; i) 

(2) 



P.(l).(2).DI-.Prop 


( 1 ) 


( 2 ) 


*332-76. h : Hp *332-74 . D . g ! rep/(Z ] P) [*332 74-61-31 . *330 6] 

*332-8. : K€ FM conx . if € f e NC ind , D . 

rep/(Z ■ if = rep/(Zf I iff) 

I- . *332-243 . D 

H : Hp . f = 0 . D . rep/(£ | if )f = / [^ = rep/(/:f | iff) 

H . *301-21 . *332-33 . *330-626 . D 
H : Hp . rep/(Z I if )f = rep/(Zf | iff) . D . 

rep,‘(Z |i/)f+.i = rep/(Zf j iff ] X | if) 

[*332-37] = rep**(Zf | rep* ‘(iff | L) | if) 

[*332-32-33] = rep*‘ jZ^ | rep*'(Z | iff) | M ) 

[*332-37] = rep^'IZf"*"'* j iff"*-'*) 

t" • (1) . (2) . Induct . 3 h , Prop 

*332-81. \-:k€ FM conx . a e NC ind - t'O . Z e , D . 

Dem. 

f" . *301-23 . D h : Hp , lep.'Z*'^*" = rep*'(rep*‘Z'')‘' . D . 

rep*‘Z‘'’‘‘i‘'+'>i = rep*‘(Z‘'''“"| Z^-) 

[*332-33] =rep.‘l(rep.‘irirep.'i;^l 

L*.iUl 2dJ =rep*‘(rep/Z‘')‘^-^»* ('n 

• (1) . Induct . D I- . Prop 

*332-82. I- : «eZ^ifconx . ve NC ind - i'O . Z, if e /e. . D . 

Dem. I = ‘•ep<‘l''ep.‘(/' \M)\ 

y . *332 33 . D h : Hp . rep,‘(L | My = (rep,‘(i | M)Y .'d . 

r *301 - 9^1 i i rep.‘(i 1 .1/)] 

1 " , =rep.‘lrep.<(i|A/)p+.> ( 1 ) 

K(l). *113-621. *301-2. Induct. Dh. Prop 




= rep**(rep*‘Z"y 


*333. OPEN FAMILIES. * 


Summary of *333. 

An “ open ” family is defined as one such that, if L is any member of 
which IS not contained in identity, then every power of L is contained in 
diversity, i.e. G J. We shall often have occasion, both in this number 
and later, to consider the class *. - R1‘/, and in later numbers we shall often 
have occasion to consider the class * - Rl'/. We therefore put 

*33301. *3 = «-RI‘/ Df 
#333 011. = (*,)3 Df 

Thus consists of all members of *, which are not contained in identity, 
i.e. (if * is a connected family) all members of *. except /fs'C"*. The 
detinition of an “open** family is 

*333-02. FMa^^FM f\K [s‘Pot‘ C Rl V) Df 

From the point of view of the application of ratio, the hypothesis that 
a family is open is very important. To begin with, it insures (*33318) 
that consists of "numerical” relations (cf. *300), so that if we 

have Pot'i-fin‘Z (*33315), and in virtue of #300'491, the existence of 
open families implies the axiom of infinity (*333*19). 

Again, in an open connected family, if L, M are two different members 

of /c,, all the powers oi L\M are contained in diversity, and therefore the 
representatives of these powers are members of K ^^ ; that is, we have 

*333-22. h : * f FAf ap conx . A/ e . Z + Af . D . rep/'Pot‘(Z | M) C ^,3 

It follows from this proposition that, with the above hypothesis, if <r is 

any inductive cardinal other than 0, Z'|Af<' is not contained in identity, and 

therefore Z'^Af' and rep^'Z'^ rep*‘Af*'. Hence by transposition we obtain 
the two propositions : 

*333-41. I- « e FM ap conx . Z. Af e « NC ind - I'O . D : 

rep,‘Z* = rep.'Af' . = ,L^ M 
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*333 42. I- Hp *333*41 . D : = Af" . = . Z = Af 

Hence we obtain 

*333-43. h Hp *333*41 . D : g ! Z*' n A/' . = . X = A/ 

This proposition shows that in an open connected family, no two 
members of have the ratio 1/1 unless they are identical. Again it 
follows from *333-41 that if and have the same representative, 

then Z** and M’’ have the same representative, and vice versa, i.e. 


* 333 - 44 . h /c e FM ap conx * L, M e k, , p, a, t € NC ind — t‘0 . D : 

= rep^'Af*'*''"^ . ~ . rep,‘Z'* = rep.'A/' 

Hence we obtain two propositions which are vital for the application of 
ratio, namely : 


*33347. 


h A € FM ap conx . L, M e k, , p, a- e NC ind — i^O . D : 

rep,‘Z^ = rep.^A/*^ , = . g ! Z^ a Af*" 


<7 X i T 


*333*48. h K € FM ap conx , L, M ^ , p, a, t e NC ind — i*0 . D : 

g I A A/<^ , = . g ! n M 

On comparing this last proposition with the definition of ratio (*303'01), 
it will be seen that, whether p is prime to a or not, Z has to M the ratio ajp 
when, and only when, g I Zf* a M^, i.e. (by *333*47) when, and only when, 
rep/i> = rep/A/<^. 

From *333*47 it follows also that, if Af c A/'* and Af*^ will not have the 
same representative unless p = o- (*333-51), i.e. 


*333-61. I- /ceZ’Af apconx . A/ . p, o- c NC ind . D : 

rep, 'Af'* ^ rep,‘A/^ , = , p^a- 

From this it follows that no member of has any other ratio to itself 
than 1/1. Again, by *333‘47*48'51, we have 

*333-63. h : /c e Z’Af ap conx . Z, Af f . g ! Z*" a AT* , g ! Z- a Af** . 3 . 


Hence if Z and M have the two ratios p/o-, fijv, we have p/o- =/*/»»; that 
13 , no two members of /c^g have more than one ratio. 

The applications of ratio indicated in this summary will not be made till 
the following Section ; they are here mentioned in order to show the utility 
of the propositions of the present number. 


*333 01. <g = /c - Rp/ 

*333 011. <.g = (^^3 

*333 02. FAfap = Z’Af A « (s‘Pot»«^g C RPZ| 
*333-03. Z’Af ap conx = FM ap a FM conx 


I)f 

Df 

Df 

Df 


25 
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QUANTITY 


[part VI 


♦3331. = = 

= hj [(•333-01 Oil)] 

•333101, 1- :. * € Pin ap . = : * 6 Pif : f . P e Pot'if . 3^,, . P C J : 

= ■ X € FM : M e K,g .0„ . M^QJ [(•333-02)] 


#33311. 

l-:«ePjnap.ie..,S-3-PGn.i>en.ZAZ = A.Z + Z.ali 


i#333*l*101] 


#33312. 

\':k€ FM ap conx . g ! rep/P . g I P n J . D . 


Dem. 

rep.'P e . (rep.‘P)„ C J 


t- . #332*1 1 . D h : Hp . D . a I rep/P n J , 



[#332*22.*333*1] :>.rep/Pe*.a 

(1) 


K (1). *333*101 .Dh. Prop 

#33313. 

\-:k€FM apconx.g Jrep,‘P.a iPnP. D.P^CP 


Dem. 



h. #332*1 

1 . D h : Hp . D . P G i ep,‘P 

0) 

K . (1) . •332-22 . D h : Hp . D . a ! (rep.'P) nJ.P^Q. (rep.‘P)„ . rep.'P e *. . 

[#333*1] 

D . Pp„ C (rep.‘P)p„ . rep.'P e * . . 


[•333-101] 3.Pp„e/:DKProp 


*33314. 

t- : * e PA/ap conx . Z, A/e . Z + Af . 3 . (P 1 jn)p., Cn 


Dem. 




f- . •330-626 . DHrHp.D.A^e Pot'(Z | M) 

(1) 


1- . •332-31 . •330-6 . 3 h : Hp . 3 . a I rep.‘(Z | M) 

(2) 


1- . •332-AG . Transp . 3 h : Hp . 3 . a ! (Z | Al) n J 

(3) 


h . (1) : (2) . (3) . •33313 .31-. Prop 


#333*16. 

t- : * e FM ap . Z e . 3 . Pol'Z = 6n‘Z = finid'Z - t'Z, 



[•121-501. •3,33-1 1-101] 


#33316. 

f- : KeFMapcQUx . L, if e/r, . Z--|=if . D . 



Pot‘(Z: 1 if) = fiii‘(Z 1 if) = finid'(Z | if) - 

£'(Z 1 AZX, 


[#121*501. #333 14] 


#33317. 

H : ACC Pif apconx . g I rep.'P . g I Pn J, D , 



Pot'P=fin‘P = finid'P-t‘Po [#121*501 . 

•333-13] 


#333*18. I- : K € FAfap . D . /c,g C Rel num [#333*101 . #300*3] 

#333 19. 1- : « € FM ap - I't'A . 0 . Infin ax [*333*18 . #330*624 . #300*491] 
#333*2. 1- : a I FM ap conx . D . Infin ax [#33319 . #331*12] 
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*333’21. : k€ FM ap conx , i e . D . rep,“Pot‘i C 

Bern. 

1“ . #332'61 . D h ; Hp . D . rep,“Pot‘i C (1) 

V . *333101 . *330-624 . Hp.D:A-^6 Pot'Z . Pot'I C WJ : 
[*332-11.(1)] D : MerepJ^Vot^L (2) 

h. (1). (2). *333-1. Dh. Prop 

*333*22. y i K € FM conx . L, M e k,. M . rep*“Pot‘(£ M) C 
Dem. 

H . *332-71 . D 1“ : Hp . D . rep,“Pot‘(X | M) = rep*“Pot‘rep,*(i^ M) (1) 

h . *332*46 11*232*31 . D h : Hp . D . rep.^(Z i M) e (2) 

f'.(l).(2).*333 21.DI-.Prop 

*333 23. 1 - : «€ apconx . e Pot‘P . g ! rep/P . g ! P n P. D . 

rep.“Pot‘P C /c^g 

Dem. 

. *332-62 . D H : Hp . D . rep,“Pot‘P C rep«“Pot‘rep,‘P (1) 

I- . *332-11-22 . *333-1 . D h : Hp . D . rep/P e ^,g (2) 

h. (1). (2). *333-21. 3 h. Prop 

*333*24. h : kcFM conx . A'^c Pot‘P . g ! rep,‘P.i/e NC ind . g ! 

^ (i^ +c 1) n i“P . D . rep*‘P'' = rep^'Crep^'i-*)" 

Dem. 

y * *301*2 . *332*243 . D h ; Hp . D . rep*‘P° = / ^ s*Q“« = rep**(rep»*P)® (1) 
y . *332-63 . *330-6 . *301 16-22 . D 

I- : Hp . D . rep/P*-, rep.'P e . g I P^-f-ci . (^2) 

[*301-21.*332-33] D . repPP‘'+'* = rep^Krep/P-)! rep/P) (3) 

f* . (2) . (3) . D h : Hp . rep^'P*- = rep*‘(repPP)‘' . D . 

repPP^+ci = repPlrep/CrepPP)- 1 rep/Pj . 
repP(repPP)-, rep/P e (4) 

1“ . (2) . *330*624 . *301*21 .Oh: Hp . 0 . g ! (rep.'P)*- [ rep*‘P (5) 

y . (4) . (5) . *332*33 .Oh: Hp (4) . 0 . rep**P''+'* = rep*'[(rep,‘P)** | rep,‘P} 
[*301-21] = rep,‘(rep«‘P)*''*‘'* (6) 

h . ( 1 ) . (6) , Induct .Oh. Prop 

A hypothesis equivalent to r e NC ind , g ! (i/ 1) n i“P is v e CP i^‘P. 
It is sometimes convenient to substitute this for the other 


*33326. 


Dem. 


y : keFM conx .L.Mck^ . veNC ind . g ! (v +g 1 ) n . 0 . 

rep/(L I My = rep/(rep/(Z | M)\ 


y . *330-626 . *331-12 . 0 h : Hp . 0 . A e PoP(P | M) 
h . *332*31 . *330'6 . Oh: Hp . 0 . g ! rep,‘(P | M) 
h,(l). (2). *333*24. 0 h . Prop 


( 1 ) 

( 2 ) 
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QUANTITY 


[part VI 


( 1 ) 

(2) 

(3) 

(4) 


*33m 

I-. *330-61. »301-2.DI-:Hp.D.alZ»|Jf 

r*33a6'2? ’ ^ ” Hp • 3 :5e« . D, . S\I^\M’QI^\M’\8-. 

.(2). *330-621. 3h:.Hp.D:a!Z.|Af^.3.a,Z.|A/^*c. 

!■ ■ (1) . (3) . (4) . Induct .DP. Prop 

♦333-33. V-.k€FM conx . Z, .A/V «-. . o- c a<( HI. <«Z) . D . 

r)e,n. rep.‘(Z'|Jf') = rep.‘(Z|itf)« 

P . *33.-1-32 . *332-243 . D 

t- : Hp . D . rep.‘(Z» ( A/") = / , rep.‘(Z I Mf n 1 

K *.332-37. *.301 -2 l.D ^ 

' Hi 'Hi i I M') I rep.>Z I rep.<A/| (2) 

I- • (2) . D P : Hp . rep.‘(Z' | M’) = rep.'(Z | Af)' . D . 

'■®P'‘(^''''"l^''^“) = rep.‘(rep.‘(Z|AI)'|rep,‘Z|rep/A/) (.3) 

f- . (3) . *333-32 . *332 37 . D p i P' ( t 

I- : Hp (3) . D . rep,‘(Z'■^■• | AH+-) = rep.'l(Z \My\L\M\ 

= rep/(Z I AI)'+- ( 4 ) 

y . (1) . (4) . Induct . Z) h . Prop 

*333 34. P : Hp *333 .33 . D . rep.‘(Z'| A/')= rep.‘|rep.‘(Z|AI)J*=rep.‘(Z|iir 

Dem. 

^.★330-6266. *332-31. D 

H : Hp , D . A ~ 6 Pot‘(.6 1 ^ ) . a I rep/(i | M) ( 1 ) 

P . (1) . *333-24 . D P : Hp . D . rep.‘(rep.‘(Z | Af)l' = rep.‘(Z | M)’ (2) 

H. (2). *333-33. DP. Prop 

*333-41. P :. * 6 fA/ ap conx . Z, A/ e », . <r e NC ind - I'O . D : 

rep.‘Z' = rep.<AI'. = .Z = Af 


Dein. 

K.#333*34-22-2.Dh:Hp 

[*333-21 ■32.*332-33] 

[*332'44,Tran8p] 

[*332-15-46.Transp] 

. (1) . Transp . D h , Prop 

*333 42. I- !. Hp ♦333-41 = M’ M [*333*41] 


Z =1= 3 . rep,‘(Z‘' I M*) e . 

w 

D . rep/(rep/Z' | rep/if') e *, 9 . 

D . ~ (rep/Z' I rep/itf' C / f* 8*<1**k\ . 
3 . rep,‘Z'sf rep,'J/' 


( 1 ) 
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*333 43. i- .. Hp *333-41 = = 

Dem. 

*333-21 ,*332--26. D h : Hp . g ! Z*' A il/' . D . rep,'i'= rep,‘3/'' . 

[*333-41] D.Z = Af (1) 

h.(l).*330-624.Dl'.Prop 

*333-44. I- K 6 Fif apcoDx . L, M € K^. p, cr, re NC ind - t‘0 . D : 

rep/i>‘'‘=^ = . = . rep^^Lf = repjM’^ 

Dem. 

h. *301-5. *333 24. D 

h Hp . D : = rep/.A/'>"' . = . rep/(rep,'Z'>)' = rep/(rep,‘i/'")'. 

[*333-41-21] = . rep,'//* = rep.'.A/'^ :, D h . Prop 

*333-46. h Hp *333-44 . D : . D . rep/i> = [*333 44] 

*333-46. h Hp *333-44 .Dig! n . D . rep/i> = rep/j^/*" 

Dem. 

h. *332-26. *333-21. D 

h : Hp . a ! n , 0 , (1) 

h. (1). *333-44. Dh. Prop 

*333-47. h « e ap coax , L^MeXt . p, a « NC ind — t'O . D : 

rep/i> = rep,‘if' . = . a ! 

Dem. 

!■ . *333-46 . D h : Hp . a * Z^ -A/" - 3 . rep,‘Z^ = rep,'3f' (1) 

1-. *332-53. *72-92. D 

l“:Hp.P,Q, P,Se«.Z = P|Q.ilf = P|S.D.Z/> = (Pp|Qp)pa*i>. 

if' = (P' I jSf') p Q'i/' . rep*^i> = Pp I . rep* ‘if' = P' 1 5' (2) 
(2). *35-14. D 

f- : Hp (2) . rep/i> = rep/if' . D . i> A if*^ = (Pp | Qp) p (Q'Z^ n Q^i/') . 

[*330-72] D.a!i>nif' (3) 

^■■(l).(3).Dh.Prop 

*333 48. I" :. xeFM ap coax , L,M e k^, p,(r,r e NC ind — 1‘0 . D : 

a ! Z** A if® . = . g I />x<T ^ jIfTXcr 

1- . *333-46 . 3 h : Hp . a ! Z^ A if® , D . rep*‘i> = rep* ‘if® 

y . *330-624 . *332-61 . D h : Hp . D . A - e Pot‘i> . g ! rep*‘ i> . 

[#333-24] D , rep*‘i>^*® = rep*‘(rep*‘Zpy 

Similarly h : Hp . D . rep/if®>'«® = rep*‘(rep*‘5lf®)' 

I- . (1) . (2) . (3) . 3 H : Hp . a ! i>> A if® . D . = rep ‘if®xcr 

D.a!Z-x=^nif-‘ ■ 

r . *333-46-47 . !> h : Hp . g ! i>x<' h M ”^‘’ . D . -i ! i> n i/» 

H.(4).(6). DH.Prop 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 
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*33349. 

Dem. 


V \ K€. FM ap conx • L, M e Ki , p, a e NC ind — i‘0 . TepJJj* = rep*‘3/' . 

D . />> r [ a‘Z> . 1 = (D‘i>) 1 iV' 


h. *333-21 .*330-6 . D h : Hp . D . g ! rep/i> . 

[*332 11] D . C rep*‘i>* . 

[*72-92] ^ . I/ = {rep/I/*) [(1*1/ 

Similarly h : Hp . D . jl/' = (rep.Mf') [ Q'Af' . 

[Hp] D . = (rep/Z^) 

l-.(l).(2).D h : Hp . D . i> pa‘i»/' = (rep/Z^) [{a*I/na*M^) 
Similarly h : Hp . D . {D*M’^) ] = (D *£/) ') 3/*^ 

I- . (3) . (4) . D I- , Prop 


( 1 ) 

( 2 ) 

M^[a*i/ (3) 

(4) 


*3336. 

*333-61. 


Dem. 


I- UKeFMaip conx . . ff e NC ind - t‘0 . D : 

P"=Q'. = .aIi^nQ-. = .P=Q [*333-42-43 . *331-24] 

I- « e FM ap conx . if e -v.g . p, ct e NC ind . D : 

rep/J/o = rep/M^ . - , p = <T 


V . *333-47 . D h Hp . rep/iP = rep/iP Orgli/oAif': 

[*301 -23.*120-41 2-416] D : p ^ o- . D. g I ifo-*' n / . 

[*333101] ^.p = a- (1) 

Similarly h Hp (1) , D : o-^ p . D . p = o- (2) 

l-.(l).(2).Dh.Prop 


*333-62. h Hp *333-51 . D : if-* = ilp . = . p = o- [*333-51] 

*333 63. h : e Pi/ap conx . Z. if e . 3 ! Z"' A i/o . g ! Z' A if>* . D . 

px„<r = i/Xap 

Dem. 

h . *333*48 , *301 '16 . D 1* : Hp . ^ . a ! A if'**'*^, g I A if'*'**^ . 
[* 333 - 47 ] D . rep,‘Z^^*'=* rep**if'*’**'’*=® rep.'Z*'^®^ . 

[* 333 - 51 ] D.pXflO- = i/Xgp:Dh. Prop 



*331 SERIAL FAMILIES. 


Summary of #334. 

The purpose of the present number is to consider what properties of 
a family k will insure that is serial, or has one or more of the properties 
characteristic of serial relations. Suppose, for example, that k consists of dis- 
tances on a line. Then consists of those distances which are members of k 
and are not zero. Any selection of distances on the line may constitute k\ thus 
e.g. K may consist of ail distances which are integral multiples of a given distance, 
or of all which are rational multiples of a given distance, or of all distances 
Ironj left to right, or of all distances on the line in either direction. It is 
plain to begin with that if is to be serial, k must not contain equal 
distances in opposite directions, since if it does, will not be contained 

in diversity, i.e. will not be asymmetrical. We call a family k asym- 
metrical when no member of kq has a converse which is also a member of 
The definition is 

*334*06. FMo&ym = FMr^K{Kr^ Cnv“« C Rl*/) Df 

It will be observed that s^k^QJ in any connected family, by *331*23. If 
/f asym, w'o have also 

In order to secure that shall be transitive, we require that the field of 

fc should contain at least one "transitive point," where a “transitive point" 

means a point a such that any point which can be reached from o. by two 

successive non-zero steps can also be reached by one non-zero step ie such 
that 

(s*KQy*s*Kfa C s‘Kf,*a. 

The definition of transitive points is 

*3340i. tr 0 ‘* = «<a“* r. a C i^a‘a| Df 

Thus if a is a transitive point, and R.Sexg, there is always a member of 
* 3 , say T sueh that R‘S‘a =^T‘a. It will be seen that if .r is a connected 
family, the existence of a transitive point implies that the family is asym- 
metrical. Again, if there is a transitive point in a connected family, then 

by •331-32 , hence is a group. The converse also 
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holds, i.e. if *5 is a group, any member ,‘0“* is a transitive point (*334-11) 

Hence if there ,s any transitive point, every point of ,‘0“* is a transitive 
poin ti 

The definition of a transitive family is 

*33402. FMtrs = FM nK('3^liT8*K) Df 

By what has just been said, a connected transitive family is one in which 

IS a group, i.e. o 

*33413. h K eFM conx . D : « e trs . = . C 

relaUor"'T'^'''^ ““'y «‘*a '« a transitive 

*33414 conx .0 : k e FM Its .s . s'xg e trans 

In order to secure that iUg shall be a connected relation, it is not enough 
that * should be an FM conx, i.e. that s‘a“* should have at least one con- 
nected pomt. We require that every point of s'Q'te should be a connected 

point. This will be secured if there is a connected point which belongs to 
the field of every member of k„ i.e. if 


^lconx*Kr\p*C**K,. 


For suppose a c conxte y‘C“K,. Then if Lee,, either L‘a or L‘a exists, and 
18 of the form R‘a or .R‘o, where Ree. Hence, by *331-32, L is identical 


with R or with R ; hence *. = *c«Cnv“«. Hence by *331-4, i'ege connex. 

Conversely, if *6/^ conx and stejeconnex, it follows from *33132 that 

«.=*uCnv“/c; hence p‘C'“/t. = s‘a“*, and therefore we have glconx'/enn'C"*,. 
Hence putting 


*33403. FM connex ^FMr>K(^l conx‘< n p'O"#.) Df 

where ^*3/ connex ' means "families having connexity,” we have 
*334-26. \-:.k€FM conx . D : « c i’if connex . = . aUg e connex . 

= . A. = A w Cnv“/c , = . = Q"* 

and 


*334 27. h * FM connex ~ FM n k = conx'/r . * f'A) ' 

I.e. a family having connexity is one whose field consists wholly of connected 
points and is not null. 

We thus secure (1) iVg Gt/ by the hypothesis k eFM conx, (2) trans 
by the hypothesis xeFMconxrs FMtrs, (3) iVg c connex by the hypothesis 
connex (which implies xeFMconx), Hence we secure sV^eSer by 
the hypothesis trs n 3’3fconnex. When this hypothesis is fulfilled, 

we call tc a "serial " family ; thus we put 
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#334‘04. trs rt contiex Df 

and we have 

^It334'3. h : /c € FM sr . D . € Ser 

*334 31. Vi.KeFM .I[s^a*^K€K,:>:K^FMsr.~.s*K^cS^r-L*k 

An important special case, which is briefly considered in this number, is 

the case when the domains of members of k are the same as their converse 
domains, i.e. when 

D»/c = a“«:. 

This case is illustrated, e.g. by the family whose members are all relations of 
the form {■\-gX)^C*Hg, where XeC^H'. It is also illustrated by cyclic 
families, which are considered in the next Section but one. When D*^k=(J**k, 
if « is a family, so is «: w Cnv“« (*334-4), and if « is a connected family, so is 
/c w Cnv“/c (*334-41). In the case of the above family, whose members are 
('^gX)lC‘Hg where XeC^H', /c u Cnv“/c will consist of all relations 
('^gX)l C*Hg where XeC^Bg, i.e. it will consist of all additions of positive 
or negative ratios to positive or negative ratios. 

A connected family in which is a family havinir con- 

nexity, i.e. 

*334‘42. \~:k€FM conx . = Q'V »’^.k^FM connex 

The definitions and propositions of this number are much used through- 
out the remainder of Part VI. 


*334 01. trs'AT = s'a^AT n a [{s*K^YH*Kd*a C s^K^^a] Df 

*334-02. FMir^^FMf\K{’g^MT%^K) Df 

*334 03. FM connex = n (g ! conxV n Df 

*334 04. .f’^sr = J'^trs ft connex Df 

*334 06. FMs&ym = FM r\K(Kn Cnv^/e C R1‘/) Df 
*334-09. h : /ce.?*Af conx . D .s'/cgC [*331-23] 

h :: kcFM . D ae trs'/c . = : 

aes‘a“/c : R,S€KQ.'^j^^g,{-^T),T€KQ,R*S*a = T*a [(* 33401 )] 


*3341. 


\-:.K€ FM conx . D : a e trsV . = . a e . s^k;, C 


99 


*33411. 

Dem, 

h. *331-33-24. 31-:Hp,i2,^6«5.D.R|5e«. 

!■ . (1) . *331-32 . D h : Hp .Tex^. T^a . D . Rt jSf= y 

h . (2) . *334-1 . D h :: Hp . D 

B f 1. " ' “ ' ^ • .B I S-a :: 3 K Prop 


( 1 ) 

( 2 ) 
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*33412. h :.K€FMcou\ . «, . D : 

(t f trsV . s . X e tisV . = . s‘«- |“*^ C [*334'11] 

*33413. hi.xeFM conx . D ^ € FM trs . = . |* V;. C 

[*334 12 . *331 12 . (*334 02)] 

#334131. H:*€/’A/conxn Wtrs.iJ6*a.D.P„i‘ftC*^ [*33413.In(luct] 
*334 132. ^iKcFMcoDxrx FM trs . D . i'Pot'V C « 


0 I 

ff 


#33414. I- K f Fil/oonx . D : k e FJIf trs . = . iUf, e trans 


[#334131] 


Dem. 


H .*41',51 .#33413 . 3t- Hp. tis . D . (sVa)" G*‘*a (1) 

f- . #330 o2 . D h :: Hp . D :. i-‘x^ e trans . D : 

R,s,Ki,. XI s‘a“K . (a T) . y’e *a . ii‘S‘x = px . 

( 2 ) 

K(2).«33112. 3l-::Hp.D:.jVa£trans.D:il,Sf*a.3«s.ie|Sc*3: 

1*“«J ^:.,FmL 3) 

K(l).(3).DI-.Prop 

#33415. t- : « 6 FM conx n FM trs . D . s‘* | “* = « 

Dem. 

I-. #33 1-32 1-22. 


31-:. Hp./ee«-*a.D:ft = /|‘ s'Q'U : 

[#50'62-63] 3 : 5 e * . D . y; 1 ,3, .S’ I e « 

h . (1 ) . 3k 334'13 . 3 t" : Hp . 3 . sV |“* C « 

I- . #331-22 . #50-62-63. 3 : Hp . 3 . * c ”‘« \“k 
1.(2). (3). 3 I-. Prop 

*334-16. >■■■ KeFM conx r^FM trs. R(K^.:).lt^(iJ [*33413109] 

#334 161. h : * £ FM conx n FM trs . Re at s‘a“* . 3 . 7f*‘n £ 

[#3.34-16. *123-191] 

*334162. I- : a ! i^jlf conx n /’ll/ trs - 1 . D . In6n ax [#334161] 

#334-17. l-:*£/’^conxnl.D.*a = A [*331-22] 

#334-18. 1 : « £ FM conx - 1 . D . C‘s‘*3 = s‘a“*=s‘a“*3 . a ! «'<■„ . a ! *3 
Dem. 

h . *331-22*321 . D I- Hp . D : g ! : 

[#330-52] 3 : a e s‘(1“k . 3 . (3)?) . Tf e *3 . o £ 0*72 . 

MO-^] 3.a£s‘a“*3. (1) 

[**^■*5] ^.aeCs-Kg (2) 

1.(1). (2). #331-12. 3 I. Prop 


( 1 ) 

( 2 ) 

(3) 
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*33419. h : « e . D . C 5 'a‘V [*+l 45 . *330-52] 

*334 2. H K€ FM . D :: a €p*C**K^ , = :.// : E ! L*a . v . E ! L*a 

[*330-52] 

*334'2l. h : a: e FM connex . D . #c, = k w Cnv“< 

Dem. 

h . * 334-2 . *331 -11 . D 1- Hp . a econxV n p*C**K, . Le ."D : 

(gii) tRe K\j Ciiv“« : L*a = ii‘a - v . lL‘a = R‘a : 

[*331-42-24] 0 : (gi?) : _K e a: w Cnv»Ar iL^R.v.l^R (1) 

H . (1) . *33124 . D h , Prop 

*334-22. \-:k€ FM conoex . D = 5*0“^ [*334-21 . *330-52] 

*334 23. h : « connex . D . conx‘* = [*334-21 . *331-4] 

*334-24. h : /c € FM connex . D . s*k^ e coonex 
Dem. 

h. *334-21. *331-4. D 

V Hp ,x, y 6 5 ‘Q“k .x^y.'^x (gi?) \ ReK^x xRy , v , yRx D h , Prop 
*334'25. h : /tf 6 connex . D , = [*334 21 . *330-52] 

*334 251. h : K e FM , K^ — k'<j Cnv“/c , D ^p*C**K^ — s‘Q“« 

Dem. 

h . *40-18 . *33-22 . D h : Hp . D .p^C^*K, - p^C‘*K (1 ) 

h.(l). *330-52.31-. Prop 

*334*262. h : /c e FM conx . i'/tg e connex . 3 . /c^ = >< w Cnv“/e 
Dem. 

H . *41 11 , 3 f- : Hp ,LeK, .x — L*y . 3 . (gii) .R€k\j Cnv“« . xRy . 
[*331-42'24] 3.Z€/cwCnv“/e (1) 

. (1) . *330-6 . *331-12 . 3 h . Prop 

*334-263. VxKeFM conx . 0“*. = a»K . 3 . « e connex 
Dem. 

y . *330-52 . 3 f- : Hp . 3 . p^C*U = . 

[*331'1] 3 . 3 \p*C^*K^ r\ conx'/c : 3 h . Prop 

*334 26. V K e FM conx . 3 : /c e FM connex • = . e connex . 

= .«. = «« Cnv“K . - . C/U, = a**K [*334-21-24-25-251-2.52-253] 

*334-27. I- . connex = FM n k {s*(1**k = conxV . «=)= i‘A) 

Dem. 

y . *331 1 . 3 h : * € FM . k 4 = = conx‘/c . 3 . 8*kq e connex . 

[*334-26.(*331-02)] 3 connex 

I-. *334-23. (*33403) .Oy : k € FM connex . 3 . s'Q'V = conx‘« . =1= t‘A 

K(l).(2).3l-.Pr<.p 


( 1 ) 

( 2 ) 
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« c /’Af sr . D . i Vi e Scr 


K*33409.Dh:Hp.D.sVaGy 

K *334-14. 6 trans 

I- . *334*24 . D h ; Hp . D . e connex 
. (1) . (2) , (3) . D h , Prop 

*334-31. Vi.k^FM.1\ c * . D : « € er . = . sU. e Ser 
Dem. 

1- . *41-1 1 , D h Hp , iVg c Ser - £‘A . D : 

[•33111] 3 : *'a‘V = con.‘* 

I- . (1). *33414-26 . 3 1- : Hp(l) . D . * e/’if trs /-Jlf connex 
I- . (2) . *334-3 . *331-12 . D h . Prop 


( 1 ) 

( 2 ) 

(3) 


-i‘A 


x{RKtR)y 

( 1 ) 

( 2 ) 


*334-32. I- . FM ar C FM ap [*334-16-21 . *333*101] 

*334-4. h : fc eFM . D“k = Q**k . 3 . « w Cnv“« e FM 

Deiru 

H . *33-2-21 . D h : flp . D , D“(« w Cnv“/c) =i a“(* w Cnv“«) = a“« (1) 

I-. *330-561. D I- :.Hp.D:i^, Sc*. (2) 

h. (1). (2). *330-62. Dh. Prop 

*334-41. y-.ieeFM conx.D“* = a“*.D.*oCnv“*e/’^conx 

[*334-4. *331-11] 

<*334-42. I- : * e I** conx . D“« = a“* . D . * e /"Jf connex 

Dem. 

I- .*37-323 . 3 1- Hp . 3 : «. 3 . a‘(.R|S) = O'S: 

[*330-4] D:C»*. = a“* (1) 

H . (1) . *334-26 . D h . Prop 

*334-43. I- : * e FM conx nFMtra. D“* - Q"* .O.KeFMsr 
[*334-42 . (*334-04)] 

•334-44. \-:k€FM conx . D“* = Q"* . Z « *. . 3 . D'i = Q'l; = (7*1; =. *‘0"* 
Dem. 


I-. *37*323. Dh:Hp.i?,Se*.D.a'(i2|S)-a'S:DH. Prop 
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*334-46. h : K e FM conx . D'V = G'V . Z, i/ e O . a‘(Z \M) = s'Q'V 

[*334-44] 

*334-461. I- : Hp*334-44 . 5ePot‘Z . D . D‘iS = a‘S= = [*334-44] 

*334-46. h Hp *33444 ^ M,N € \ \ L\M n N . = . L\M ^ N 

[*334-45 .*331-45] 

* 334 - 6 . 1“ : « € FM conx n FM asym . D . G J 

Derm. 

1-. *332*46. Oh:np.R,S€K .R\S<iI.:^.R=.S, 

[(*334-05)] D . i? = 7 I' (1 ) 

I- . (1) . Transp - D h :. Hp . D ; JJ, 5 e /vg . 3 . ^ (J? 1 5 G 7) . 

[*331 -33-23] D.TIISGZi.DI-. Prop 



*336. INITIAL FAMILIES. 


Summary of #335. 


A family of vectors may or may not have a point in its field wliich is a 
starting-point but not an end-point of non-zero vectors. For example, the 
family of which a member is Z) f where XcC'H', has such a point 
in Its field, namely 0,; but the family of which a member is (+, Z) f C'J?, 
where XeC'H', has no such point in its field, and no more has the family of 
which a member is (+,X)t C‘H,. where X s G‘H'. If such a point exists, it 

IS a member of s‘a“* but not of s'D'Vp. Such a point, if it is also a con- 
necteo point, must be unique, i.e. we have 


#33612. b : kcFM , D . conx‘* w 1 

When conxV-s‘D“<^ exists, we call its only member "the initial point 
of K, putting 


#33601. initV = (‘(conx‘* - Df 

If the initial point of * exists, we call * an " initial ” family ; thus we put 
*336 02. FM init = FM n Q'init Df 


An initial family is asymmetrical (•33516) and transitive (•335-18), and 

forms a group (•33517); and if its initial point is a member of p‘C“k„ it is a 
serial family (#336*3). 


#33601. 

init‘« = t‘(conx'* - 

Df 

#33602. 

FM init = FM n G'init 

Df 

#336*11. 

b : « 6 FM . a e conx‘* - . D . 

Dem. 




1- . •41-43 . *33-4 . 3 1- : Hp . 3 

< 

II 

• 


K = 8*K*a . i*a = 


b . #331 ■23*22 . Db : Hp. = w i*a 

b . #331 1*23*22 . D b : Hp . 3 . u 

b . (1) , (2) . (3) . D b , Prop 


( 1 ) 

( 2 ) 

( 3 ) 
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*33612. : K€ FM , D . conx*< — e 0 u 1 

Devi, 

I- . *33511 . D h : Hp .a.be con\*K — s*iy**x^ , D . 6 e s^K*a . 

[*32*182] D . a e s‘«‘6 . 

[*335 11] D . a = 6 : D h . Prop 

*33613. h /c € FM . D : E ! iuit‘< . = . g ! con.'t‘jc — 

[*335*12. (*33501)] 


*33614 h : . = . ^6^3/ . 3 ! conxV-5‘D“«rt [*335 13. (*335*02)] 

*336*16. :k€ FM init . D . = i^^initV [*335*11 .(*335*01)] 

*336*16. h . FM iait C FM asym 

Dent. 

I-. *335*14. init. D: 


(3tt) : a€S*Q**K iRex.ae D^R . D/j . € Rl'/ 

H . *330*52 . : K € FM . a € , R € k r\ Cnv**K . D . a e 

. (1) . (2) . D h € FM init . D : R e k r, Cnv^* . Re R1‘/ : 

[(*334 05)] D : « e FM asym :. D I- . Prop 


*336'17. 1“ : /ce FM init . D . |“/c = « 

ff 

Dem. 


h . *33515 . D f- Hp . D : JJ, fife * . D . (gr) .Tex. = yinitV . 

[*331-24'33-32] 0 .{-^T) . T € k . R\S = T . 

[*13195] O.R\SeK 

1" • *331'22 . D h : Hp ,0.kQ s‘k \ **k 

l-.(l).(2).Dh.Prop 


( 1 ) 

( 2 ) 


( 1 ) 

( 2 ) 


*33618. (- . FM init C trs 
Dem. 

(-.*33517 . 3l-:.*f7C^init.D:iJ,Se*a.D.if|SeK 

K *334-5. *33516. 3 H :. /c c /’Af init . D : iJ.St *g . D . B | S G J 
(■ .(1). (2). *330-551 . D h -..KeFM init :.R,S e xg .0 . R\S e 
I- . (3) . *.334-13 . D 1- . Prop 


( 1 ) 

( 2 . 

(3) 


*33619. 

*33621. 

*33622 


I- :. k(FM init . D : k e FM connex . = . init‘*ep‘C“«. 

[*334-23 . (*334-03 . *335 02-01)] 

i-'.xfFM init . D . sVg t trans . (iVg)’ G J [*33518 16 . *3341 4 5] 

I- * c A’A/ init . D : »‘*g e connex . = . C“*. = (1“k . = . init‘* e p‘C“«. 

[*3.34-26. *.335-19] 
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( 1 ) 

(2) 


*336-23. \-UK€ FM inii n connex 

€ D'Z . = . iniVK ~ e G'Z 

I- . *33519 . I- :. Hp . D : init‘>c e D'Z . v . initV e Q'Z 
t- . *334-21 . D I- ; Hp . D . Z e /fg u Cnv“«g 

•- . *335-11 . D I- Hp . D : Z € /cg . D . init'/t ~ e D‘Z : 

Z € Cnv‘'/fg . D . ^ e Q'Z (3) 

K(2).(3). DI-:.Hp.D:init‘*~eD‘Z.v.imt‘*~ea‘Z 

t-.(l). (4). *517.31-. Prop 

*336 24. kcFM init n FM connex -F.SfK.Fj^S.D; 

' J*‘init‘*eD‘5. = .S'init‘*~fD‘jB 

t- . *71162 . 3 h :. Hp . 3 : r D‘S . = . init‘* 6a‘(S| /J) . 

[*3.331. *3.35-23] = . ioit‘* ~ r D<(S | ii) . 

s .5‘init'«~£D‘iJ :. 3 K Prop 
*336 26. I- ::. xe FM iuit . 3 :: s'/cgtconnex . = :. 

ii,Sf*.3;is:D‘i?CD‘S.v.D‘5CD‘iJ 
= "®./9tD“«.3.,£:aC/9.v./3Ca 

Dem. 

. *202135 . D f- :: Hp . i^g e connex . D s*k e connex 
[*211 6.*330-542] ^ . D : D‘i2 CD‘5. v , D'^CD'jR (1) 

H. *71-162.3 I- :Hp.i?‘init‘«€D‘^.D.init'«fa*(^|5) (2) 

h . *7 1162 . 3 f- : Hp . e , 3 . initV f D%R j S) ( 3 ) 

I- . (2) . (3) . 3 h Hp . i2, 5 6 « : C D'lS , v . C D‘J2 : 3 . 


t- . (4) . *330*4 . 3 h :: Hp 72. S € IV . 3«. 


init‘iveC‘(i2|5) 

D‘72CD‘5.v.D‘5CD'72:.3 


( 4 ) 


3. «Vge connex 


(5) 


3.D('*cl-+l 


[*335*22] 

l“.(l). (6). *37*63.31-. Prop 

*336*26. H !* eZ’.Af init n Z’jSf connex 
Dem. 

H . *33*43 . 3 h ! Hp . ii, 5 c « . i2'init‘* ~ e D*S . 3 . D‘72 4* D'lST (1) 

I- . #335*24 . 3 h : Hp . 7?, ,Sr € /c . 72 + 5 . /2‘initV f I)*S . 3 . S^init^K ^eD^R. 

3.D‘7? + D'5 (2) 

l-.(l).(2).3l-:Hp.7?,^e*.fif £r.D.D'i24=D'^:3l-.Prop 

*336*3. hi/ceFM, init'/c . 3 . j^Vgf Ser [*335 21*22] 



*336. THE SERIES OF VECTORS. 


Summary of *336. 

In this number we consider a relation between members of k or of at. 
which, with suitable limitations as to the nature of the family, may be 
identified with the relation of greater and less. If there is a member of k 
which takes us from a point ^ to a point y, i.e. if y{s'K^)z, we say that z is an 

earlier point than y \ thus we regard as the relation of later to earlier. 

If now M and N are two members of /t,, and if, for some x, M*x is later than 
we shall say that M is “ greater ” than N with respect to k. This 
relation we denote by F,, where “ V" is intended to suggest that the relation 
holds between vectors. The definition is : 

*336 01. F, = M [M, Nefc,: {•^x ) . (M^x) (N^x)} Df 

For the same relation when confined to members of k, we use the notation 
; thus we put 

*336011. C7,= F,C« Df 

In dealing with F» and it is desirable to be able to express M^x as a 
function of M. We wish to consider (say) a fixed origin a, and the various 
points R*a, ^ST'a, ... to which the various vectors which are members of k 
carry us from a. For this purpose we put 

R^a = AaRy 

where “.4" stands for “argument,” and Aa*R'' maybe read “the value, 
for the argument a, of R," The definition is 

Aa=^R{xRa) Df, 

whence we obtain 

*336101, h :E! = 

Then the points R^a,S*a, T^a, . where RyS^T, are the various members 

of K, form the class Aa^K, which is thus the same class as s*K^a. The relation 
-dot'* correlates the point R^a with the vector 72. The vector 72 is analogous 
to the coordinate of R*a when a is the origin ; thus Aa\ k is analogous to 
the relation of a point to its coordinate. A relation which is more exactly 
that of a point to its coordinate will be explained in Section C, where, in 
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addition to the above conelator C*, we shall also correlate a vector with 
its numerical measure in terms of an assigned unit. 

If is a connected family, and a is any point of its field, Aa[ic, is a one- 

one relation (*336'2). If « is an initial family, and a is its initial point, 

IS a correlator of s'G'V and * (*336-21), so that in an initial family 

the class of vectors is similar to the field (*336-22). If * is a connected 

family, and a is any point of the field, and X is those members L of x. for 

which L‘a exists, then Cx correlates the field with X, so that \ is similar 
to the field (*336-24). 


By the definition of Aa, \f M and M*a exists, we have 

M‘a = Aa‘M=Aa\K,‘M. 

Hence by the definition of V,, 

f:MV.N. = . (ga) . (^, [■ x.'Af) ) (A^ f x.‘N) . 

= • 1 ^a’s‘Kj)N, by *150-41. 

Similarly b : Pff.Q. = ..(ga). P(*1 A„is‘Ks)Q. 

Now in a connected family, if a and b are any two members of the field, and 

(P‘a) (sV^) (Q'a) . = . (P‘h) (sVj) (Q‘b) (*336-38) ; 
k‘\A = /f *1 

= (#336-43). 

Since k‘] A^ is one-one (by #336'2), the above gives an ordinal correlation of 

with (s‘«^) ^ Aa‘^x (#336*461), i.e. is ordinally similar to with its 

field confined to those points which can be reached from a by vectors which 

are members of *. If k is an initial family, it follows that is similar to 

s*K-„ (#336-44) ; if not, is in general only similar to a segment of s*ie^ (in 
the sense of #213). 

It should be observed that AaX is the member of K^ which takes us 

from a to ar, and * "j A^x (if it exists) is the member of k which takes us from 

a to X. Thus K 1 Aa^sUif is the series of vectors which take us from a to all 
the various points which can be reached from a by members of k, the order 
of the series being that of the points to which the various vectors take us 
from a. 




hence 


and hence 


If is a connected family, Ug is the relation which holds between two 
members of k when one of them is the relative product of the other and a 
third (other than the zero vector), i.e. 

#336-41. t-:«eWconx.D. tr, = 7"Q(/>.Qf«:(ar). T€k^^,P = T\Q\ 
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This is for many purposes the most convenient formula for i/*. If, in 
addition, we have a similar formula holds for V^, i.e. 

#336 54. H : « €.f*Mconx . D“« = . D . 

V,^M[M,N€Kr.i'RT).T€K-^,M=T\N\ 

If K€ FM conx, V, is contained in diversity (★336'6); if k is also transitive, 
V, is transitive (336'Cl ) ; and if k has connexity, so has K, (#33G‘62). Hence 
if « is a serial family, K, and 17* are serial (#336'63'64). 

In addition to the above-mentioned propositions, the following propo- 
sitions in this number are important : 

#336'411. K € F^f conx . s^fc C K : PU^Q . R e fc . D . (P R)U^{Q R) 

9f 

#336-511. h:.«eJ^.)/sr.(/€NCind-(‘O.D:7W,.S. = .72^t7,S^ 

#336-53. h /c e conx , M, Ne : MV^N . = . NV^M 

'rhe present number is important, since ami 6^ are the general 
relations from which greater and less among magnitudes are derived, and 
the subject of magnitude is therefore intimately dependent upon them. 


#33601. = Mif [M,N € K^i {’^x) . (M‘.T){s*fc^)(N^x)\ Df 

#336-011. U^=V,Ih: Df 

#33602. Aa = ^R{a:Ra) Df 

*3361. : a: A aR.~, xRa [(*336*02)] 

#336101. h : E ! i2‘a . D . i2‘a = Aa^R [#336*1] 

#336*11. h : x{Aa [ k) J? . = . Re K . xRa [*336*1] 

#336*12. h . s^K^a = = D‘(^a [ k) 

Dem. 

h . #41'11 . D h , = a! [(gTi) . 72 e « , a:72al 

[*336-1 ] = 5 [(a72) ,ReK,xAaR],:>\-, Prop 

#336*13. l-.D*-d„r«Cs‘D‘V 

Dem. 


h . #336 1 2 . #33*15 . D h . D‘^„ [ k C D^s^k . D h . Prop 

*336-14. h : « Cl -> Cis . D . r c 1 -# Cls 
Devi. 

h . *336*11 OhiiT (.4 72. y(i4rtf'/c) 72. D.72 6/C. a’72(( . yRu 

1-.(1).*7117. Dh:Hp.Hp(I).D.a; = y 
h. (2). #71*17. Dh. Prop 


( 1 ) 

( 2 ) 
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*33615. h : /f C cr‘a . a e a . D . (l*(Aa \'k) = k 
Dem. 

f- . *33611 . D I- : e a‘(^„ p *) . = . (ga;) . j 

i" • ( 1 ) . (*330 01) . D h . Prop 

*33616. 

Deni. 

f-. *331 1, *336 12. D 

F : a 6 conxV . = . a € 
f* . (1) . #37'22 . D l- . Prop 


( 1 ) 


t- : a 6 conx V . = . a 6 s‘a“* . A^“(k w Cnv“*) = «‘a“* 


■4a“* u il„“Cnv“* = «‘a“, 


( 1 ) 


*336 17. conx r^FMt^s-l .P = sVj . D . .4,“* = ^<a 




f- . *3341418 . D h : Hp . D . = P‘a w /p/Q'Vo 


[*331 •22-23] 

=^a“*:3l-.Prop 

*336'2. h ; * e FM conx . a e s‘a“* . D . p *, e 1 -♦ 1 

Dem, 

y . *33614 . D h : Hp . D . Aa [ c 1 — >Cls 

K *336 1 1 . D I- : Hp . a: (.4„ p «,) /, . X p *,) A/ . D . i, e . a:Za . a:Jlfa . 




l“:/ce W.a = initV.D.^„|'^€(5<a»*)8m« 


-^1 


(1) 

( 2 ) 

(3) 


[*331-42] 

l-.(l).(2).Dl-.Prop 

*336-21. 

Dem. 

I-. *336-2. 3 !■ •• Hp . D. p*t 1 

h . *335-15 . *336-12 . D h : Hp . D . DM. p * 

K*.336 15. 3l-:Hp.D.aM„p* 

H.(l).(2).(3).DI-.Prop 

*336-22. H : *€ fil/init . D . (i‘a“*)8m * [*336-21] 

*336 23. f- : * e fA/ conx . a f s‘a“* . X = *. n 2 (a e H'Z) . 3 . 

h. *.336-2. Dl-:Hp.D./l„pXf 1-+1 ([) 

h . *336-1 1 . D h : Hp . D . D‘(i4a P X) = i ((gZ) .DeX.sDaj 

[Hp] 

[*331-4] 

H. *336-11. Dl-:Hp.D.( 

[Hp] 

l-.(l).(2).(3).DKProp 


( 2 ) 


= 5 K^D ) , Lsk^. ( sLa] 



(2) 

= L ((ga:) .L€\, xLa] 


= \ 

(3) 
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*336 24. h : Hp*336-23 . D . (s*a‘V) sm \ [*336 23] 

*336*25. f- : K 6 FM conx .a, he . \ = «, a i (a e Q‘Z) . 

fjL — K^r\M{be d^M ) . D . Xsm /A [*336 24] 

*336*26. \r : Ke FM . a e conxV . X = « u Cnv“.R {R eK .ae D^ii) , D . 

Aa[\€ (s‘a* V) sm X [*336-23 . *331-48] 

*336-3. 1- « C 1 -+ Cls . D : jR (a: 1 AJP) S,= ,R.S€k. (R^a) P {S‘a) 

Dem. 

h . *1.50-11 . D h : fl{/c *1 Aa*P) *S . = . (3^,y) • R,S€ k . xAaR • l/AaS , xPy . 
[*336*1] = , (gj:, y) . R,S e k ^ xRa .ySa . xPy (1) 

h.(l).*7l36.Dh.Prop 

*336*31. h : xeFM conx . a €S*(1 ^*k , D . D‘(«'| Aa^s^x^) 

Dem. 

I- . *336 3 . D 

l“:.Hp.D:i2€D‘(«1.^aJs'/c5). = .(aS,7’).i2.5€«. (1) 

H . *331*22 . D h : Hp ,R€Kq.'^.R€kq,I\‘ s*d‘*K e k . R^a =■ R^{I p s'G“/c)‘a . 

[(!)] D . i2 6 D‘(« ■] Aa^s^K ^) : D h . Prop 

*336*311. h : KeFM conx - 1 . aes'd^^K . D . /|'s‘Q“/c eQ'(« '| 

Dem. 

H . *336*3 . D 

[*331 *22] D : / r e a‘(A: 1 . = . (gi?. T) , Re k,T e Pa . 

[*330*52] =.3!-^a (1) 

(1). *33418. Dh, Prop 

*336-312. V \ KeFM conx — \ ,C\K‘\Aa*s'K^) = K [*336*31*311] 

*336*313. h : k e FM conx n Z^J/asym . aes^d'^K . D . D'(« *] 

Dem. 

H. *336*3 0 

»• :. Hp . D : / [• s'Q"* € D‘(* 1 .iJsVg) . = . (gS. T) . S € * . T e «g . n = rS'a (1 ) 

t- . (1) . ♦:m-5 . Dh:Hp.D./rs‘a“*~eD‘(/c'lI„:»‘*j) (2) 

I- • (2) . *336 31 . D [- . Prop 
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*336’32. I- : FM . </ e con.xV . A. = « n e D'/^) . D . 

C*{{k u Cnv“/e) 1 Aa^sU^} = « w Cov“\ 

Dem, 

h . #336' 16 , ^1^334’ 18 . D h : Hp . D , u Cnv**«) ^ • 

[*150-23] D . C^{{k w Cnv'V) 1 AJs^k^] = J)\k u Cnv'V) 1 Aa 

[*336 15 11] ^k\jH Kga:) . E e Cnv“>c . xRa\ 

[^P] =K\j Cnv“\ Oh. Prop 

*336-34. y \ k^FM .a = iiiit‘« . D . (* 1 
Dem. 

"h . *336 21 O h : Hp O . < "j A^^ e 1 — > 1 , Q'* "j A^ — Oh, Prop 

#336-35. htKeFM.ae conxV O . {(« w Cnv* V) ] smor {s*kq) 

[*336-2 16] 


*336-361. h : K e conx . a e . D . (« ] A^^s^k^) smor I Aa**K 
Dem. 

h. #336-2. D h : Hp , D . /c] i4a€ 1 — ► 1 (1) 

h . *150-37 . D I- : Hp . D . « 1 AJs‘Kg = A,Hs‘k^) t /!»“* (2) 

h , (1) . (2) , D h . Prop 


*336 36. h :. /c € Fi\fcon\ . L^Me K^.a,b€ (1*L n (1*M. Tck 

Va = 'DM^a , = .L*h = T*M*h : Oa = T^M^a .~.L*h = T^M^h 

Dem. 


h .*13-12. D h Hp . .a = A^‘6. D : Z;<a= 

[#330-63] = , N'lAb = N^rM*b, 

[*71-56] =,L*b = T‘M‘h (1) 

h . (1) . *331-4 . D h ;. Hp . D : L'a = DM*a . = . Z‘6 = T*M*b (2) 

h . *71-362 . D h :. Hp O : Z‘a = T*M*a . = . M^a^T^Da . 



M,L 

L,M 


[*71-362] 

h , (2) . (3) . D h . Prop 


= .M^b = T^L*b . 

= .L*b=rM*b (3) 


*336-37. h :. <€ /’Af conx . Z,.W« jt. . a,6eQ‘Z A Q'.^/ . D : 

(X'a) {k*K^) (M*a ) . = . (L^b) (i^g) (M*b) 

Dem. 

h . *336-36 . 3 

h:.Hp. D:(ar).rf«^.X‘« = 7’‘3/*a. = .(a7’).r««5.X'5=.7'il/‘5:.Dh.Prop 

9 



SECTION B] 


THE SERIES OF VFCTORS 


3.99 


*336'371. h e FM conx . L. M e «■,.(/€ CT*/. r» iV M . D ; 

L\\M [*336-o7 .(*33601)] 

*336*38. tc € FM corxyL . P,Q € K . a,b€ . D : 

(P‘a)(s‘K-„){Q‘a) . = . {P‘b)(i‘K-^)(Q‘b) [*336'37 . *331 24] 


*336-4, b ■. K e FM conx .aes‘(l“K .:i . U. = pQ\P,Qe K .(P‘a)(s‘K-^)(Q‘a)] 

Dem. 

I- . *336*38 , D 

I- Hp. D •■bes‘a>‘ic .(P‘b){s‘K^)(Q‘b) . = .b esHV'K .(P‘a)(s‘K^){Q‘a): 
[*1011-281.Hp] D : (gi) . b e s‘a“/c .(P‘l>)(.i‘ ■ = ■ (P'oXP^rHQ'a) d) 

H .(1). (*336-011). DH. Prop 

*336-41. I- : K f FJl/conx .0. U, = PQ \P,Q e x : (gT ’) . T ( k^,. P = T \Q\ 
Dem. 

1-.*41-11.DI- :Hp.aes‘n“*.P, QeAr.7’6K5.P = 7’|§.D.(i'‘o)(s‘«c^)((^‘a) ( 1 ) 

l-.*41-ll.DI-:Hp.af4‘a“/r.(P‘u)(s‘*5)(Q‘a).D.(gr).2’f/c5.7^‘a=r‘Q‘a . 

[*331-32-33-24] ^.(gr). fe «= . P = ri Q (2) 

f- ■ (1) . (2) . *3.36-4 . D t- . Prop 

*336-411. t-:.*ePJl/conx.s‘Kj^‘VCK. D: Pf/.Q . P r * . D . (P| P) UJQ\R) 

[*336-41] 

*336-412. I- : Hp *336-41 1 . P, Q. P e * . (P | P) P. (Q | P) . D . P(7.Q 
Dem. 

I-. *336-41 .31-: Hp . 3 . (gP) . Pr . p| = y | g | ^ _ 

[*330-5] 3-(a?’)-^f*a--R|-B|-P = ^|P|P|0 

[*330-31] 3.(a2’).P.*a.p = p|g. 

[*336-41] D.PP.Q:31-.Prop 

*336-413. H :. Hp*336-411 . P. Q, P e « . 3 : PV.Q . = .{P\R)UAQ\R) 

[*336-411-412] ' I ; 

.aep‘D“x.:>.V. = LM [L,M e x..(L‘a)(i‘x,)(M‘a)\ 

I- . *330-54 . 3 1- :. Hp . P, Jlf e . D : a c Q'P n Q'Jl/ : 

m”.Z6o.,..kp„p ^ 

*336*43. ViKtFM conx . a e , D . CT. = ^ 1 

Dem. ^ ^ 


h. *336-4-101. 3 l-:Hp. 3. P. 

[*35-7] 

[*150-41.*336-2] 


A A. 


PQ\P,QeK. (a„>P) (iVs) {Aa‘Q)] 

PQ Mar^'-PXiVjXa^r^-g)] 

Sh^ 

K‘\Aj8Uf ^ : D I- . Prop 
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*336-44. FM init . D . smor 

Dem. 

^ .*336-41 . Df- : • a^in\t*K = 

H . *336'21 . D h : Hp . a = initV . D . * 1 f 1 -♦ 1 . a‘(* 1 A,) = *‘0“* 
h. (1). (2). *33419. Dh. Prop 


( 1 ) 

( 2 ) 


*336-46. I- ; * f FM . a e conx‘* . X = « n .R (a e D‘iJ) . 3 . 

C (* u Cnv»X) = (« u Cnv“*) 1 4 a ’«‘*3 

Dem. 

h, *41-11 . (*33601). D 

[^«t(^^Cnv“\)JQ. = :P, Qf /cu Cnv“\:(aa:, T),T e P*x=T*Q*x (1) 

K (1). *336-36.3 I- :;Hp.D:. 

P\V,l(K^J Cnv“X)l Q, = :P,Q€Kyj Cnv“X : (gT) .T€kq, P^a = T*Q*a : 
(*14-21. Hp] =:P,Q€k^ Cnv“^ : (gY’) , T€Kg.P*a = PQ*a: 

^ ] ='-P,Q€k\j Cnv“/c . (P*a) (Pk^) (Q‘a) : 

[*336-3] =:P{(Kyj Cnv“*) ] Aa^s^K^} Q :: 3 h . Prop 

*336-46. h : Hp *336-45. 3 . V4(«uCDv“X)smor(sVg) [*336-45-216] 

*336-461. h : k€FM conx . a €S*G*^k. 3 . f/« smor ^ 

[*336-351-43] 


*336-462. \-:k tFM conx nFMtrs, a € «'a“/c . P = . 3 . t?, smor (i^t P#‘a) 

[*336-46 1 -17. *3341 7] 

*336-47. hiKcFM conx . 3 . C [*336-31-43] 

*336-471. h : /c € FM conx - 1 . 3 . le = [*336-312-43] 

*336-472. h : « € conx n .f'if asym . 3 . jcg = [*336-313-43] 

*336-61. h :. « e /’3/sr . R,S€ k , v e NC ind - f‘ 0 . 3 : 

(i 2 ‘a) (Pkq) {8*a ) . = . (i 2 "a) (.Sf^'a) 

Dem. 

h . *333-42 . *334-32 . *330-57 . *331-42 . D 

I- :. Hp . D : r e *j . R‘o = T‘S‘a . D . R-‘a = T-'S^o . 

[*334-131] D . (R’<o) (i‘* 3 ) (S-o) (1) 

h . (1) . *41-11 . D I- :. Hp . D : (R‘a){i‘K-„)(S‘a) . D . (R-'o) (i"‘a) (2) 

t-.(2)^. 31-:. Hp.D:(S‘a)(i‘*a)(R‘o).D.(S"a)(«‘*j)(R"o) (3) 

h. *331-42. DI-:.Hp.D:R‘o = S‘o.D.R'-‘a = S'‘a (4) 

h . (3) . (4) . *334-3 . 3 

h :. Hp . 3 : ~ [(R‘a) (iVj) (S‘a)| . 3 . ~ ((R'‘o) (*‘* 5 ) (S'‘a)] ( 6 ) 

1“ . (2) . (5) . 3 h . Prop 
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*336-611. ^ i^kcFM 8 T .ve'S^Cind- 1^0 [*336-51-4] 

*336-62. h kcFMcoux ,Q,R,S,T€k . x€a‘(Q|ie) a a*(5|T). D : 

(Q I iJ) r. (S I T) . = . (S‘R‘X) (iVa) (Q‘T‘x) 


Dem. 

H. *336-371 O 


h : . Hp . D : (g I iJ) r. (S I 7) . = . (gP) . P e Kj . = P'S'T'a; 

H . *330-56 .Dl-:.Hp.Pe«j.D: Q‘R‘x = P‘S‘T‘x . = . Q‘R‘x = S‘ P‘T‘x . 


( 1 ) 


[*71-362] 

[*330-54-56] 

[*71-362.*330-5-] 

t- . (1) . (21 . D h Hp . D: (Q I P) V.(S \T).= 
[*41-11] = 


= .R‘x = Q‘S‘P‘T‘x. 

= .R‘x = S‘Q‘P‘Px. 

= .S‘R‘x = P>Q‘T‘x (2) 
. (gP) . P 6 *8 . S‘R‘x = P‘Q‘rx . 

.(S‘P<*)(s'*3)(g‘P*):.D h.Prop 


*336-63. h * eP^conx . M,N e : MV.N. = . RV.M 
Bern. 

H . *330*5-54 . D 

t- : Hp. Q,lt.S,T(ic.M=Q\R.N=S\T.ais‘a‘‘K.x = Q‘R‘S‘T‘a.'^. 

^lM‘x.'E\N‘x.'E.\M‘x.R\N‘x ( 1 ) 

K (1) . *336-52 . D I- Hp (1) . D : MV.N . = . (8‘R‘x) (sVj) (Q‘T‘x) . 

=-(R‘S‘x)(Pk^)(VQ‘x). 

[*336-52] =.(P|S)r.(P|g). 

= . NV.M (0^ 

P. (2). *331-12. Dh. Prop 

*336*64. h : K e FM coxitl . = Q**k . D . 

P. *334-46. Dh:.Hp.ilf,Pe«..D: 

. T e . M‘x=T‘N‘x . = .(•^T) . T € K-„ . M = T\N ( 1 ) 

^ ■ (1) ■ (*336-01 ) . D 1“ , Prop 

*336'6. H : « e FM codx . D . P* G / 

Dem. 

V . *331-23 . D h Hp . D : MV.N . (g*) . M‘x^N‘x D h . Prop 

E! ^plained in *14. -M‘x^N‘x'' implies 

^\Ux.'E..Nx. From " (gx) . ~ (M‘x = N‘x) " we cannot infer 
R. ic w. in. 


402 


QUANTITY 


[PABT VI 


*336'61. I- : * 6 FM conx tre . D . F, e trs 

Dem. 

I- . *330-612 . D h : Hp . i, Ttf, 6 . D . a ! Q'i A a‘Mna‘N (1) 

I- . *336 371 . D h : Hp . i F.A7 . MV,N . a e Q'/i n a‘M « a‘JV . D . 

(L‘a) (sVj) (M‘a) . (M‘a){s‘Kg) (N‘a ) . 
D.(i‘a)(s‘«a)(iV‘a). 

[(*336 01)] O.LV.N (2) 

h.]! . (2) . D h . Prop 

*336-62. H : « e FM connex . 3 . K, 6 connex 

Dem. 


l■.*330-61 .DhiHp.i.A/f*,. D.aia'inQ'A/ 

1- . *334 24 . 3 h Hp . i, A/ e A, . a 6 a'l n Q'A/ . 3 : 

L‘a = A/‘a . V . (L‘a) (sV^) (A/‘a) 
[*331-42.(*336-01)] 0-.L=M.w. LV.M.y/ . MV.L 
h .(1). (2) . 3 I- . Prop 

* 336 - 63 . I- : * € FA/ sr . 3 . F. « Ser [*336-6-61-62] 


(1) 


{M‘a) (s%) (L'a ) : 

( 2 ) 


*336 64. h : /t € FM sr . 3 . //, e Ser [*336-63] 



*337. MULTIPLES AND SUB-MULTIPLES OF VECTORS. 


Summary of *337. 

In this number, we are concerned with the axiom of Archimedes and the 
axiom of divisibility. If /c is a family of vectors, /c obeys the axiom of 
Archimedes if. given any two points x, a in the field of and any vector 
K which is a member of at, there is some power R'- of R such that R^*a is 
ater than x. That is, /t obeys the axiom of Archimedes if, starting from 

t number of repetitions of any 
pven vector will take us beyond any other assigned point. A sufficient 

hypothesis for this is that ac should be serial and Cnv‘s‘«g should be semi- 
Uedekmdian (cf. *214), i.e. we have 


*337 13. V i,k€FM sr. P = . Pc semi Ded . P c -eg . a e C‘P . D ; 

xeC‘P . 3 , (gi/) , i/eNCind - ,xP(P‘'*a) 

The hypothesis which appears in the above proposition, is often 

Dotetionally convenient. It will be observed that gives us the series 

^ • hence the intro- 

duction cf the above relation P tends to avoid confusions. 

A family « is said to obey the axiom of divisibility when given any 

ri” f 1 '• ".■* r « O'™ i- 

r. h H J j“ “ O'* •.»■« hoU., ,e.„, 

^n be dmded into any assigned finite number of equal parts. We .shall in 
ntbT define a family for which this holL as a ■■ sub-multi- 

^ fi d n th - - eoncemed 

h hypothesis as to sVg from which this property can be deduced 

The hypothesis in question is that Cnv‘s>*- is serial cLn«.r . 

Dedekindian ; i.e. we have " ’ 


*337-27. \-i.K,FMsT. Cnv-eVg e comp n semi Ded . D : 

Sc*->'cNCind-£-0.3.(aA)./,e*.S = Z,. 

earr proMcds by taking two points a, « in the field of * of which a is 

earlier than «. and considering the class 


\ = 


-^3 A P ((P'-'a) Px), 
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i.e. the class of vectors such that v repetitions of them, starting from a, do 
not take us as far as a;. It is easy to show that, when P is compact, this 
class has no maximum (*337’23). and therefore, when P is also semi-Dede- 
kindian, has a limit, whose i/th power is the vector which takes us from a to 
a: (*337'26). Hence our result follows. 


*3371. h : /c e PJ/ . P = . P . a e C‘P . D . C P»P*‘a 

Dem. 

h. *90-16. *41141 .Dh : Hp . . y = P'a: . D . y f . irPy . 

[*37 1] 3 . a: € P**R^*a Oh, Prop 


*33711. h : « e FM connex asy m , P = ,R€K^,ae (7‘P . D .seq^'Pi^'a = A 
Dem. 

h . *206*15 . D h : Hp . 3 = p‘P“P#‘a - P'yP»^'a (1) 

h . *330*542 . *40*61 . D h : Hp . O . x e D‘P . 

[Hp] D . (gc) . X = P‘c . cPx (2) 

h. *90*172. Dh;ce VaO.P'ceVa (3) 

h . (3) . Transp . *200*5 . *334*5 O h : Hp (2) . a; = R*c , D ..c 'v, c (4) 

• *37*1 . D h : c e P“Va . 3 . (gi) . h e Va . cPb (5) 

h . (5) . *208*2 O h : Hp . c € P“ . a: - P'c O . (g6) . 6 e . xP (P'5) . 


[*90*172] 

h . (6) . Transp . *200 53 , 


:>,X€P**RJa 


D h : Hp (2) . a: = P'c . D . c ^ e P**R^*a 


h . (4) . (7) . *202*502 . *334*24 . D h 


h.(2).(8). 

h.(l).(9)Oh.Prop 


Dh 


Hp(2) ,x = R*c . ? . c €jj‘P“pKf‘a 

Hp(2).D.fl:fP"p'P"^'a 


( 6 ) 

0 ) 

( 8 ) 

( 9 ) 


*337*12. VxKiFM sr.P = . Pcsemi Ded ,P e <9 •a€C*P,'^,P*^R^*a—C*P 

Dem. 


h . *337*1 . D h : Hp O . ~ a I mai/P^'a . 

[*205*7] D . a * niaxp'P“P)||'a 

h . (1) . *206*33 . *337*11 O h : Hp . D . ~a * fleqp'P"P#'a 
h. (1). (2). *214*7. Dh. Prop 


( 1 ) 

( 2 ) 


*337*13. h :. « € FM sr , P = . P ^semi Ded . P e # 9 . a e C'P . 3 : 

a: e C'P O . (av) . I' « NC ind - I'O , xP(Rr*a) [♦337*12 . *301*26] 
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^ • K € ST t P = Pxq , P € semi Ded . D , C7, e semi Ded 

[*336 462 . *214-74-75] 

*3372. t- : KeFMconj. . LU.R . R + 7 [s'a*'* .^.Ln.(R\L) 
Dem. 

I- . *336-41 . D I- : Hp . D . (gT ) . L, R s k .T ^ k^. L = T\R . 
[*330-31] ^■(’iT).TsK^.R\L = T.L^T\R. 

[*13-195] ':>-R\Ltk^.L=(R\L)\R. 

[*330-5.*336-41] D . 7 O'. (.R i 7) : D I- . Prop 


*33721, 

Dem. 


H : K gFM codx rt FM trs . . i/eNC ind - i‘0- t‘l . D . R*'U^R 


h . *334162 . *301 23 O h : Hp . D . iE- = iJ-.i | R 
F . *334131 . ^ H : Hp . D . 72, iE-, e kq 

l“.(l) . (2). *336-41 . Dh.Prop 


( 1 ) 

( 2 ) 


*337-22. I- : * 6 Rif sr . P = « Vj . p ^ comp .aPx. petiC ind - 1 ‘ 0 . 3 . 

n (a72).i2e« ,{R''^a)Px 

Dem. 

f- . *270-11 . D I- : Hp . 3 . (gy) . aPy . yPx . 

^•(.•AR.y)-R('c^.y = R‘a.(R‘a)Px ( 1 ) 


( 2 ) 


3 *■ : Hp . P € . (R-‘a) P® . D . (gS) .Sex^. (S‘R‘‘a)Px 

K *336-64 . D Hp (2) . Se *5 . (S<P-‘a) Px . 3 : P = R . V . PP.S. V .SP.P : 

[*336-611-4] ^:P = S.v.(P'-^.■<a)P(S‘P'<a).v.(S^+.l<a)P(S‘7^‘a) (3) 

>■ • (2) . (3) . *334-3 . 3 i- : Hp (2) . D . (gS) . S c Kg . +. »„) pj. 

I" ■ (1 ) . (4) , Induct . D h . Prop 

*337-23. h : Hp *337 22 . \ = kj « P ((P^'a) Px) . D . X = P.“x 

Dem. 

H .*336-511 . D 1- : Hp . P c X . SU.R . D . (S-‘a) P (R^‘a) . (P-<a) Px . 

[*334-3. Hp] 3.5^^ 

H . *337-22 . 3 t- : Hp . P e X . D . (gp) . p e Kg . (S-'R'^a) Px . 
[*330-57-5.*334-13] 3 . (gP) . P | p « Kg . ((P | P)'<aJ . 

3 • (aS) . P I Pe *g . ((P I P).-„l Px . P C7.(P I P) . 
O.ReU.“\ ,2) 

- (1) . (2) . D h , Prop 


( 1 ) 
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* 337 - 24 . I- : Hp *337-23 . Z = tl {U.Y\ . D . ~ \(L-‘a) Px\ 

Dem. 

K*206-2.DI-:Hp.D.Z~eX. 

[fJp] 3 • ~ {(Z'-'a) Pa:) : D h . Prop 

* 337 - 241 . [- : Hp *337-24 . D . ~ la:P(Z-‘o)j 
Dem. 

H . *337-2-23 .D[-:Hp.P6X.D.P|Z€\. 


[*332-5.3-241 .*,3.34-1 31] 

3 . P ; Z 6 X . (P i Z)- = P' 1 Z' . 


[Hp] 

3 . (R’‘L‘'a) Px . 


[*71-362.*41-11] 

3.(Z'-‘u)P(P-‘x) 

(1) 

h. *.337-23. 3P:Hp.P6«^ 

-X.3.~(ZP.P]. 


[*3,36-511] 

3 . ~ |(P'<a) P (Z-‘a)) . 


[*, 330-5. Hp.*.3.-t4- 14] 

3.~|(P'‘x)P(Z'‘a)! 

(2) 


K(l) . (2) . D I- : Hp. D .~(aP). P €*j.(P‘-‘j)P(Z'‘u) . 
[*337-22.Tran3p] D . ~ |a:P (Z-‘a)| : D h . Prop 

*337 26. I- : Hp *337-24 . D . Z- = *1^4 „‘a: 

Devi. 

h . *337-24-241 . D t- : Hp . D . L'‘a = x : D I- . Prop 

*337-26. h : Hp *337 23 . P e semi Ded . 3 . (tl ( t7.)‘xl- = * 1 A,‘x 
Dem. 

t- . *337-21 . 3 h :. Hp . 3 : P 6 X . 3« . (P‘o) Px : 

[*3364] 3:*‘|.4,‘xep‘fZ'‘X (1) 

h . (1) . *3.37-23-14 . 3 h : Hp . 3 . E 1 tl (JZ)‘X (2) 

t- . (2) . *337-25 . 3 h . Prop 

*337 27. h * e FM sr . Ciiv‘s‘*j e comp n semi Ded . 3 : 

5 e * . 1 / e NC ind - 1‘0 . 3 . (gZ) .LeK.S=L- [*337-26] 
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Sumviary of Section C. 

In this Section, the “pure” theory of ratios and real numbers developed 
m Section A is applied to vector-families. A vector-family, if it has suitable 
properties, may be regarded as a kind of magnitude. In order to derive from 
the pure theory of ratio a theory of measurement having the properties 
which we should expect, it is necessary to confine ourselves to some one 
^ctor-family; that is, instead of considering the general relation X, where 

is a ratio^ we consider the relation X ^ k, where k is the vector-faniily in 
question; or sometimes we consider X I k„ or sometimes AT P (/c u Cnv“*). 

Concerning ratios with their fields thus limited, which are what we may 
ca 1 applied ratios, we have to prove various propositions. 

(1) No two members of a family must have two different ratios. This 
IS proved, for an open and connected family, in ★350'44. 

(2) All ratios except 0, and oo, must be one-one relations when limited 
to a single family. This is proved, for an open and connected family, in 
*360-5; with the same hypothesis. 0, is one-many (*350-51). 

(3) The relative product of two applied ratios ought to be equal to the 
anthmetical product of the corresponding pure ratios with its field limited, 
i-e. if X, Y are ratios, we ought to have 

XIk I YIk=:{X X, Y)Ik 

That 18 to say, two-thirds of half a pound of cheese ought to be (2/3 x, 1/2) 

of a pound of cheese; and similarly in any other case. For any open connected 
family, we have (*350-6) 

^t'c:\YtK^(l(Xx,Y)tK^, 

^ it is necessary 

(•361 31) that « should be “ submultipliable," i.e. that if R is any member 

f «, and any inductive cardinal other than zero, there should be a member 


f , — wc a iijcKiiuer 

^ “ denoted by 

r^Afsubm, and considered in *351. ^ 


U 
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to ha!e ^ ^ ^ member of the family «, we ought 


(XtK^T)\(Y\;K^T) = (X-\-, Y)t,% 

that is, two-thirds of a pound of cheese together with half a pound of cheese 
ought to be (2/3 -I-, 1/2) of a pound of cheese, and similarly in any other 
instance. This property is shown, in *351-43, to hold for any open connected 
submultiphable family in which all powers of members are members. In any 
open connected family, if R, S, Tck, we have 

RXT .SYT,:>.{R:S){X +. Y) T (*350-62). 

The remainder of the hypothesis of *351-43 is required in order to prove 
(a) that XIk*T, YIk^T and (-Sr+, F) exist, (5) that 

which ]8 the R\S of *350-62. is a member of k. As applied to iv., we have 

to take the representative (cf. *332) of the relative product; iiL^K we have 
(*351-42) 

rep/ f( A t \(Yl */A)| = (X +. Y) ^ kJL. 

provided k is open and connected and submultipliable. 

The fact that the above propositions can be proved for suitable vector- 

families constitutes the reason for studying such families, as we did in 

Section B. The proof of the above propositions, together with other 

elementary properties of applied ratios, occupies the first two numbers of 
this Section. 


We proceed next (*352) to consider all the rational multiples of a given 
vector in a given family, ie. all the members of a given family ic which have, 
to a given vector T, a ratio which is a member of C*H\ or, alternatively, all 
the members of which have to T a ratio which is a member of C*Hg. It 
will be observed that, in virtue of *307, if R and S have a ratio X which is 

w 

a member of C*H', R and S have the corresponding negative ratio AjCnv. 
The members of k which have to 7* a ratio which is a member of C*H' are 
those vectors R for which we have 

{:^X),X€G*H\RXZ 

i.e. using the notation of *336, those for which we have 

('^X).X€C*H\RAtX. 

Thus they constitute the class 

KfsAY^C^H', 

Assuming that Te/c, the vector which has the ratio AT to T is k^Aj>*X. 
This is the vector whose measure is X when Tis the unit. Yhm k^Ax\C*H' 
is the correlator of a vector with its measure. It is easy to prove (*352*12) 
that Af \ C*H' is one-one. 
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We can arrange the vectors which are rational multiples of T’ in a series 
by correlation with their measures, putting vectors with smaller measures 
before those with larger measures. The ordering relation is T,, where 

T, = K^Ar'^H' Df. 

Similarly the members of k, which are positive or negative rational multiples 
of T may be ordered by the relation where 

= Df. 

We prove that change of units makes no difference to T,, i.e. if S is any 
member of k which is a rational multiple of T, then 5,= T, (#352*45). The 
corresponding proposition holds for T,. if S has a positive ratio to T, but if 5 

has a negative ratio, ^..= 7.. (#352-56*57). 

If /c is a serial family. T, is the converse of U, (cf. *336) with its field 
limited to rational multiples of T (*352*72). This proposition connects the 
generalized form of greater and less represented by with the form of 
greater and less derived from greater and less among the measures of vectors, 
since it shows that, in a serial family, the vectors which have greater measures 

come later in the series and those with smaller measures come earlier. 

We next proceed (*353) to consider “rational” families. These are 

families in which every member is a rational multiple of some one unit T, 
i.e. in which 

(•aT).T€k^.kCAt^^C^H'. 

It IS obvious that, given any family, the rational multiples of one of its 
members constitute a rational sub-family; In a rational family, rationals 
are sufficient for measurement, and irrationals are not required. If the 
family has connexity, it will be serial; in fact, if T is one of its vectors and 
a IS a member of its field, we have (cf. *353*32*33) 

= « 1 At>H' , 1 Ar^H\ 

Thus both U, and sVg are ordinally similar to If « is sub- 

multipliable, is ordinally similar to H' (*353*44). 

We proceed next (*354) to consider “ rational nets,” which are important 
in connection with the introduction of coordinates in geometry. A rational 
net 18 obtained from a given family, roughly speaking, by selecting those 
vec ors which are rational multiples of a given vector, and then limiting their 
fields to the points which can be reached by means of them from a given 
point. In order to make this more precise, we proceed as follows; Let us 
e ne as the “connection” of a with respect to ^ the class Aa'V., i,e. all the 
points which can be reached from a by a member of We will now define 
as the a-connected derivative of « ” the class of relations obtained by limiting 


27 
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the field of every member of k to the connection of a with respect to k. This 
class of relations we denote by cXo‘<, putting 

CXA=D(ila'V.)*‘iV Df. 

Instead of /f, we take, in order to obtain a rational net, all the rational 
multiples (in k) of a given member T of le. C'T^. Then cia'C'T, is a 
rational net, namely the rational net associated with the origin a and the 
unit vector T. 


In proving propositions concerning the rational net cXa'C'T., we often 
require the hypothesis that is a group. In order to avoid having to make 
this hypothesis concerning our original family, we construct a closely allied 
family, which is always a group when k is connected. This family, which we 
call is obtained from k by including the converses of those members of k, 
if any, whose domains are equal to their converse domains, i.e. we put 

Kg = K^j Cnv'‘(/c ft DVQ'V) Df. 

Then if « is a connected family, Kg is a connected family which is a group 
(★354 14 16), and (/Cjj), = k, (★354‘15). Then putting X = Kg, we take cXa'C^Tx 
rather than c,\(, C * as the rational net to be considered. If k is an open 
and connected family, this rational net is a family which is open, connected, 
rational, transitive and asymmetrical (★354-41). 

We proceed next (#356) to the application of real numbers to vector- 
families. For the application of real numbers, it is essential that our family 
should be serial. Given a serial family in which a given vector S is the limit 
(in the series (/,) of a set of vectors which are rational multiples of another 
vector R, it is natural to take as the measure of with the unit R, the limit 
of the measures of the vectors whose limit is S. It is convenient to take our 


real numbers in the relational form given in ★SH, i.e. if f is a segment of if, 
we take as the corresponding real number. Thus positive real numbers 
are the class while positive and negative real numbers together with 

zero are the class If f eC*0, a vector which has to R & ratio which 

is a member of f has a measure which is less than The class of all such 

vectors is i.e. if X it is X*R. The limit of such vectors in the 

series Ug, if it exists, will naturally be taken as the vector whose measure is 

greater to smaller vectors, we see 

that the first vector which is greater than every member of X*R will be the 


X. Remembering that Ug proceeds from 


lower limit of X*R with respect to Ug. Hence, if we write Xg*R for the 
vector whose measure with the unit R is X, we have 


Xg*R = pTec(UgyX*R. 
Hence we may take as our definition of X, 

Xg =» prec ( Ug) I X P /c Df, 
Then Xg is an “ applied ” real number. 
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The properties to be proved concerning applied real numbers almost all 
require that the family to which they are applied should be serial and sub- 
multipliable, and moat of them also require that Cnv's‘/c^ should be semi- 
Dedekindian. Assuming this, we can prove that, if X, Xg[ k is 

one-one, and, with various hypotheses, 

(Af «)|(Ft«)-(Ax, (*356 31), 

Z*1 F. = (A x,F). (*356-33), 

(A/i2) I ( F.^jR) = {X +r V)/R (*356-54). 

These are the essential properties required of measurement, as in the 
analogous case of ratios. 

We might proceed to consider “real” multiples of a given vector, and 
“real” nets. But these subjects have less importance than in the analogous 
case of rationale, and are therefore not discussed. 

The Section ends (*359) with a number on existence-theorems for vector- 
families. The most important of these are derived from rationals and real 
numbers. The family whose members are of the form (-h^ A) ^ C*//'. where 
X eC^H , is initial, serial, and submultipliable (*359 21). The family whose 
members are of the form (-f-p ^) ^ C"0', where /xe6'*0', is initial, serial, and 
submultipliable, and has CnvV«g = 0\so that CnvSV^ c semi Ded (*359-31). 
Finally we prove that the properties of families are unaffected by the 
application of correlators, whence it follow.s that, given any series P whose 
relation-number is or is 6' where = there is an initial serial 

submultipliable family k such that Cnv‘s'/c^ = P. Such a family may be 
used for the measurement of distances in P. 

It is of some interest to observe that, given a suitable family k, ratios 
with their field limited to /cg form a family whose field is k^. In this family, 
the zero vector is (1/1) and the family is connected if /c is a rational 

family. If we wish to obtain a serial family, we must limit ourselves to 
ratios not less than 1/1, i.e. to 

This family is serial, and if we call it we have (with a suitable hypothesis) 

It IS necessary, however, if we are to obtain a family, that our original family 
should be submultipliable, since otherwise we do not necessarily have 

^ For this reason, we cannot use the family of ratios without 

a frequent loss of generality in the resulting theorems. 

The theory of measurement developed in this Section is only applicable 
to open families. The application of ratio to cyclic families is more complicated 
and is considered separately in Section D 


*360. RATIOS OF MEMBERS OF A FAMILY. 

Summary of *350. 

In this number we introduce no new definitions, but merely bring together 
the propositions of *303 on the pure theory of ratio, and the propositions of 
*333 on powers of vectors in open connected families, especially #333*47-48. 
We thus find that, if k is an open connected family, and /*, p are inductive 
cardinals which are not both zero, 

KWt') C *.| A'" . = . Af, iVe . a I Af - n , (*350-4) 

= .M,N€k,. rep/il/'' = rep/iV** (*350'41), 
while if R, T are members of «, 

R{fj.lp)T . = (*350'43 ). 

We prove also, by means of *333-53, that if L and M are members of /r, other 
than / [ s'Q'V, they cannot have more than one ratio, i.e. 

*36044. l-:/feF#apconx.Z, Ye X I Yl ,0 . X ^ Y 

W e next prove that any ratio other than 0,^ and oo ^ becomes one-one when 
its field is limited to (*350-5), while 0^ becomes one-many (*350-51) and 
oo g becomes many-one (*350'511), 0^ being in fact the ratio of the zero vector 
1 1 s*(l‘*K to any member of k,, and oo g being the converse of 0,. 

We consider next the multiplication and addition of ratios, but in this 
subject we cannot obtain some of the main theorems without the hypothesis 
that our family is submultipliable (introduced in *351). In the present 
number, we prove that, if k is an open connected family, and /x, vare inductive 
cardinals other than 0, 

(/x/1) C I (1/v) I *. G (/x/v) I K, (*350-53), 

(lA) D I Wl) t = (/*/*') t (*350-54), 

(m/1) t /f. I (v/1) C -c. = l(/x X, p)/\] t (*350-55), 

and (l//x) I X. I (1/v) t X. = (I/(/x x, p)] ^ x. (*350-56). 

Hence we find that, if X, Y are ratios other than 0, and oOg, 

XIk, YIk,(1(X x,Y)Ik. (*350-6). 
while if R, S. T are members of k, 

RXr. SYT,-^,{R\ S) (X -H. Y) T (*350-62), 

and if L, M, H are members of x,, 

LXN .MYN.’^. {rep/a | M)] {X^Y)N (*350-63). 
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We then prove similar results for subtraction, and thus arrive at the following 
proposition concerning generalized addition of positive or negative ratios; 

*360-66. h : « e FM ap conx , L, M,N e k,, X,Y € C^Hg . LXN . MYN . 

rep/(i|if) = (X+, YjlK.^N 


*3601. 

Deni. 


*3602. 

Bern. 


h : /c € FM ap . D . C Rel num id . C Rel num 

h . *333-101 . D h : Hp . Z e . D . I e 1 1 . G J 

h • (1) . *300-3 . D h : Hp . D . C Rel num 
l-.*3331-101 . DI-:Hp.Z6*.-«,5.D.ZG/. 

[*300 325] D , i/ c Rel num id 

H . (2) . (3) . D I- . Prop 

1- ikcFM apconx .g ! . D . Infinax 


( 1 ) 

( 2 ) 

(3) 


h . *330-624 . *333-15 . 3 h Hp . Z e >.^3 , D : A - 6 finid‘i : 

[*12M 1*12] D : V e NC induct . D, . (gx, y) . A (x i-i y) € »/ +. 1 ; 

[*120-3] ^ : Infin ax D |- . Prop 

*360-21. h : g I ap conx - 1 . D . Infin ax [#33418 . *350 2] 

*360-31. h /c € FM ap conx . /a, e NC ind - t‘0 . M, JVe , D : 


Dem. 


M {^jv) N , = 


t- . *303-1 . (*302-02-03) . *113-602 . D 

h :: Hp . D M {t^lv)N . = : (gp, o-, t) .p Prm a . tcNC ind — 1‘0 . 

^ M==/>XoT.i; = o-XoT.g!.Af‘'nWp.p + 0.o-=|=0: 

[*333-48] = : (gp, a, t) . p Prm er . t e NC ind - t‘0 . p 4= 0 . a 0 . 

^ ^ = pXc'r.v = CTXoT:g!if*'/SiVp: 

[*1 13-602.(*302-02 03)] = : (gp, a) . (p, a) Prm (/a, v) : g ! M*' n 
[*302-36] H : g ! if- n iVM :0 h . Prop 

*360-32. h Hp *350-31 . D : M(fi/p) N. = , rep/if- = rep.‘ 

[*360-31. *333-47] 


*36033. 


h i.kcFM apconx ./a, veNCind- 1‘0 . M=I\'s*(1**k .NeK, 



Dem. 

l-.*301-3.*333-2.Dh 
h.(l). #303-1. D 

h:. Hp.0:if(^/i;)Ar, 

[*333-101] 

[*302-36] 

[(l).*331-42] 

l-.(2).(3).DI-.Prop 


M(^I.|v)N. = ,M^N. = ,•^\M^f^N*^ 


Hp . D ; p- € NC ind - 1‘0 . D . M^ ^ M 



= ■ (api 0-) • {p. O') Prm (^, I/) . g ! if n jyp . 
= • (a/>. O') • (p. o) Prm (/A, I/) . if = W . 

= .if = A^. 

= , g ! if - A JVm 


( 2 ) 

(3) 
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*360-331. ^’ifapconx.M,(/eNCind-t‘0.^e«..iV = /["5'a“«.D: 

M(filv)N , = .M^N [*350*33 , *303*13] 


*360-34. V :.*€^’il/apconx . ve NCind - i^f) . M,N i 

M(0lv)N.^.M^I\8^a*U 

Dem. 

h. *303*151 .3h:. Hp.D: A/'(0/i/)J^. = .ilfC/.a!C"ifftC*i^. 
[*330*43*61] = . M = Ils*a*‘K D h . Prop 


*350 36. \- :,K€ FM ap coax . e NC ind - 1 ‘ 0 . if, JVe jt, . 3 : 

if(0/i.)7V. = .aIif-'Airo 

Dem. 

f- . *301-2 . D t- :. Hp . D : a ! Jtf ' n . = . a ! i/- n Ifs‘a“K . 

[*333101.*331 12] =.M = I[s‘a“K (1) 

I-. (1). *350-34. Dh. Prop 


*360-361. I- * 6 FM&p conx . e NC ind — (‘0 . D : 

M ifijO) N. = .N=I[ s‘a“K [*350-35 . *303131 

*360-4. 1- :.KeFM apconx . /i, i/ e NC ind .~(/i = i/ = 0) . D : 

M K/i/i-) lK.]N. = .M,NeK..'^\M''f\Ni‘ [*350-31-33-331-35-351] 

*36041. I- Hp*350-4 , M [{/ijv) I k,]N . = . M,N e k,. rep.'A/" = rep,‘i\^'‘ 

Dem. 

H . *332-243 . *301 3 . D h : Hp . A/ = / [i'a"* . 3 . rep.'Jtf' = M (1) 

I- . (1) . *350-33-331-32 .31-. Prop 


*360-42. l■:.Hp*350-4.Q,/^,S.7’f*.3: 

(Q!iJ)(/t»(S|7’). = .Q'|iJ>' = S>‘|r'‘ [*350-41 . *332-53] 

*360-43. I- :. Hp *350 4 .R.TeK.O-.R (fi/v) T. = .R-=r'‘ 

.350-42 

*360-44. h : * € W ap conx . Jf, P e C‘i/' . a ! Jr p *.3 <>« F t *,5 . 3 . 2 = F 
Deni. 

(■ . *350*4 . D h : Hp . D . (aA if, /*, v, p, <r) , L, Me «,g . 

^ \ L’ ^ \ ^ , X ^ pfp , Y ^ pjff , 

D./ix,<T = i/x,p.ir = /*/»/, Y^plff, 

D.ir=KOh.Prop 


[*333*53] 

[*303-39] 
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♦360*6. h : kcFM apconx . /i, v e NC ind — i‘0 , D . (^i.|v) ^ /c, e 1 — ► 1 
Dem. 

h. ♦350*41. D I- :.Hp.D: 

L,M,N €K^. L (/a/i^) N . M {pilv)N . D . rep,'i‘'= rep^'iV'* = rep^'i/” . 
[♦333-41] D.i = 3/ (1) 

h , (1) . D 1“ : Hp . D , (/i/v) f «, € 1 — ► Cls (2) 

Similarly h : Hp . D . (/i/i/) ^ ze, eCls 1 (3) 

I- . (2) ..(3) . D 1- . Prop 

♦360*61. h : zc t' ap conx . v€ NC ind — I'O . D . 

(o/i^) c AT. e 1 -> Cls . a*(o/iz) D‘(o/i/) I K, = i‘/ p s‘a' V [♦350*34] 

♦360*611. h :Hp ♦350*51. D. 

(i;/0) t zc, € Cls -♦ 1 . D‘(zz/0) tK, = K,, a*{p/0) t K, = i*I [ s'Q* V 
[♦350*51 .♦30313] 

♦360*62. 1- : « e FM ap conx . X e C*H tl— >1 

[♦350*5 . ♦304*34 . ♦333*2] 

♦360*521, I- : ze € FM ap conx . X e C*H * . O . X ^ z«, e 1 —> Cls 

[♦350*52*51 .♦303*1] 

♦360*63. h : Hp^350'5 . D . [(/t/l) t *4 1 KV*') t '^*1 ^ (W*^) D 

Dem. 

I- . ^350*4 . D I- : Hp . Z ((/i/l)C zc.] Af . ilf {{l/p) Ik,]N,D, 

[♦333*48] D . i, iV e zc. . a ! Z- A . g i A , 

[♦333*47] .L,M,N €K^, rep^'Z" = rep*‘3f»‘’‘'*' = rep.'A^'^ . 

[♦350*41] D . Z ((/i/v) t «il -AT : D h . Prop 

♦360*54. I- : Hp ♦350*5 . D . j(l/i/)P «») | ((/i/l)p zc4 
Dem. 

I- . ♦350*41 . ♦332*241 . D 

I- :. Hp . 3 ! i [((l /„) I *.) I ((^/l) I *4] N.^. 

{•^M) , L, M,N € rep.'Z*' = M — rep«*A^^ . 

= , L,N€k^, rep.'Z** = rep.'iV'* . 

= . Z ifi/v) N 1,0}- * Prop 


[♦332*22] 

[♦350*41] 
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*360-6e, h : Hp*350-5 . 3 . ((^/l) p ,.) | ((,;,) ^ ^ ^ 

Dem. =K''/1)C*.)I|W1)D*.) 

f- . *350-4 . D I- :. Hp . D : i [((^/i) f *.) | p «,)j ^ . 

. L,M,N €K,.^\Lf\ Mi^ . 

= •(•^M).L,M,N eK,.'^lLf\Mi‘.M = rep,‘ N" . 

= • L, N ( L r, (rep/If-'y . 

= . L,N e K,. L = rep.'Krep.'jV")") . 

= .L,N ( K,. L=T6p,‘{N’Y • 


[*333-47] 

[*333-21] 

[*333-47] 

[*333-24] 

[*350-41. *301 -5] 

I" • (1) . *1 13 27 . D I- . Prop 


*360-66. h : Hp *350 5 . D . ((1/^) f *.| | ^ ^ 

= [dlv) t «.) I ((1/^) I *,j [*350-55 . *303*13] 
*36^6. '- = *'^^apconx.X.Pr(7‘^.D.(Zt*.)|(7C*.)G(^x.F)D*. 

Dem. ^ 

t- . *304-34 . 3 

^ - .(.'gli,v,p,<T). f^,v,p.<T e^C induct -t'O.Z = ,*/„. Y = pja ( 1 ) 

h . *350-54 • 3 P : * t /’jl/ ap conx . /t, I/, p, <r c NC induct - i‘0 , 3 

‘ t -i - «'« t '■I I IW) t ..I I WW t .. II |(,/1, t .J 

r.3iO !6 S5 r f t "'I i t 'J I IWD t «,| I |(f/l) t«.| 

*3o0 56 55] C (l/(., X. t)) [ *. | ((^ x. p)/l| ^ *. 

C [(/* X. p)/(, X, ^)j I X. 

[*305 14] eW.x.p/<r)t«. (2) 

^ . (1) . (2) . D h . Prop 

*360 61. H :. * * JPif ap conx . X e C‘H .0 :M=(X t K,yjf . = . ,V = (i [ ^.yM 

[*350-52] 

*36062. I- : * c/’jVap conx . X, Yt C‘U' . R,S, Tex . RXT.SYT. 3 . 

(iJ I S) ( J' +, 7) r 

I-. *350-43. 3P:Hp.jr = ^/„. 7-p/<r.3, 

R’ = . S’ = Tf 

[*301-5] 3 . R rx.ff _ ^ ^rXe» „ ^Vx.p ^ 

[*330*57] D . (i2|5)''X.»= 2»f*.x.,)+c(,xep), 

[*350-41 ,*306-1 4] 3 . (RlS)(X +. Y)T: D h . Prop 


Dem. 
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*350 63. ^ « e FjW ap coi.x . A', Ye C‘1I . L, M, N , k, . LXN .MYN.:>. 

irep.‘(^hW)l(A+. y)A 

I- . *350-41 . D 

I- : Hp • = W" • y = pla rep.^L’' ^ rcp,‘iV- . rep.‘ J/' rtp.'jV- . 

[*332-81 J D . rep,‘A-'=<' = rfp.‘A‘-»«'' . rcp.'vl/-"-’ = rep.‘A'’''o . 
t*332'33] D . rGp,‘(/,*'^«« | 

[*332S] D.ret),‘(7:|J/)-^- 

[*332-82] Z> . rep/(iep,*(/. | ^ '“^tp' . 

[*350-41 ] 0 . lrep.‘( L | M ); [|(/x x, <r) +, (r x, p)</(^ x, <r )] A . 

[*306-14] D. ji-ep.‘(i| 4/)| (A +. K) A': D I- . Prop 

*350-64. I- : Hp*350-63 . XHY. 0 . ;rop,‘(A| ;1/)1 ( A) A 
Dem. 

1- .*332 15-81 .DP: Hp . D . 

Thence the proof proceeds as in *350 6.3. 

*35065. P:Hp*350-62.D.(A|S)(y-.A)r [*.35064 . *308-21] 

*350 66. 1- : X e AA/ ap c.n ^ . L. M, N , k, . X,Y e C‘H , . LXN .MYN.D. 

■■ep.‘(iN»/)=(A+,F)t*.‘A 

I- . *350-63 . D 

l■:.Hp. lF=rep.‘(AlA/).D:A,reC‘//.D. IT = (A +, F) ^ *.‘A ( 1 ) 

P. *350-64. DP :Hp(l).AeC‘/f„.FeC-‘if.D. IF =(A +, F)'t x.<A (2) 
P. *350-63. *507-1 .DP :HpO). A, Fe C‘A„ . D . TF= (A 4-„ F) P */A ( 3 ) 

P . *350-34 . D P : Hp . A = 0, . D . rep,‘(Z, \M) = M 

=(^V+pT)C*.‘A (4) 

Similarly P : Hp . F=- 0, . D . rep.‘(A | iF) = (A +, F) p */A (5) 

P.(l).(2).(3).(4).(5).DP.Prop 


R-&W. IIL 



*361. SUBMULTiPLlABLE FAMILIES. 


Summary of *351. 

A "submultipliable” family is one in wliich any vector can be divided 
intq V equal parts (where v is any inductive cardinal other than 0), i.e. in 
which, if Rck, there is a vector S which is a member of « and is such that 
S^ ^ R. The definition is 


*361*01. FM subm = 

In open families, such as we are considering in this Section, S will be unique 
when R and v are given. But in cyclic families, as we shall show in 
Section D, there will be v values of S. For example, let « be a family of 
angles. Then the vector-augle ^fnrjv has its vth power equal to 27r for any 
integral value of /*, since 2/i7r is the same vector as 27r ; and 2/i7r/v has v 
different values, since, considered as a vector, any angle 9 is identical with 
6 27r. In the present Section, however, these complications are excluded, 
owing to the fact that we confine our attention to open families. 

In virtue of a family is subinultipliable if it is serial and 

Cnv‘s‘/cg is compact and semi-Dedekindian (*351*11). 

When « is a family which is open, connected, and submultipliable, if 
L^K^ and /ic NC ind - 1‘0, we have 

(gAf) . Afc . rep.'Af'" = L (*351*2). 

Hence if X is any ratio (excluding x ,, now and always henceforth), we 
have 

(*351*21). 

In order to obtain the same result for k, we have to assume that all powers 
of members of k are members of k (*351*22), but we can obtain the same 
result for «wCnv“« without this assumption (*351*221), because of *331*54, 
which shows that in any connected family all powers of members of KyjCns**K 
are members of x w Cnv'^Ac. 

In virtue of the above propositions, the pmpositions on products and 
sums of ratios, which in *350 only stated inclusions, now state identities. 
Thus if X,Y eC^U’, we have 

{XtK,)\{Yt <.) = (X X, Y) C X. (*351 *31 ), 

rep/K-y t KfL) i ( r t *.'Z)j = (A +, K) C (*351*42), 
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where also 

rep.‘((^ I k,'L)\(YIk,^L)]={X Y)Ik,^L (*351-45). 

The corresponding propositions for ratios confined to k instead of to k, 
require the additional hypothesis s‘Pot“/c C because this hypothesis is 
required in *351*22; on the other hand, in the analogue of *351-42 “rep." 
does not appear, and we have (with the above hypothesis) 

(Z I k^R) \{Yt k*R) = (Z +, Y) t k^R (*351-43). 

where R^k. For ratios confined to « w Cnv“/e instead of to k, the corre- 
sponding result can be proved without the hypothesis s‘Pot“« C k (*351*431). 
It will be observed that the hypothesis s*Pot“* C « is satisfied if « is a group, 
though it may also be satisfied when k is not a group. Since a transitive 
connected family is a group, a transitive connected family always satisfies 
fi'PoPVC/c, as has been proved already (*334132). 


*361-01. F M subm = 

FM f\K\ReK,v€ NCind - (‘0 . ^£,^.(318) ,S€k,R = S''] Df 

*361-1. h i.Kc FM subin . = : «€ FM : e/e . veNC ind - . 

(3^) .SeK.R^S* [(*351-01)] 

*361-101. Vx’^XFM subm . D , Infin ax [*351 1 , *301 16 . *300-14] 

*361*11. V \ K€ FM sr . Cnv Vxg e comp a semi Ded . D . /c e FM subm 

[*337-27] 

*361*2. I- K e ZAf ap subm conx . D : NC ind - t*0 . X e . D . 

(3A/) . A/ e . rep,‘A/'‘ = L 

Dem, 

f- - *35 11 . D I- : Hp , ^6 NC ind — 1‘0 . Q, i? . X = Q| , D . 

(3iSr,T).5.T6«.y = £^.i? = 7V, 

[*332-53] D . (35. T) . 5. r e /c . X = rep/(5 1 : D h . Prop 

*361 21. 1- : Hp *351*2 , Z e G^H . X e . D . E ! Z t */X 
Dem, 

h. *351*2. *332*61 0 

l":Hp./i,(;eNC ind - 1‘0 . Z . D . (3^/) . A/e . rep.'A/'* = rep^'X" . 
[•350-41 -5] D.E!Arp*.‘i (1) 

I- . •350-34 . D 

I- : Hp . = 0 . K e NC ind - 1‘0 . a: - . D f s-Q*'* 

I- . (1) . (2) . 3 1- . Prop 


(2) 


420 


QUANTITY 


( 1 ) 


[part VI 

♦361 22. I- : Hp *351-2 . Ck . X (C‘H. Rck XI k‘R 
Dem. 

h . #301-22 . D h : Hp ./i, j/c NC ind . . D . e/c , 

3.(aS).Se*.A‘ = -S'. 
[*350-4.*331 12] 3 . ^ ^ 

I-. (I). *3.50-521 .Dh . Prop 

*351-221. 1- : Hp*3.51 2 . ^ f X = * u Ciiv“* , fl e X . D . E ! AT ^ X‘/J 

[Proof as in *351-22, using #331*54] 

#361-3. ^■:Hp#35^2.^,^eNCind.,. + 0.D. 

KWi) C «.| IKi/i^) t /f.i = (/i/t') I K, 

y . *350-41 . D h Hp . ^ =1= 0 . D : 

^ ((/*/*') D ^<1 f . rcp/X" = rep^'A’** . 

[*351*2] = .(gA/). Z, 3/, iVe*. .Z ^rep^M/** . rep^^Z" = rep/i^#* . 

[#333*24] = . (3^) . Z, Jtf, TVe . Z = rep.^W** . rep.M/^^''’^ , 

[#333*44] = . (gj/) .L,M,Nck,.L = rep/^/'* . rep/iV** = rep/JV , 

[*350-41] = . {•^M ) . Z {(/i/1) D -c.) J/ . {(1/i,) I *.) iV (1) 

h . #350-34 . D h Hp . /i =: 0 . D ; 

I' ((m/p) C **1 = / r «'cr“* . JV e «, (2) 

I- . *350*34 . #351*21 . D f- Hp . /i = 0 O : 

^ 1(m/ 1) C <1 1 ((l/p) D «.) -Af . = . Z = / 5*0“* . A" f (3) 
•-•(l).(2).(3).DI-.Prop 

#361*31, I- : Hp #351*2 ,X^YeC^H' .:>.{XIk,)\(YI «.) = (X x, K) f -c. 

[Proof as in #350*6, using #35 1 3 instead of *350*53] 

« 

*361-4. •■:*e^’i/apsubmconx.;x,i.,p,afNCind.i/ + 0.<r + 0.Z(*..D. 

^ rep.‘[ f(^/„) I *.«/;) I l(p/„) I *..i) j +, f ^ 


I- . *350*41 . 3 h : Hp • /i=^ 0 . p:^0 , M = (/*/►) f k,‘L . 3 . rep,‘J/’ = rep.'i* . 


D . rep,‘J/'”'“' = rep.'Z^**®' 


[#333*44] 

Similarly 

h;Hp./* + 0.p + 0.1V = (p/(r)t *.‘X.3 . rep*‘ir'^''' = rep^'Z*”'*'’ 

h . (1) . (2) . *333-34 . *332-33 . D 

*■ '• Hp(l) . Hp(2) . 3 . rep, ‘(if 1 rep.‘(ii»>‘«*> | . 

[*301-23.*333-24] 3 . (rep.‘(if |i\r))'x.» 

[*306-1 4. *350-41] 3 . rep.‘(if | iO - (a./v -Kp/t) C «.‘Z 
h . (3) , *351-21 , *350-34 , 3 h . Prop 


( 1 ) 


( 2 ) 


( 3 ) 
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*361'41. h : K€ FM subm conx . 6-^Pot‘V C k . 


pL, p,p,(T € NC ind.v=|=0.a4=0,ii6«.D. 

\W^) I 1 {{p/o') t k*R\ =(p.lp+,pj<r) ^ k^R 

Vent. 

I“.*351’21-22.D 

h : Hp . D . (^jv) Ik‘R = (flip) iK‘R.ipla)lK‘R = (pla)\,K‘R ( 1 ) 

H . (1) . *3;)2-24.1 . *331'24-33 . D 

I- : Hp . D . ((^/i,) I k‘R\ \ [(pja) t k‘R\ = rep/[|(/:i/p) I k,‘R\ | |(p/<r) t 
[♦35r4.(l)] =(^nli,^^p/a-'f ^ ^‘}l ; 3 p , Prop 

*361 411. I- : Hp *3514 . \ = « u Cnv“* .SeX.H. 

Mv) [; x‘S| I Kp/a) i \‘s\ = (pI„ +. pi„) I \‘s 

[Proof as in *351'41, u.sing *331'54] 

*361'42. [- : /£ e FM ap .subni conx . X,Ye C‘H ' . Z e . D . 

'■ep.'KX C k,‘L ) |( F t = (AT +, F) p ».‘Z [*3.il-4] 

*361-43. (- : Ke FM ap siibm conx . s‘Pot“/c C *. AT, YeC'H' . Rex . 

(X t k‘R) I ( )' P x‘R) = (AT +. F) I k‘R [*351-41] 

*361-431. y : Hp *351-42 . X = * u Cnv“* . S r X . D . 

(AT t \‘S) I ( Ft X‘S) = (AT +. F) p \‘S [*351-411] 

*361'44. H : /c e FM ap siibm conx . 

P, v,p, ff cNO ind . v 4=0 . a ^0. (p/o') H' (p/p) . L e k,. D . 
rep,‘[((/t/a) t *.‘Z) | ((p/<7) t x/l,]] = (p/p-, p/a) t *,‘Z 

Dem. 

As in *351-4, 

t- : Hp . A/ = (p/p) t . at = (p/a) t *.‘Z . D . 

I- . *301-23 . *308-13 . D h : Hp . t = (p x„ <r) (a x, p) . D . 

i-pp.‘|Z<‘’‘"| Z‘-’<o“) = rep/IZ'l Z'”‘'»| Z’-’''!'] 

=Tep,‘Z' (2) 


[*72-59.*332-25] 

-(I). (2). *350-41 .0 

^ ■ Hp (1) . Hp (2) . D . i-ep.‘(Af | = |T/(a x. a)] t x.'I. 

I- ■ (3) . *308-24 . D t- . Prop 


( 3 ) 
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★361'441. h : /c e FM ap subm conx , 

/i, V,/J, 0 - e NC ind . 1-4: 0 . 0 -+ 0 . {/ilv) H' (pja) .leK,.0. 

rep.'l KW") t I Kp/o-) D <‘L\] = W" -,pl<^) I *//> 

Dem. 

h. *332 1 5. ♦3031 9. J 

I- : Hp . 3 . rep/CK/tM t *.'^1 1 ((f>M C = 

Cnv‘rep/[j(p/<r) ^ | {(fijv) p k*L\] 

[#351*44] = Cnv‘(p/o- —t^jv) p >c/Z 
[#30319] = (p/o'-,/i/i/)P df/Z 
[#308’21] = (^jv — , p/<r) p kJL Oh, Prop 

#361’46. V i K€ FM subm conx . X, ,LeK , . D, 

rep.‘((Z p k*L) I (F P k*L)\ = (X-.Y)t k*L 

Dem. 

h . #351*21 . #350-34 . #3081 2 .Dh:Hp.^=FO. 

rep/l(:v p K,*L)\(riK,*L)\ = / = {X F) p ^/z (i) 
h.(l).#351*44*4410h.Prop 

#361 '46. :k€ FM ap subm conx , tf‘Pot“« C k.X, Ye C*H' .ReK,"^, 

(Cny*YtK*R)\{XtK*R)eK, 

Dem. 

h.#351'220h:Hp.D.Xp«‘i?€i«. Fpic'iEc*. 

[#37*62] D . ^ P K*ReK . Cnv'Fp «‘J?eCnv‘*/c Oh. Prop 

#361*47. h : Hp #351*46 . :> . (Cnv* F p k*R) j {X p k^R) « (X F) p k*R 

[#351*45*46] 


*362. RATIONAL MULTIPLES OF A GIVEN VECTOR. 


Summary of *352. 

By a ‘ rational multiple” of a given vector in a family k we mean, if we 
are dealing with k, any vector in the family which has to the given vector 
a relation which is a member of C*H‘, and if we are dealing with K^, we mean 
any member of which has to the given member of K^ a relation which is 
a member of C*Hg. We will call the former “rational jtf-multiples ” and the 
latter generalized rational maltiples." It will be observed that if k contains 
pairs of members which are each other's converses, only one member of such 
a pair can be contained among the rational «-muItiples of a given member 
of «, provided k is an open family. Hence the rational /c-multiples of a given 
vector alt have one “sense,’ even if this was not the case with the orio'inal 

• t O 


Rational multiples of a given vector T can be arranged in a series by 
correlation with their measures with T as unit. These measures are ordered, 
m the case of rational /c-multiples, by the relation H\ and in the case of 
generalized rational multiples, by the relation Moreover if X is the 
measure of a given member of k with T as unit, the given member of k is 
Aj.‘X ; while if X is the measure of a given member of the given 
member of /c. is At*X. Hence the rational i<-multiples of T are ordered 

y the relation AjyH\ and the generalized rational multiples are ordered 

y the relation A^ptHg. These two relations, therefore, are the relations 
we shall consider in this number. We put 


*352-01. T,=K'\ApyH' Df 
*36202. Df 


We iissume throughout this number that k is open and connected. In 
ealing with T^, we assume and in dealing with T*,, we assume 

^**9- We then prove the following propositions among others: 

K^Ap^C^H'el^ 1 (*352 12), 

1 r G'Hg e 1 -► 1 (*352-15), 

i e. the relation of a rational multiple of T to its measure is onerone. 
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T^, T^KcfSer (★.S521G-17). 

Observe that this requires only that * should be open and connected. The 
serial property results from the correlation with H' or Hg. 

= (*352-8*3l). 

* n,rjnle37'Tt.'"'"’^"“^ t.e. the rational 

/r-mul iples of Tare the same as those of any rational ^-multiple of T' with 

a similar proposition for C‘7’„ (*3o2-42). ^ 

RT.S. = ,R,S,Kr. Ar“C‘H ' : (g^, v).^,v r NC ind ./.<„. = S- (*,S52-4.S). 
This is a convenient formula for T.. and leads immediately to 

T. = )1 ^ n g r‘‘C‘H') (*, 3,52-44). 

r*o '' '■'■“‘■“ns. including 0,. 

By #352 44 and #3o2‘41-3, we see that, if 5+ / ^ ’ 

56(7X0.5,= n (*352-45). 

i.e the order of magnitude of a set of vectors which are nrtional .r-multiples 
ot a given unit is independent of the choice of the unit. 

In order to establish the analogous property for we first prove a 
formula analogous to ^352-44, namely 

T,. = Cnv 1/1 )| t 

1/1)1 I (k, n (#352-54). 

Here the first term gives the. series of negative multiples of T, while the 
second gives the series of positive multiples of T (including I [s'(T“*). 

From the above formula it follows, as in the case of T*,, that if ,Sf is a 
positive multiple of T (not including while if 5 is a 

negative multiple of T. 5,.= r,. (#352-56-57). 

Finally we deal with the relation of U, to T,. Here we have to assume 
that « is a seHal family. We then find that U, with its field confined to 
rational ^-multiples of T is the converse of 7’,. i.e. we have 

#362-72. \-:K€FMsir.TeKf,.:).U4a*T,==K]Ar»H'^T, 


#36201. T, = K^Ar^H' Df 
#36202. T..-=fc.^Ar>}fg Df 

#362-1. h RT,8 . = :R,S€k: (gX, V) . RXT. SYT [(#352 01)] 

h RT,,S . = : i?. >r. : (^X, V). XHg 17 RXT.SYT [(#352-02)] 


#36211. 
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»362'12. h : KeFMa.pconx . Te k;,.'D . k‘\ C‘H' e 1 — » 1 

Dem. 

t-.»336 1 . ■:>i--.R(K^ArtC‘H')X . = .ReK.XiC‘H- .RXT 

I- . *350-o21 . D I- : Hp . iJ, S e * . X f C‘H' . RXT. SXT.O .R = S 

f-.*350'44. V e C‘H' . RXT . RVT .0 . X = V 

t- . *350-34-4 . D 

t- : Hp . = I[s‘a“K . X. VeCH' . RXT.SYT. D . X = 0, . F= 0,, 

K (3) . (4) . D I- : Hp . 6 * . x, Ff c'ff ' . /ezr . SFr . D . X = K 

t-.(l).(2).(5).DI-.Prop 

*36213, H : K « XJlf ap conx . ?• e k .5 . D . n X r“C‘ C 
Dem. 

y . *350-4 . D h : Hp . /? € A ^ . D . 

(a^. v), fi,ve NC ind - £*0 . a ! i?*" A T'" . 

[*333101] D , i? e : D h . Prop 

*362 131. I- : Hp*35213 . D . n Ar“C‘H„ = Cnv“(*. n A/'C'H) [*307 1] 

*362132. l-:Hp*352 13.D./<:. n4F‘C'‘//„C/«:,s [*352 13 131] 

*362 14. h : /e € XjI/ ap conx . Te D . /x. n ^ /‘C'//' n A = A 

Dem. 

K*307 1.*350-4.*352132.D1-: Hp.lJ,Se*..iieA/‘C‘^„.ScAr“C'‘//'.D. 

(3^. p, O') * /i, V, p, <r 6 NC ind .i/ + 0.p4=0.ff=t=0./ieA:j;^. 

rep^'T?" = rep/7’'* . rep.**S''' = rcp,‘7’»* . 

[*333-44] D , 0 -) , a t NC ind . v^0.p^0.tr^0,ReK^p,. 

[*333-47] D . (af. 1 ?) . ?. »? e NCind , ^^0 . >^1 n S’> . R e . 

[*71-192] D.(af.t?).f i?€NCind.f + 0.ai7'A/JfuS’-'./ie*3. 

[*333 l01.Transp] D ./£=(= (S' : D h , Prop 

*362-16. y : K€ FM ap conx , T e , k,‘\ A-p \ C*Hy e 1 — > 1 
Dem. 

I- . ♦336 1 . D P : Hp . 72 (*. 1 A r r C"//,) X . 7i (*. 1 .1 ,. [■ F . D . 

ReK..X,YeC‘H,.RXT.RVT (1) 

'■•(l).*3o214.DI-:. Hp(l).D: 

ft e . X, YeC-H’ . RXT .RYT.'v.ReK,. X.YiC'H,, . RXT. R YT : 
[*307 1.*350'44.*35213'132] D : X = F (2) 

I- . *336 1 . D I- : H p . 72 (*. 1 A r C‘/7,) X . S («, 1 A r r t'‘7/„) X . D . 

72, S(K..X€ C‘H, . RXT. SXT . 

[*350-.521.*.307 1] :3.R = S (3) 

*■•(2). (3). DP. Prop 
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*36216. l-:*eWapconx.ye«g.D.7’.6Ser [*35212 .*304-48] 


*362-17. ^■:*./’Jl^apconx.r.*,5.D.r..,Ser [*352- 15. *307 45 .*30423] 


*36218. 

y apconx 

. C . Tf;, n Cnv'Vg = A . 


Dent. 


K n 


(- . *350-43 . 3 



H Hp . ;i 

L, ve NC ind - . 

^ = (/'/*’) 1 Cnv . 8- f * . 3 : SAT" . 5 . 

.5*' = 7'**. 

[Hp] 


.S'f*jnCnv“*j 

(1) 

H.(l).Transp.Dh:Hp,D 

■ ~(aA,S). A € C‘ff„ .Sex. SXT 

: 3 h . Prop 

*362181. 

h :x€/^A/init . T, 

J . 3 . » A Ar**C*H„ = A [*352 18 . *335-21] 

*3622. 

h : X e FM ap conx 

.7’e*9.3.(7[‘«‘a“*)7’.7’ 


Dem. 




*350-34. ♦331 

■22.3f-:Hp,3.(7|‘«‘a‘'*)0,7’ 

(1) 


f-. *35031 . 

3I-: Hp.3.7’(l/1)7’ 

(2) 


h . *304-45-48 . 

3f:Hp.3.0,7f'(l/l) 

(3) 


H.d). (2). (3). *352-1.31-. Prop 



*362-21. l-:*eWapconx.7’e«,3.D.(/|‘4.a»*)7’..7’ [Proof a.s in *3522] 
*362 22. f- : * e FM ap conx . 7'e * 3 . 3 . g I T, 


*362-23. h ! * r FM ap conx • f e *,3 . D . g ! T,. 


[*352-2] 

[*352-21] 


*362-3. V •. kcFM apconx . Te *3 . D . C‘T, = * n AF'C'H' 
Dem. 

>- . *350-31 . *304-48 . 3 

[*306-1] ^.Xe(H'KiHy‘Ar"« 

1 . *350-34 . *331-22 . *304-45 48 . 0 

h : Hp . Jf = 1/1 . D . 0, . (7 [ «‘a“*) 0, r . 7 r »‘a“* « * . 

[*306-1 ] D . A f H’“AF‘i 

f . (1) . (2) . D h : Hp . D . C<H' C (H' a H'yAF'x: 

h . *160-201 . D I- : Hp . . C'r. = * I A/‘(7f' c/ HyAyg . 

[(3)] ':>.K^AyC‘H'CC‘T. 

H . (4) . *1 50-202 . 3 h . Prop 


( 1 ) 


(21 

(3) 


( 4 ) 
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*3B2'31. h : * € /-ilf ap conx . Te /x.g . 3 . C‘T., k, r. Ar‘‘C‘H, 

Dem. 

As m »352-3, F : Hp . D . C‘H' C {Hg H,)“Ar“>c 

^ . *350'31 . (*307-05) . D h : Hp . X e C‘H„ • 3 . X/f, (1/1) . r (1/1 ) T . 

-^.X,H,“At“k 

• (2) ■ 3 I- : Hp . D . C‘7/, C (//, >:; Hg}“Ar“K 

f- . (3) . *150-201 202 . D I- . Prop 

•362-32. h Hp *3523 .X.Ye C‘H' . R = X t ^‘T . S = ,‘T : 

RT,S. = . XH'Y [*352-1 . *350 521] 
*362 33. I- Hp *35231 . X. Y eC‘Hg ■ R = X ^ k,‘T . S= Yl k‘T 

RT.,S. = .XHgY [*352-11-15] 

*362-34. h Hp*352-3 . 3 : i(r. P. = . (gX ) . XH' (l/l) . R = X I k‘T 

[*352-1 .*350-521-31] 

*362 341. h Hp*352-3 . D : TT.R . = .(gX). (1/1) H’X . R^XIk'T 

*362-36. I- :. Hp *352-31 .:>-.RT.,T. ^ . ^X) . XHgO /I) . R = X t ./T 

[*352-11-15] 

*362-361. H :. Hp *.352-31 . D : TT.,R . ^ . (gA') . (i/i) H,X .R^X U‘T 

^352 36. H : Hp *352*3 . s' Pot* '/c C ic , D . Pot' 7^ — i*T C 
Dem. 

I" . *350*43 . D h : Hp . vc NC ind - t'O — t'l , D . T^{vl\) 7’. 
[*304-4.*352-341 ] 3 . rr. r- : 3 )- . Prop 


*362 37. h : Hp *352*31 *T eK\j Cnv"itf . D , Pot'7’ — I'T^C ^ *T 
Dem. 

1* . *331*24*54 . D h : Hp . D . Pot'T C ic. 

Hence as m *352*36. 

*36238. h : Hp*352‘31 , D . rep*"(Pot'7’— t*T) *T 

Dem. 

H . *332*61 . D I- : Hp . D . rep/'(Pot'7’- i*T) C k. 

Hence as in *352*36. 

*362*41. hiKcFM apconx ,S, T€k^,S€C*T„ . D . 

h . *352-3 . *350-43 . 3 h : Hp . D . (g^, ^ NC ind _ i<0 . iV = y. . /j) 

:>.TeC‘S. (2) 
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* 'fyxtp ^ 


(3) 

(+) 


K ( 1 ) . *352-3 . *350-43 . D h : Hp . ^ ra, . D . 

(3/*. p. 0-) . /i, v, ff c NC ind - (‘0 . p f NC ind . S'* 

[*301-504] D . (g^, 0-) . p, j/, o- f NO ind - 1<0 . p f NO ind 

[*3:.2-3.*350-43] O.Re C‘T. 

T S’ 

K (2) . (3) y, . D I- : Hp . S e C'T . . D . S e C'S. 
f- .(3). (4). *352-3. Dh. Prop 

♦362 42. h : * e FM ap cot.x . S, ReC'T., . D . C'S.. = C‘T., 

Dem, 

H . *352-3 . *3.50-4 . *307 1 . D 

I- Hp .o ; (g^, „) ; ^ e NO ind - <‘0 : g ! S' A r- . y . --j ! «* r, 7"* ■ Ol 
[*352-31] DiTrO'S.. ‘ ^ 

h.(l). *352 3 . *3.50-4 . *307 1 . D ^ 

I- :. Hp . S e C‘S„ . D ; (g^, p, a) : p, y, „■ e NO ind - I'O . p e NO ind : 

3!'''”'"^“-''.3!S'-5y'‘:a!ii..AS''.v.g!S'’AS'-: 
L*3.1,l 4HJ. D : (g^, a) : p, o- e NO ind - J‘0 . p r NO ind : 

[*352-31] 

yr c, (.i; 

I- • (2) . (3) J, . 3 I- : Hp . S f O'T’., . D . ft e C‘S,. ^4) 

. (3) . (4) . D I- . Prop 

♦362-43. h :: /cf /’jl/ apconx , Te x^.D 

RT. S . = : ft, S € * n 3 r“C‘H ' : (gp, i-) . p, r e NO ind .^<p.R- = Si‘ 

J)ein. 

H .*33-17 . 31- : RT.R . = . R, R ( VT. . RT.R (1) 

I- . (1) . *.352-3 1 . *3.50-43 . 3 1- Hp . 3 ;. 

ft7',.S'. - :R,R(Kn A ,.“C‘ir : (ap,<r,f.,).a,f,», e NO ind - t'O.pt NO ind . 

p X, i; < <7 x„ f . ft" = 7’" . S’ = : 

[*333-5] = : ft, Sf * A 3 : (gp,ff,f, ,). a,f,, f NO ind - t'O.peNC ind . 

p Xe 1? < <7 x„ f . ft""'! = ?'<■«..' = Ncx.7 : 

[*120-14] 3 : ft,Se/t A 7I ,.“0‘// ' ; (gp, v) . p, NO ind . p < »/ . /e' = S'‘ (2) 

I- . *350-43 . *304-4 . D 

H :. /i, .S f «f A 3 ,.“0‘//' : (gp, f) . p, i/f NO iml . p < v . 77' = S'* : D : 

ft, S t * A 3 r“C‘H ' : (g.V ) . -Y77' ( 1/1 ) . ftJS : 
[*.330-1] 3:7e,Sf«:(g.Y, y,Z) . XH' (IjX) . V.Z eC‘ir . RXR . RYT . SZT 
[*3.50 0.*3()5 71-51] 3 : ft, S e * : (g.Y, .{X x.Z) H'Z . R{X >^,Z)r . RZT : 

(•3.'52 1] 3:ftr,S (3) 

I- .(2). (3). Dh . Prop 
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*362-44. apconx . i’e*;, . 3 . r. = («‘//'‘(l/l)| [ (* „ Ar“C‘H') 

Dent. 

h . *352-43 . *304-4 . D h :: Hp . D 

RT.S. = ;R,S€Kn Ar“C‘lI ' : (gA’ ) . A'W ' (1/1) . RXS :: D (- . Prop 
*362-46. f-:iceFMa.pcunx.S,T€Kg.ReC‘r,.O.S. = T. [*;i52-44-41] 
*362-6. I- : * e ap conx . Te . 3 . C‘*. ] Aj-W = K,n A/'C'H' 

[Proof as iu *352-3] 

*362-61. h : * e FA/ ap coiix . F e . 3 . C‘*. •) Aj.>If„ = «. n A j.“C‘//„ 

Dem. 

I- . *150-202 . 3 I- : Hp . 3 . C'*. 1 C n Ar“C‘H„ (1 ) 

K *352-131 . 31- : -Re A^'CH,,.'^ .(' 3 .X).X eC‘H .R ^ k,.RXT ( 2 ) 
I- .*304-23. 3 I- : Hp . AT t C‘//- t‘(l/l) . F c . FATr. 3 . 

X{H>jH)(II\).R^k,.RXT. T(\I\)T. 

[*307-1. *3361] :i.ReC‘K,^Ar’H„ (3) 

I- . *352-38 . 3 h : Hp . A/ = 1/1 . .R flArr . 3 . .R (*.1 A ri//) (repAT ^) . 

^ ^ '^.R^C‘K,‘\Ar>H„ (4) 

l-.(3).(4). 3f-:Hp.A'eC‘//.R6*...RA’r.3.R6C‘*.-|gy;//„ (5) 

l-.(2).(5). 3t-:Hp.3.*.n.4/<C"R„CC‘/<-.14r’^^„ (6) 

y . (1) . (6) . D h , Prop 


*362-52. V \ K€ FM A'p cqmx . T’e , D , 


Dem. 

f. *160-43. (*307-05), D 


K,^Ar'^Hr,^K,^Arnr 

Cm^K.^ATyH 


f- . r.. = *. 1 k; *. 1 O (*, 1 At“C‘H„) t (*. 1 a r“C‘H') 
H . (1) . *352-5-51 . *307-1 .31-. Prop 

*352 63. h : « € FM ap conx . T e , D . 


( 1 ) 


*362-631. 


*35254. 


ycAAryW ^[s*'H\\|\)\l{K,f^ AF^C^W) [Proof as in *35244] 

h : Hp *352-53 . D . K,‘\ATyH = ji‘^'(l/l)) I («, r> AF^C^H) 

[Proof as in *352*44] 

y : Hp *352-53 . D . 7",^ Cnv;{i‘if‘(i/i)| f ^ AF^C^H)^ 

{s‘ff'\l/l)]t(K,nAT“C‘H') [*352-52-53-531] 
I- : « e FA/ap conx . S,Te . S e x.n Aj.“C‘H . 3 . 

As"C‘H' = K,r^ Aj.“C‘U' . As“C‘H = Ar‘‘C‘H 

[Proof as in *352*41] 


*35266. 
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*35256. 


quantity 


y^KeFMa^ , S/F e ^ K,f\ , S 

[*352-54-55] 


[part VI 


= r. 




*352-67. H * e conx . 6'. fe . Se . D . -S.. = r 

[*352-54-55. *307*1] 


*3527. 


I- :. * e/’ii; sr . Z, Fe C"//' . r e . P, g e* . P^'T’. Qyr. D : 


( 1 ) 

( 2 ) 


Dem. PU.Q. = .XHY 

■>.X-.YeC‘H' 

t-.. *350-52. 3l-:Hp(l).D. J + K 

f- . (1) . (2) . *336-41 • 3 t- : Hp . Pl/.Q . D . Jf _ _ 

[*3081 2-1 g.Transp] 3.ZJ7'F 

K«S6 6t. 

‘“““-W) ^■.K.r.,.rS'X: 

I" . (3) . (4) . D h . Prop 


(3) 


(*) 


*36271. 

^■:.*€Fitfs^.re*..p,yeC"r. .D 


[*352-7-3] 

*36272. 

^•'((FM«T.T(Kf,.-^.U.lC‘'r. = t 

*36273. 

1-:. *eFA/8rsiibin..F, YeC'H'.T, 


(XlK‘T)U.(YtK‘T). 


')Q 


e «* . D : 



*363. RATIONAL FAMILIES. 


Summary of *353. 

A 'rational family" is one which consists entirely of positive rational 

multiples of one of its members. We denote rational families by “ FM ri" \ 
the definition is 

*36301. FM ri^FM fs;c\(r^T). T ^ . kQ AF^C^H'] Df 

It 18 obvious that, if < is any family, Kr^AF*C^H\ which we considered 

in the last number, is a rational family. If « is a connected family, it does 

not follow that KnAf^C^H' is a connected family, but the proofs of its 

properties, as we saw in *352, make use of the fact that it is contained in 

a connected family. Many of the most important properties of connected 

families hold equally of sub-classes of connected families, notably the property 

that two members of « or whose logical product exists are identical 

(*331'42-24). In dealing with rational families, a good many propositions 

can be proved by merely assuming that they are contained in connected 
families. We put 

*36302. I^^il/cx = /^Afn\((a«).«e^Afconx.\CA:l Df 
*363 03. FM rt cx = FiM rt r» FM cx Df 

We will call a family » sub-connected ’* when it is contained in a connected 
family. When a family k is open, rational, and sub-connected, any member 
of kq may be tiiken as the T of the definition *353*01 (this is proved in 
*35313) ; and if S, T are any two members of k^, some power of S will be 
identical with some power of T (*353*12). An open mtional sub-connected 
family is asymmetrical (*353*2); no power of a member, and no product of 
two members, is the converse of a non-zero member (*353-22*23). Hence by 

*331*54*33. if the family is connected, and not merely sub-connected, it is 
a group and transitive (*353*25*27). 

If X is a family which, besides being open and rational, has connexity. 
then if a IS a member of the field and Te /cg we shall have 

«‘Xg = AoiXlArii?'. UK^\'\Aj.yH‘ (*353*32*33). 

That is, the series of points in the field and the series of vectors are both 
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ordinally similar to part or the whole of the serips nf rofi. * 1 . 

"“I"' '• •'» -‘"le if I is .skm.llipli.bl, («53«r Bui ,*k I 

that if \ IS connected, then X. = \wCnv"X fk l ” 

and is serial (*;i53 42). Thus we ha^.e ^ 

*363-44. h : X 6 ap conx rt siibni . 3 . s% srnor W 
*363'45. h . FM apconx rtsubni C/’^/sr 


*36301 

*35302. 

*35303. 


FM rt = FM f^K\{'^T),T€K^.KQA /‘C'*//" | 
Wcx ^FMr^X ((3^) . ^ e FM cor^x . X C 
Wrlcx^/^yl/rtn FMc\ 


Df 

Df 

Df 


*363 1, h . FM rt . h : * e n/ : (^T) . T.., . « ZAr“C'U‘ [(*35301)J 
*36312. \--.\iFM ap rt ex . ,S, Te\^.\C AF'C'H ' . 3 . 

v ) . /I, v€ NC ind , 1/4= 0 . jS' = 7^ [*350*43] 
*363 13. I- : X e FiM ap rt cx . 7’e X^ . D . X CAF*C^H' 

[)em. 

[»333 5] ^ ® • " + 0 ■ <^ + 0 . ye- = AV . . 

3 • (HM. If, p, <r) . ,1, p, o- e JVC ind . p + 0 . + 0. ,7 + 0. /J'x« = = r^x-' 

[*350-43] 3 . ye f yl F‘C‘}r : 3 h . Prop 

*36314. t- : Hp *353-13 . 3 . X. ZAF'C'H 
Dem. ^ 

I- . *353-13 . 3 I- : Hp . ye, i'c X . 3 . (g^, K) . .T, K, c<H' . ye^-y . 

3:(.R|-Sf)(K-..r)y. 

3-«l-Sc^/‘C‘ye,:3h.Prop 

*36316. y-.K(FM conx . T e . 3 . * n ^ F‘C‘H ' « FM rt cx 

[*353-1 . (*353 02)] 

*363 2. I- : X f yity ap rt cx . 3 . Xj n Cnv“X^ = A . X e FMasym 

Dem. 

h. *353 1 2-13. D 

W 

r: Hp.y?.ie6X5.D.(a/i,i;)./i,vcNCind-t'0.72^ = ^- 
h . (1). *301-23 Oh: Hp(l), D .(g;*, veNCind - 1'0 . 72'‘+e^C/ (2) 

h . *333101 . D I- : Hp (1) . D . Pot'iJ C Ri'^ (3^ 

h . (3) . (2) , Transp . (*334 05) . D I- . Prop 
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*363 22. h : 

Hp *353-2 . 

D . 5* Pot “\0 r» Cdv‘‘\' = 

= A 


Dem. 





l-.*353-12 13.*301‘5.a 

► l- ; Hp . <r € NC ind — 

'.r,R'^€\q.:>. 



(aM. : 

V e NC ind — i*0 , = 

i?'*. 


[*301-23] D. 

(aM» 

V € NC ind — 1*0 . 

cOG/ 

( 1 ) 

f- .*333-101 . 

*330*23 . D 

K i Hp . R € , D . Pot*.ft G t/ , A Pot* 

R (2) 

l-.(2).(l).Transp. D 

1- : Hp . i? € . D . ~ 3 ! 

Pot‘i? A Cnv**x ; 

Of", Prop 

*353 23. h : 

Hp *353-2 . 

D . {s*\ ! ‘*\)ACnv‘*\;i = 

ff ^ 

A [Proof as in 

*353-22] 

*363 24. 1- : 

Hp *353 2 . 

X € FM coux , D . s*Pot**; 

X C X [*353-22 

. *331-54] 

*363 26. h : 

Hp *353-24 

. D.j^*A|**\CX 

ff 

[*353-23 

.*331-33] 

*363 26. V ; 

Hp *353-24 

. D . A’*Xj] ■ **X^ C X' 



Dem, 


n 



h. *353-12-13 

. D f- : Hp . 

R,S €\^ .D , ( 3 m. - /i, t 

' € NC ind — 1*0 . 

R^ = S^. 

[*330-57] 


^ ■ (aM. v) . /X, 1/ e NC ind - t'O . (R I Sy = 5 '*+'*' . 

[*333-101] 


3.3 ! Pot*(ii| iS)** A 

Rt'/. 



[*301-3.Traosp.^|t331-23] D . R S€K\*J 
h. (1). *353-25. DI-. Prop 

*363'27. H : Hp *353-24 . D . \ 6 asym [*353’26*2 . *33413] 


( 1 ) 


*363-3. 

Dem. 


h Hp *353-2. t/«NC ind - i‘0.s‘Pot“X CX. . D: D . R’U^S’ 

K*336-41 . D h : Hp . D . (aD . TeX^. = ns. 

[*330 57] D.(an.7’eXa.ie' = 7’'|S>-. 

[*336-41 . Hp] D . iJ. U^S - : D f- . Prop 

*363-31, h i.XeFM ap rt connex . R, SeX . veNC ind - i‘0 . D : 

D.n. RU.S...R^U.S^ 

f- . *336-62 . D h : Hp . R^ S . ~(RU,,S) . D . SU^R . 

[*353-3-24] O.S^U.R^. 

[*336 6 61. *353-27] D . ~ (S' (1) 

(-.*.336-6. D(-:Hp.S = S.D.~(S'l/^S.) (2) 

I- . (1) . (2) . D [- : Hp .~(RU^S) . D . ~(fl'77*S') (3) 

(- . (3) . *353-3 . D h . Prop 

R. A W. III. 
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*363-32. t-:’ie/’i>/aprtconnex.reX^.D. y*=xl 

Dem. 

K*353 l2-13.*350-5.Dt-:Hp./J,fiffV.iJ4=5.3. 
(3M.i'.p,^).M,i-,p.<r€NCind.r + 0.<7-=|=0.fl« = 7v.s»=y’..„/^x n) 
H . ( 1) . *350 43 . 3 h Hp(l) . 3 : (\\Ar>H') S.v. R (2) 

H. *301-5. 3 IT, K , 

: Hp(l) . /X, p, e NC ind . + 0 . <7 + 0 . ji' = r-*. S'=r-.^x.<r<p x.p.3. 

yil-Xcp) 

f- . *.334-21 .3l-:Hp(3).3..R|SeX« Cnv‘‘X . 

[*331-54.*.3,32 241] 3 . (fl| 6')‘-’<"'= rcp,‘(^(S)««.« 

[*3.32-53.(3)] = 

I- .(4).*353-24-2.31-: Hp(3).3. «|Se\. 

[*336-‘1.1] :>.SUJi 

I- . (1) . (5) . *304-4 . 3 f- : Hp . I ^ 3 _ 

K(2).#304-4.31-:Hp(l).~|if(x-|^l^;/^')^S').3.S(Xl/lri/^') li. 

[(®)] 3 RU S 

[*336-6-61. ♦3,53-27] O.^iSU^R) 

t- . *336-6 . 3 h : Hp . «= 6'. 3 .~{SU,R) 

K(6).(7).(8).3KProp 

*36333. 1- : Hp*353-32 . a 6at‘a‘‘\ . 3 = /l.ix -| 

Dem. 


ii) 


(5) 

( 6 ) 


(7) 

( 8 ) 


( 1 ) 

( 2 ) 


I-. *336-43. 3K-Hp.D, = Aa»s% 

I- . (1) . *336-2 . 31- : Hp. = 

(2). *353-32. Dh. Prop 

*353'34. h , FM ap rt connex C FAf sr [*353-27] 

*363 4. I- : \ e FM ap rt cx . s*Pot“\ C \ . X € , D . 

(So") ■ cr c NC iDil - 1*0 . repn^L^ c A u Cnv**X 

h. *353-12-13.3 

H : Hp. D veNCind A,Z= + = (I) 

I-. *301 -23. 3 

I- Hp . V c NC ind . i2, *9 6 X . ye- = ^ . D : /i < j/ . D . 1 < 1 ^ = . 

[*332f-53] D.rep/(^ I ,!?)*■ f\ (2) 

Similarly h :. Hp(2) . D : ;* > v . D . rep/(^ | iST^t Cnv»ir (3) 

h.(l).(2).(3).DI-.Prop 
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*363'41. f- : XeFM ap conx rt subni . D . X l» Cnv“X 
Dem. 


I- . *353-4 . D 

I- : Hp. /, eX,3 . D . (g/i, a) . i? e X w Gnv“X . (re NC iud - GO . rep,‘Z/' = i?'' . 
[*333'41] D . e X u Cnv“X OK. Prop 

*363-42. K : Hp*353-41 . D . \e F^f si [*353-41 , *334-26 . *353-27] 

*353-43. K :K€FM apex it subm . TeX^ . Potid'TCX . D . C‘H'CA/'X 
Dem. 

f- . *351-1 OK: Hp NCind . + O . D . (g&’) . X . .S'- = . 

'^■(■RS).Se\.S{^lv)T (1) 

I- . (1) . *336 1 . D t- : Hp . .V t C‘ir . D . (gS) . .Se X . A' : D I- . Prop 

*363 44. K : X e FM ap conx rt subm . D . s*X^ smor H' 

Dem. 


K . *353-42-33 . D K : Hp . (/ e s‘a“X . D . GXg = Aa'X'\Aj.*H 
K. *353 43. :>l-:Hp(l).D.(;‘i7'Ca*(^,|Xl^r) 

K . *336-2 .*352-15 . D K : Hp (I). D , Aa\X^Aj\C^H*€\ -► 1 
^-•(l).(2).(3).DK.Prop 

*35346. \- , FM apeonx rt subm C FM^r [*353 42] 


( 1 ) 

( 2 ) 

( 3 ) 



*364. RATIONAL NETS. 


Summary of *354. 

is onmnff '=0“8idered in this number, 
s of .mportance for the introduction of coordinates in geometry. We have 

three stages m the construction of a rational net. First, taking any vector 

L !“ *Vr TK*' ""•'tiples of T, 

The fh f even 

when he family * ,s connected For if there are in « any vectom other 

than C T any point of the field which is reached from a given point a by 

one of these irrational " vectors cannot be reached from a by a Lmber of 

C T„ though It will be in the field of C‘T.. Thus in order to obtain from 

C V. a connected family, we shall have to limit the fields of its members to 

the points whmh can be reached from a given point a by one or more 

rational steps backwards or forwards, i.e. to the points A,"(C>U. It will 

be observed that whereas, in the construction of C‘T., only positive vectors 

are used, negative vectors, t.e. the converses of positive vectors, are also 

admitted in constructing what we may call the “rational points" with 

constructed these points, i.e. the class 
(0 i.)., we then proceed to the third and last stage in constructing a 
lational net, by limiting the field of every member of C‘T, to Aa“(C‘T,),. 

Many of the propositions concerning rational nets require the hypothesis 

that the family concerned is a group. If this is not the case with the 

family « from which we start, we replace * by where is formed by 

adding to * the converses of those membera of « (if any) whose domains 

are identical with the common converse domain of members of *. The 
definition is 


#364 01. = « u Cnv“(< n Df 

We put also '' 

♦364 03. FM grp = FM n * (s'* | “* C *) Df 

fP 

We then easily prove that if k is connected, Kj is a group (#35414), and 
if K is open and connected, tCg is open and connected and a group (#35417). 
If K is connected, {Kg)^ = K^ (#354*15), so that properties only dependent on 
like that of openness, always hold for Kg when they hold for 
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Next, we prove that if k is open, connected, and a group, C*T^ is open, 

rational, snb-connected and a group (*354-22). Hence if a: is open and 

connected, and \=^Kg, is open, rational, snb-connected and a group 

(*354-24). 

The "rational points” with respect to a and Tare In order 

to study them, we consider Aa^\, where \ is a family concerning which we 
make hypotheses which will be fulfilled in the case of C'T,. We prove that 
if X IS a family which is a group, and SeX . a 6 . 9 'r[“X. then 

(*354-31), 

whence 5 ^ (^„»X.) = = ^^(^^“X.) (*354 312). 

Next we prove that, with the same hypothesis, if h is any other member nf 
-4o“X,, then 

^o“X,= ^6“\. (*354-33). 

Thus the rational points with respect to a and T are the same as the 
rational points with re.spect to h and T, if h is one of these rational points. 

The "rational net” is the family i\Aa^*{C^T,\Y*C^T,. Writing X for 
C'T*,this becomes ^(.da“Xj“X. In order to obtain the properties of the 
rational net, we therefore continue to consider a family X, concerning which 
we make hypotheses which are verified in the case of C'T«, and we put 

*36402. cxa'x = I {Aa*%y^\ Df 

Thus cXa*C*Tg is the rational net defined by k, T, and a. We prove 
(*354-4) that if X is a group, cxa'X is a family whose field is We 

prove that if X is a family, and a a member of its field such that any 
member L of X, for which L*a exists is a member of X w Cnv“X. then a is a 
connected point of cxa‘X, i.e. 

*364 32 h ; X e , a e s'Q*‘X . \ n C X u Cnv'‘\ . D , a e conx‘cXa*X 

The hypothesis X. n C X w Cnv^'X would be verified if X were a 
connected family and a were a connected point of X. But we want to be 
able to replace X by C'T,, which is in general not connected. The above 
hypothesis, unlike XeFM conx, is satisfied by C‘T„, provided k is open and 
a group and a is a connected point of « (#354-34). Hence it follows that if «r 
is a family which js open, connected, and a group, and a is a connected point 
of K, cXa*G*T^ is open and connected, and n is a connected point of cx^^C^T, 
(*354-401), Again, in virtue of *354-312, if X is a family which is a group, 
and a is any member of its field, cx„‘X is a group (*354-313); hence when 
« is a family which is open, connected, and a group, cx„‘C*T. is a group 
(*354-402); and it is easy to prove that it is also a rational family 
(*354'403). Hence, by *353-27, cXa‘C‘T„ is a family which is open, 
connected, rational, a group, transitive, and asymmetrical (*354-404). If unr 
original family is open and connected but not a group, we only have to 
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substitute for *, i.e. putting \ = Kg, we only have to take cx,‘C‘T^, in 

order to obtain a rational net with all the above properties. This is stated 
in the proposition 

*36441. hiKeFM&p conx conx‘« . X = it ^ . D . 

cXa*C*T^ € FM apconx rt ti'sasym 

*36401. /fj = /: u Cnv“(« A Df 

*364 02. cxo'X = I (^a"X.)“X Df 

*364 03. FM grp ^FMrsK {sU | C k) Df 

*3641. V uR€ Kg.^iRt K .y . Re K . d^R = [(*35401)] 

*36411. y i K e FM COTXX , R,8 € K , R\S € K„ r*331 •.‘^3 . 1 


*004 li. rxKetm conx . c k , H\S € [*331'33 . *3541] 

*36412. h : Hp #3541 1 . = s'Q* V .D.^|5 = 5|.R.ie|iSr6«j, 

Dem. 

t- .♦330'52. D I- : Hp . n econx'* . 3 . E ! . a‘(fi 1 6’) = *‘0“* . 

[*331 1 1 42] 3 . )f I « w Cnv<‘« . a‘(ft 1 5) = s'Q"* 

[*3541 .*330-56 1 ] 3 . 1 5 e . S | J? = .R 1 5 : D I- . Prop 


*36413. h : Hp*. 354-11 . D‘R = D‘)S= «‘a“* . 3 . RjSt 

Dem. 




I- . *331-33 . D h : Hp . D . R 1 5 e « u Cnv“* 
h . *37-323 . D I- : Hp . D . a‘(R | R) = *‘0“* 
h. (1). (2). *354-1 .3 h. Prop 

*364-14. hiAteRJlfconx [*354-11-12-13-1] 

*364 16. h ! * e FM conx . 3 . (xg), = *. 

Dem. 

I- . *3541 . J I- Hp . R, S e . 3 : 

R, S € K , V , R, S ( K . w . R, S e K . V . R, S e K . Q‘R = Q‘iS = «‘Q“* 
h. *330-4. 31-:Hp.R,R£*.3.R|Re». 

h .*331 -33 24 .31-:. Hp :R, iS«*.v.R, Re/e:3.R|/S€*, 

I-. *354-12. 3l-:Hp.R,Sf*.a‘R = a‘R = «‘a“*.3.R|R««. 

h.(l).(2).(3).(4).3l-.Prop 

*36416. I- :* «R5f conx . 3 .«,£ RAf conx [*354-1-12] 

*36417. h : * « FM ap conx . 3 . x, « FM ap conx grp 

[*354-16-1514. *333-101] 


(1) 

(2) 


( 1 ) 

( 2 ) 

( 3 ) 

(4) 
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★364 18. ^:*x€FMgrp. = :K€FM:R,S€K,Dft,s^R\S€K [(#35403)J 

★36419. hiKcFMgrp.':), C >c [*354 1 8 . Induct] 

★364-2. h:K€FMap conx . T e e F^f &p rt cx 

[★35315. *352-3] 

★364-22. hzKe FM ap conx grp . Te . D . CT. e FAf ap rt cx grp 
Dem. 

*3.50-62.*35418. D f- : Hp . iJ, S, TeK.X, YeC'H'. RXT.SYT.:3 . 

+. Y)T.R\S€k. 

[*30()-67. *352-3] D.iJISeCT. (1) 

• (1) . *352-3 . 3 I- : Hp . iS, S e C‘ r, . 3 . i? I S 6 C‘T. ('i ) 

.(2). *354-2. 3 h. Prop 

*36423 t- : It conx . Te/r. . D . C‘r. = « [*353-13 . *3523] 

*364-24. h : /ce/’Jlfap conx . fe . X = *„ . 3 . C‘T„e FM aprlcx grp 

[*3.54-22-17] 

*364-31. t- xX e FM grp . n e . S e \ . 0 . A,“\XS“Aa“\, 

Dem. 

^.*3361 .31-:. Hp. 3 :xc.4a“X. .(^F.Q) . P.Qe k . x = P‘Q‘a . 

t*330'56] 3 . (gP. Q) . />, Q e ,r . = P‘S‘Q‘a . 

3 . (gP, R).P,R,k.S‘x^ P‘R‘a . 
[*336-1] O.S‘xeA,“K. 

[*37 ’0G] 3.a:fS‘M.“X.:.3l- .Prop 

*364-311. I-: Hp*354-31 .3.S‘M„“X.C.4„“X. [*354-31] 

*364-312. l-:Hp*354-31 .3.St{^»‘%) = (.4„“X.)1S' = S|'(/l„“x,) 

[*354-31-311] 

*364-313. h : X € FM grp . a e «‘a“X . /x = c.x„‘X . 3 . s'^ I ‘V C /. 

Dem. 

1“ . *354-.312 . D 

J- : Hp . P, S. X . 3 . [P p (/l.»v)l I (S I (g„«x.)| = (P I S) D (.4„“X.) (1 ) 

I-. (1). *354-18. 3 

H : Hp . P, P. X . 3 . (P t (.l,“x.)i I jS t (g,»x.)l e cx.‘X : 3 K Prop 

*364^32. i-iXeFM.ne s‘a“X . X. r» GM, C X « Cnv“X . 3 . « e conx‘ox„‘X 
Dem. 

K*336 1 .DI-:.Hp.D:xE^„»X..D.(gP)./;eX..a: = P‘a.Pea‘/l.. 

r qoL.^ot 

ni ^ ■ (a^)'-^f c’frt'XwCnv“cXa‘\.a:=.4f'a : 

[★odl ll] D :a econx'cXa'X;. D h . prop 
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* 364 - 33 . I- : \ e /’Jl/ grp . a e s‘a‘'\ . b e A„"\, . D . = At">. 

Dem. 

l- : Hp . c 6 A^‘‘\ . D . (aP, (?, R, S) . P.Q, R. S e k .c = R‘S‘P<Q‘a . 
[*330-56] D . ( 3 />, Q.R,S).P.Q,R,SeK.c= R‘P‘S‘Q‘a . 

[*354-18] ^.(■AM.N).j]f.A'eK .c = M‘N‘n . 

[*336-I] 

Similarly I- : Hp . c t yl„“A. O . r f ^ ,,“X, 

i" • ( 1 ) . ( 2 ) . D h . Prop 


( 1 ) 

(2] 


*364 34. I- : /f c FM ap conx grp . T( O-T. . a e eonxV . D . 

X, n ClMfl C X w Cnv“X 


Dem. 

. *354 22 , 
[*353 14] 
*331 11 -32 
[(!)] 


^ I" : Hp . D . X f /’jl/ap rt cx . 

D . X. A (/c w Cnv‘V) C X u Cnv“X 

^ I" : Hp . /, f A ^ ^ e y ^ 

D./>€XuCnv‘<A:Dh 


( 1 ) 


Prop 


*364-36. h : * e FM ap conx . T ( k„ . ^ = k, .\ = C‘T^. a e conx V . D . 

X. A iVAa c X w Cnv“X [*354-34 l7] 

*364-4. Vi\,FM grp . a f 5 *a»x . ^ . cx/X e FM . ^'Q^cx^'X = 

Dem. 

K . *330'52 , D l- : Hp . D . cx^^X C I 1 

t- . *3.54-31 1 . D I- Hp. D : X. 3 . (H/J = yl„“x. . D‘/{ C Q'iJ (2) 

H.*.3.54-312.3l-:Hp.fl,.S’fX.D.|flt(/l„“x,)j|(SC(.4„“X.))=(filS)t(^„‘‘X.) 

[*330.5-52] /e)t(^„“X.) 

[*.354-312] = |,Vt (/1„“X,)) : IR[(A/%)i (3) 

h , (3) . *330'5 . D h : Hp . D , cx^^X e Abel (4) 

l-.(l). (2). (4). *330-52.31-. Prop 


*354 401. h : /f e FM apciitix grp . n ecoii.\*x . Te/c^, ^ , 

€ FM ap conx . a c conx'cXa'C'Tl, 

!>Cnt. 

h . *354-4-22 . D h : Hp . D . cx/C‘r. € FM (1) 

(- . *354-34’32-2 . D h : Hp . D , « f conx'cx„‘6'*7’^ (2) 

h.(l). (2).*333 iOl .Dh . Prop 

*354-402. I- : Hp *354-401 , D . cx/C‘r. r FM grp [*.354-3 13-22-401] 
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* 364 - 403 . t- : Hp *354-401 . D . cx^‘C‘T. e FM rt 
Dem. 

(-.*353 12. *354-2. D 

I- : Hp . S . C-r. . X = C‘T. . D . ( 3 ^, 1 ,) . . e NC in,l . „ + 0 . S' = 7 ^ . 

[*354-312.In<luct] D . (g^, ^ ^ NC ind . ^ 4 = 0 . 

ISC (^,“x.))' = S'C M„“X,) = T'^i (A„“X,) = [Tt: . 

[*350-43.*3.54-401] 

(-.(1).*353 1 .i^l-.Prop 

* 364 - 404 . ^ i K€ FAf&p oonx grp . a e conxV .Te Kg. 0 . 

cXa*C*T^€FM apconx rtgrp trsa.sym [*354-401-402-403 . *353-27] 

* 364 - 41 . \~iK€ FAf ap conx .Texg.ae conx*K . \ = . D . 

ox^'C^Ta € FAT ap conx rt trs a.syni [*35417-404] 


29 



*366. MEASUREMENT RV REAL NUMBERS. 

Summary of *3o6. 

In this number we consifJ^r fhck 

measurement of vectors in a family Th *i* T* ^ 

-s follows: If agivensetof vec^all^ " 

given vectnr R. have a limit with respe'eVto 7 « 

'leteimine a segment of // thpn . 1 , f u ^ measures 

this segment as the measure of the iLi 'ort'he"'"'" 

Foi the sake of homogeneity with r.t; 1 ^ ^ vectors. 

real numbers in the relational form given i,'"*3lT’ ‘‘ ‘f T r-« 7 

:l:r - ^hrr:^,;:' ^ 

^...l.ip.e.s of the unit f^^are eonee'^rn^ed^ rre^rete'^.S"! 
rational real number i^H*X as thp rr.^ 

(cf. *3.56-63). Then the me.rsi.re of the T T'^r 

will be, by our principle, the limit of their blu e's ' Th”' "T 

con .rmable to what is required for an 

possibi;'";' L r r s 

have a .serial or ,,uasi.serinl order, independent ! of 7" rf 

~.i« .hi.K .» I, :c'’,r5 ~ *■ r:: 

respect to But we .saw (,352-72) that if * i., „ serial family, 

~i t r,™' '■"••• .f m 

niay ue in(. limit Of a Set of members nf r»<7» . al 
existence of an independent series £7 not wn 'r 

makes the imniiriiUnn * *• i *' ^ which 

makes the application of irrationals as measures possible 

In Phra,seology may be found convenient. Taking a unit T 

t ,71“ X S 

. I I. r ^ ^ rational measure” of S and the 

'rational coorrlinate of We hav^ in tu 

^^ve, in the same circumstances, 

..T-A,‘f!^A„UTAr‘X. 


SECTION C] 


MEASUREMENT BY REAL NUMBERS 


443 


We will call S the vector of X, and x the point of X ; and the same 
phraseology will be employed for the vectors and points obtained by 
measures which are real numbers. We may now state the principle 
according to which we apply real numbers as measures as follows. Given 
a segment f of H, take all the vectors of f’s : these form the class k a 
T hen the real number is to be the measure of the limit (with respect 
to U^) of the class k n Since f/, has the opposite sense to that of T^, 

i.e. Ug proceeds from the vectors with bigger measures to those with smaller 
ones, the limit we shall have to take will be the lower limit with respect to 
Ug, Thus the vector whose measure is will be 

prec (?/.)'(« A 

Now if we put X=:s*^, ~ X*T, and X is a relational real number. 

Hence using ★206131. the vector whose measure is X is prec(l7gyX*T. 

Hence if Xg^T” represents the vector whose measure is X (unit T), 
we put 

*366 01. Xg = prec ( f/,) | X ^ « Df 


Assuming now that /c is a serial subinultipliable family, in which we take 
R as the unit and a as the origin, and putting, for notational convenience, 


P= Ug.Q = s*K^, 

we have first a set of preliminary propositions (*356 1 — 191), of which the 
most important are 

= = (★356 13). 

P I C^Rg = A (★356*1 4). 

giving the relations between the series of ratios, the series of their vectors, 
and the series of their points. 


We proceed next (★356*2— *26) to the proof that A.['/tel-»l. This 
requires, in addition to our previous hypothesis, that Q should be semi- 
Dedekindian. With this hypothesis, we first prove that if X, are 
relational real numbers, 

a^Xg = a*Yg = KsiXg=Yg, = .X^Y (★3o6-21). 

We then prove, by the help of some arithmetical lemmas, that the lower 
limit of the submultiples of a given vector is the zero vector, i.e. 

tips (S e « : (gj*) . P = S") = / p C'Q (*356*22). 

Hence we easily prove that, if R is any non-zero vector, and X is a class 
of vectors having a lower limit P, the lower limit of the relative products of 
R and members of \ is the relative product of R and L, i.e. 

\Ck,L^ tipx . P e *3 . D . P I i = tipP ! (*356*221 ). 
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QUANTITY 

If ,1. " „? ' ky “J'"* ‘b*" bk. Kmb 

c . . d h ,‘ “<1 “ »• «f i. ft. i ot ft. gi... 

ii «M f f. i' r . , “*■ .. .»ii, d,d,... ft,, 

>I H/ S, X/R =1= x/s, whence it follows that 


A,[ K€ 


I 


1 


{*^iOX)ZO) 


rohtivo .'"b f (*.S56-3-3.S) is concerned in connecting the 

Hamo product of A. and with the arithn.etical product ,V x, where 

be serisT J T"7 that x should 

be aerial and subinultipliable, and we obtain 


X. )'. = (A' Xg )'). (*3r,fi f!3). 

This proposition is the analogue of *351-31 (except that x, is replaced by x) ; 
has a similar importance, and calls for similar remarks. 


tu i o propositions (*35G 4— -43) is concerned in proving that 

unit ole points of a segment of ratios is the point of their limit, in 

0 er wor( s, that the limit of a set of points whose coordinates are a segment 

01 rationals is the point whose coordinate is the limit of the segment. Hero 
we again require that onr family should be semi-Dedekindian ; then if f is 
a segment of ratios, and X = the above proposition is 


= = seq//l„»T'i? (*356*43). 

Here X/R is the vector of X, (X^^Rya is the point of X; = 

and each is the class of vectors of members of f ; and or Aa‘*~X*H 

is the class of points of members of f. Moreover X is a relational real 
number. Thus the above proposition states that the point of X is the 
segment (i.e. the limit) of the points of the ratios contained in A' ; i.e. of the 
ratios which may be considered less than X. 


We next proceed (*356*5 — *54) to connect the relative multiplication of 
vectors with the addition of their measures. Here we require that k should 
be semi-Dedekindian as well as serial and .submultipliable. We then find 
that if X, V are relational real numbers, and f? is a non-zero vector, 

{XyR)\{y/R) = (X-\; y)yR (#356'o4). 

This proposition is the analogue of #351*43, and calls for similar remarks. 
The proof proceeds without much difficulty by means of *356*43. 


Finally we have a set of proposition.s (*356'6— *63) to prove that the real 
number which measures a rational vector is the real number corresponding 
to tne ratio which is its measure; i.e. if AT is a ratio, the vector which has 

the ratio X to the unit has the real number s^JPX for its measure. It is to 
be remembered that rational real numbers must not be identified with ratios. 
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any more than integral ratios (i.e. ratios of the form vjl) must be identified 

with cardinals. The real number corresponding to a ratio X is s*H^X ; this 
is what we call a "rational real number. In measurement, when we are 
measuring by ratios, if R is our unit, X will be the measure of X I k*R ; but 
when we are measuring by real numbers, the measure of A' I k^R must be a 
real number. The real number which is the measure of AT ^ k*R will, by our 
definition, be a real number Z such that 

X t k*R = prec ( U^yZ^R. 

Thus we have to prove that, if X is a ratio, the above equation is satisfied if 

we put Z = s*H^X. This requires that k should be serial, submultipliable 
and semi-Dedekindian ; w'e then have 

A' € C‘// . D . {s^WX % = XIk (*356-63). 

Thus although the “pure” real number s^H^X is not identical with the 

"pure” ratio AT, yet the "applied” real number {s‘H^X), is identical with 
the " applied ” ratio X I k. This fact explains why the results of the habitual 
confusion between a ratio and a rational real number have not been even 
more disastrous. 


*366 01. X, = prec ( | A^ * Df 

*3661. ^■.■R€K.:i:S = X.‘R. = .S=prec(U,y^‘R [(*35601)] 

♦36611. h f « . D : S = (s‘(),‘R . = .S= prec ( U.yA 

[*3561 .*33612] 

*36612. H K e sr subm . 

X,YeC‘H' .RfKf,.aes‘Q“K.Q = i‘iCi,.P= (/. . D : 

XH'Y. = .(,Xl k‘R) P ( K t *‘-R) . = . |(X C *‘P)‘o) Q (( r P *‘P)‘al 
[*352-73 . *336-4] 

*36613. h : xeFM st-subm .ReK-„ . ae«‘Q“< . Q = s‘k^ .P= U..O. 

H' = {C‘H')^A^'P=(C‘H')U„-’A,->Q [*356-12] 
*366-14. l-:Hp *356-13. 3. PpC‘P. = K'14B;if' [*352-72] 

*366-16. b : Hp *35613 . X C . Z = «‘\ . 3 . t^xp‘?‘P = k^A 
Dem. 

I- . *352-41 . 3 I- : Hp . 3 . * n 'X'R C C‘R . . = .4«“X 

b .( 1 ) . *356-14. 3 b : Hp. 3 . maxp‘Ar‘P = max (P^ C‘R,y'x‘R 
[*356-14] =Kl.4«“nitx„‘X:3b.Prup 


(1) 
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|_PART 

[*35615] 


*36616. h : Hp *3.5613 . x , C‘0 . X = i‘X . D . = A 

*36617. f- : Hp*3o616 . D , A, = It/. ; A' [*(7*7^ [*356-16] 

*366 18. I- ; * t FM fiinm x . D . A', e 1 -♦ Cl.s 

[*20G 161 . *:):)6'62 .(*35301)] 

*356 19. hi.Ke FM sr ■ T = U, . O .. Z ^ C‘H . kU' Q. 1‘ 

Deni. 

h . *.l.j(voll ■ ^ Hp. 7^, i^eNcind-t^o. = D : 

liPS ^ 72^ PSf* 

[*350-43] D : KPS, M k*R . N={fx/u)l . D . 

D.AfP7y:.Df-.Prop 

*356191. h : Hp *356 If) . A' e .v“6^‘H • ^ 1 D < ' /* G 7^| A' T * 

Dem. ^ 

h .*356 190 

H :. Hp . D : \ c C'M . AT = s‘\ . .?eX . 3 . Zt « ■ 7>GPi^t «:• 3 1- ■ Prop 

*366 2. I- : Hp *356 1 6 . ^ e C‘0 . i . X - ^ . D . * 1 A;,<Z ep'P“A.“u 

Dem. 

I- . *3101 1 . D I- : Hp . D . Len‘*H“fi . 


[*o()6'6.*352 12] 
[*356' 14] 


^■'c^An‘L^p<K‘\AH'H‘•Ag•‘p.. 

3 . * 1 A^‘L(p‘%‘A^"p. :0h. Prop 


*36621. I- :. * e FM .xi subm . (JnvV*;, esemi Ded . AT, Pei“(7'« . 3 : 

a‘Ar. = a‘y.=*5:Ar. = p..^.Ar=K 

Dem. 

1-. *3.56 16. *2147. D 

I-: Hp.X,;ieC‘C-).Ar =i‘X. y=s‘p. Re .ElX.'R. El F.'R (1) 

K(l). *3.56 2. DI-:Hp(l).P=^..a!X-,*.3.(F.‘7J)P(Ar.‘ii) (2) 

.Similarly b : Hp(l ). P = (/. . g X . 3 .(Ar.‘a)P(y.‘yj) (3) 

l-.(l).(2).(3).3f-:Hp(l).A'.<P=r.‘P.3.x-,i. 

[Hp] 3.A'=y (4) 

K(l).(4).DI-.Prop 


*356-211. I- : IT, T f NC ind - t'O . V c NC ind - r‘0 - t‘l . D . 

(<r +„ t)’ > < 7 ' +e ( 1 / Xe X, t) 

Dem. 

h , *1 13 43'66 . *1 16*34 , D h . (a tP = (r'+a(2 a T)+g t- (1) 

H .*126-5.3h:. Hp . D ; (<r t)'' > a" +o(v x^ XeT),D. 

(a +e t)''+' ' > o- •'+•' +0 (v Xg ff" x„ t) +e (<r*' x^ t) 

h . ( 1) , (2) . Induct . D |- , Prop 


( 2 ) 
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*366'212. h : p > <7 . p, (T, f 6 NC iiid . D . ( 31 /) . v e NC ind . p'' > < 7 “ ^ 

Deni. 

I- .*356-21 1 . D 

h : H [) . t NO iiid . /> = (7 T , D . /j" >■ a''~' 'x^.|(r+c(i'XgT)J (II 

I- . (I ). *126*.M . D h : Hp (I ). cr +c(*' ^0 ^ • P*" > ^ (-) 

h . (2) . *1 l;i-43 . *120-416 . *126 0 . D 

t- : Hp(l) , V T > <7 Xg ^ 1) . D . p*- > O'*' X(, f : D h . l*i-op 

*356 213. I- : p > <7 . /), tr, f, 17 c NO ind . 77 =[= 0 . D . 

(gi') . 1 / e NC ind . p" 11 ]> a" Xj. f 

Deni. 

h . *356'2l 2 . D h : 11 1 > . 3 . ( 317 ) . t' NO iud ./>“>■ o’- x^ f ; D h . Prop 

*366 214. h:p,ae NO ind - l*0 . p > a . X e C*H . D . 

( 31 /) . 17 6 NC ind . {pjayll X [*356-2 13 J 


*366 216. h : \ € C'‘<“) . p, (7 t NO ind - t‘0 , p > <7 . D . 

( 3 A’) . A € \ . A pi<j \ 

Deni. 

I- . *305 142 , Induct . D h :. X C C*H . 3 ! X . 17 e NO ind - t‘0 : 

A e X . D V • ^ ^8 pl^ e X : D : A* e X . 3 V • A' x^ ^ ^ ■ 

[*356-214] D://“X = C*;/ (1) 

(■ . (1) . Transp . D 1“ . Prop 


*356 22. H : Hp *356*13 . Q e semi Dcd . D . 

tl/S IN 6 a: : (317) . /e = N-j = / [^ C^Q 

Dent. 

f* . *336*511 . D h Hp . L = tlp‘N [( 317 ) . R = N*') . p., *7 e NO iinl — 00 . D : 

S€k.S>-^-'' = R.D.L^FS>': 

[*301-5] D:rcx.r^ = i2.D. L'^FT : 

[Hp] :>:L^F^L (1) 

t- . *337-21 . D h : Hp . 17 e NC ind - 00 - t‘l . e a:^ . D . LFL'' (2) 

I- . (1) . (2) . D h : Hp . D , Tc^ : D H . Prop 


*366-221. h : Hj) *356 19 . Q = s*k-„ .\Ck .L = t\F\ . N e x- . D . 

R L = i\FR 

Deni. 

h. *334-1 5. *336 411 . D h Hp : LFM . (R L) F {H 3/): 

[Hp] 0‘,M€\,':>.{R\L)F{RM)i 

[*37-61] D: /21“XCP‘(7{ /,) (1) 
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*336-41 . D I- ; Hp . (fl I A) . D . (gA-) . iV e . 


M=R\L\N. 


[*330-3 1 ] 
[*336-41. *334-1.-)] 


fK^.R\M = L\N . 
3 . LP (R\M) . R\M e . 


[Hp] 

[*•336-411.(2)] 

[*37-I] 

>-•(1). (3). *20721 .Dh. Prop 


^.('IN).N€\.NP(R\M). 

'^■(•a.NhN(\.(R\N)PM. 

3. 



*356-23. l■:Hp*.3.56-22.i^/>S.D.(a„).„eNGind-l'0.[|(^+„l)/„)t*‘i^]P5 

Dem. 

^■.*3.56 22-221 . 3 h : Hp . X. = f (re * (g^) . /i = j-.j . ^ I 

^■{’AT).T,\.{R\T)PS. 

3.(gr). reNCind- t‘0. (i? |(l/i/)t «■/?] PS. 

[*350-6 2.*:)34-32] D . (g^) . „ ^ NC ind - i‘0 . [|(„ +„ i)/„) f pg, ^ 

*366 231. f- : Hp *356-23 . D . (g^) . i- e NC ind - PO . iSP[((v 1)/^] p x‘R] 

[Proof as in *356-2.3] 

*366-24. h : Hp *356-23 . X e s“C‘B . 3 . X/R =)= X/S 
Dem. 

h . *356-23 . 3 (- ; Hp . X, f C‘e . Z = i'\ . D . 

(ap. <r) . p, <r f NC ind - t‘0 . p > <r . |(p/<7-) ^ *‘.B) . 

[*3.36-215] 3.(gp,<7-, K) .p, fft NCinduct - 1 ‘ 0 . p > o- . KeX. Y>i,pla~e\. 

\(pI<7)Ik‘R]PS. 

[*336-511] 3.(gp,<r,K).p,ffeNCind-t‘0.p>(r.KeX.Kx,p/ffep‘ff“\. 

\YtK\pla)lK‘R]P\YlK‘8]. 

[*351 -31. *356-1 3] 3.(gp,<r, K). Y^ K<(pla)l K‘R.ep^"'x‘Rn P“'x‘S . 
[*356-1 ] 3 . JT.'ft + y.'iJ : D I- . Prop 

*366-26. I- : Hp *356-22 . A: e i“e‘e .O.X.'RCQ 
Dem. 

*3.56-1-21 . 3 4 : Hp . D . AT.'iJ e *a (1) 

P.(I). *41-13. 3h. Prop 
*366 26. h : Hp *356 25 . 3 . A', f * e 1 -+ 1 

Dem. 

P . *356 24 . Transp . D P : Hp . R,Se k„. X.‘R = X.‘S . R^ S (1) 

P.(l). *356-18-21. DP. Prop 
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#366-3. h /f e FM apconx subm . a* Pot* VC k . . H.Sc k \ 

= .R {(i-V)r*l(»‘>')i'S 

Dein. 

h . *314'I4 . *313‘21 . Dh : H j> . D . a‘/z x,. i-'r = .s'*s*^ x, ***/ ( I j 

tip . H : R {s‘fi x,s‘v) S . = N) . M , 1^. X e V. R{M X, N ) S. 
[*35l;n'22] = . (a^/, N) . .\f ( fi . N ( u . R{M [ k \ X) S -..0 h . Prop 

*366-31. [- ; K e FM ap conx subm . 6-‘Pot“< Ck . X, p' e s“C‘0 . 0 . 

(A’ X, = *) [*S56-3] 

*366 32. I- : /c e FM sr subm . X, Fe s“C‘<=) . i? e *5 . D . X,‘ K.'iJ = ( A F).‘i; 
Deiii. 

H . #350191 
[#37-63] 

H . #305-6 . 


[#356-12] 

[#356-17] 

[*356-19] 

[Hp] 

b.(l).(2) 

[*356-1] 


3 t- Hp . D : .S'f X n >'<7? . D . * ft X‘S C P“X‘Y.‘R -. 

:i-.X‘‘{Kn~Y‘R)CP‘‘'x‘Y,‘R (1) 

D b : Hp . X c C‘0 . A” = s‘X . 6 \ . ZHZ' . D . 

Z I x< Y.‘R = Z ' t x‘(Z\Z') I x‘ Y.‘R . 
"^.ZlK'Y^'RiZ'l *“P‘ YyR . 
'^.Z[,K‘Y,‘ReZ'l >c“P“~Y‘R . 

O.ZIk' Y.‘R e P“Z' I k“'Y‘R . 
:i.Z\,K‘Y.‘R€P“X“'Y‘R (2) 

D f- : Hp . 3 . P“X“~y‘R = P“^‘Y,‘R. 

D.(X|FVP = X.‘F.‘P:DI-.Prop 


*36633. b :Hp *356-32. D.X. I F. = (Xx,J'). [*356-31-32] 

*366-4. l■:«e^^conx.Q = CIlv‘s<*5.A6*.aCC‘Q.a!a.E!seq,‘a.^. 

S‘seq<;‘a = seq j‘A“a 


( 1 ) 


Dem. 

t" . #330-563 . D h : Hp . D , jS*seqQ*a € p*Q**S**a 
H . *37'1 , D f- :: Hp. D S*2€Q*^p^**S^*a, = : 

(ay) S^xQy : yQS*z : 

[#330-542] = ; ixea.-^^.S^xQ S^w : S'w Q S^z : 

= : (aw) : x^a . . xQw : wQz : 

= :zeQ*‘jo‘Q‘*a ^2) 

b . (2). Transp . D h Hp. D : e Q*‘/?*Q*V . ^.S*zr^eQ^*p^**S**a (3) 

h , (1) . (3) . #330-542 . D f- . Prop 

R. A W. III. 
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*36641. t-:.Ke/'jl/conxtrs..P= ^ = 6V- . a 6 C‘Q . \ C * . g ! X . 3 : 

^ = seq/>‘^ . = . jV e -f . seq/4„“X = A'‘a 

t- . *33fi43'2 . *200-61 . 3 

t- Hp. 3:iV = seqf‘X. = . e*. A„‘A = seq (Q t 

I- . *206-211 . 3 1- : Hp . i = seqpM,“X . 3 . (gA) .ReX. R‘aQb . 

[“PJ 3.(a-S).Sf;x.6i'a. 

[*336-11] 3.4e4„“* 

P . (1) . (2) . 3 I- Hp . 3 : A= seq/X .zi.Nex. A^'R = seqp‘.il„“X 
f-. (3). *336-11 .31- . Prop 


( 1 ) 


( 2 ) 

(3) 


*36642. 

*36643. 


*366 6. 


Dem. 


h : Hp *3.56-41 . E ! seq/X . 3 . (seqr‘X)‘tt = seqp‘a„“X [*356-41] 

I- : Hp *.356-22 . f 6 C'e . A = . </ e C‘(^ . 3 . 

{X\‘R}‘a = seqp‘/l„“a = seqpM„‘<A‘fl 
[*.356-42-11-21 .*336-12] 

l-:Hp *356-22. 

A, }’ 6 s“C‘e .aeC'Q.Rex.X^xn A'iJ . /r = « n 'v'R . 3 . 
(A,‘A)‘( Y,‘Rya = sei|p‘s‘X‘seqp‘i-‘/i‘a 


I- . *350-43 . *336 12 . 3 I- : Hp . 3 . ( A,‘l?)‘( YyRYa = st‘(ip‘i‘X‘( l',‘/?)‘a 
[*356-43.*330-12] = seqp‘s‘X‘seqp‘.vV‘a : 3 P . Prop 

*366-61. h : Hp *356 5 . 3 . (A +, Y).‘R = se(|/>‘A‘*\ I “/i 

a 

Dem. 

h. *356-11 .*314-13.3l-:Hp.f,i7 6 6'‘0. A = .^‘f. K=.v‘p.3. 

(A +,. = seqr‘ylr,“(f-4a v) 

[*31 2-32.*31 1 -1 1 .*308.32] = seq,‘4 „‘Vf +/“>; 

II 

[*336-11] = seq/A |(gA, M) . . M ei) . N ^(L+,M)l k' R\ 

[*351-43] = seq/A . M ^r, . N ^(L\, x‘R)\(Ml k<R)\ 

[Hp] =seq/A|(gA W).UeX. W'e^.A= U\ IP | : 3 I- . Prop 

*366-62. h : Hp *356 5 . 3 . ((A +, Y).‘RYu = sc<ip‘(.y‘X)“iv‘a 
Dem. 

h . *356‘51 . D H : Hp . D . {(A' +r Y)n*RYa — (secifS'X | 

[*356-42] = se(jQMa“5‘A, | ‘V 

[*336‘11] = seq^'S ((3-^, Y), X eX* Y e ^,x = {X\ F)‘a| 

[#41*11] = seqp'S Ka-^) ’X € \ ,X€ X*H*ti*a] 

[#411 1] - : D 1- . Prop 
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*356 63. 1- : Hp *356 :) . D . seq,j‘A'‘\‘.seq^‘sV‘ti = seqy‘(j;-‘\)“A'‘/A‘a 

Dein. 

(“ . *85616 . D h : Hp . D . seq^‘6-‘A.'seqgS-V‘« = ltQ‘.s^'seqQ‘iv‘tt 
[*41 11] = It,/^ [(gL) . LeX,x = Z‘.seqo‘iV«) 

f*356'4] — • L e \ , X = seqg‘Z“i‘^‘a) 

[*356-16. Hp] = \tQ*x . LeX .x = \tQ*L**i*fi*a] 

[*207*55] = ItgVa |(g/-) . i. e \ . a = 

[*4M1] 

[*356 16] = seqo*(A-‘X)“i>‘a Oh. Prop 

*356-54. : K€ FM sr subm . CnvS-'/c^ e semi Ded . X, Ke.s“6'‘0 . e <5 . D . 

( A^‘i2) I ( F/A) = {X [*356 5-53*52] 


*366-6. h : K € FM sr , Re . F = U. . Q = sVg . X e C^H . D . 

KnAj.^^'H^Xc'p^XlK^R 

Dem. 

h . *37 6 O h Hp . D : MeAt^^^H^X . = . (gF). YHX . MYR . 

[*352-7] 0,MP(XI k^R) :0 h . Prop 

*366-61. h : Hp *356*6 . « e FM subm . ^ e semi Ded .SP{Xl k‘R) . D . 

(gF). YHX .SP{YIk^R) 

Dem. 


h . *356-231 . P h : Hp . D . (gi^ . f e NC ind - t‘0 . SP [{(*. 1 )jv\ I k^X I k^R] 

[#351 31] P . (gi.) . z/eNC iud -(‘0 . 1 )/i/ x, AT] 

[*305*7 1-51] :> ■ (a K) . YHX ,SP(Yl k‘R) Oh. Prop 

*356*62. h : Hp *356*6 . k e A’^snbm . Q € semi Ded . D . 

P‘X I k^H C [*356-61] 

*366-63. h : Hp *356*62 . P . {p'h*X ). = A^ t « 

Dem. 


h . *356*6-62 . P h : Hp . P . JT f k^R = \tp*Ai.**WX . 

[*356-11] P . X t = {s^H*X )AR 

h.(l). *356*21 .Ph.Prop 


(1) 



*369. EXISTENCE-THEOREMS FOR VECTOR-FAMILIES. 


Summarrj of *359. 

In this nun.ber we prove that, assuming the axiom of infinity, there are 
vector-fara.lies of the various kinds considered in previous numbers. 

If P IS any well-ordered series having no last term, the converses of the 

interval-relations. f.e. the class finid‘-P, form an open family of C</>(»359-Il) 
It IS a progression, this lamily is serial and initial (*359 12). 

The family consisting of additions of positive ratios to positive ratios 

(inc uding 0,), i.e. consisting of ail terms of the form (+.X)IC‘H', where 

XiC Af , IS initial, serial, open, and submultipliable (*35921), assuming the 

axiom of infinity. I'he family consisting of generalized additions of positive 

ratios to generalized ratios is serial, open, and submultipliable, but not initial 
(#359*25)i 


The family consisting of multiplications of positive ratios not 0, by positive 

ratios not 0,, is open and connected, but not serial or submultipliable (*359-22)- 

if we confine the multipliers to ratios not less than 1/1, the family becomes 
serial (*359 25). 


The family consisting of additions of positive real numbers to positive 
real numbers (including is serial, initial, and submultipliable (*359-31); 
the family consisting of generalized additions of positive real numbers (including 
t'Oj) to generalized real numbers is serial and submultipliable, but not initial 
(*359'32). Similar propositions hold for multiplication, provided is 
omitted; but the resulting families will not be serial. In the case where 
the field is confined to positive real numbers, however, the family becomes 

serial if the multipliers are confined to such as are not less than /f'(l/l), 
which is the real number 1. 


The last set of propositions in this number (*359'4— *44) are concerned 
in proving that, given a family k whose field is p, i( is a correlator of 
a and (Sff*** ^ family whose field is a, and which has the same properties 

of being connected, open, etc. as the original family k. Hence if /c is a family 
whose field is the real numbers, and we are given any class a similar to the real 
numbers (in other words the field of any continuous series), if S is the correlator 
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of this class with theieal numbers, a t<iiTiily whose field iso. Hence 

from our previous existence-theorems we derive the existence, for a, of an 
initial serial family, giving us a system of measurement for o. Similarly 
if o is similar to the rationals. 


*369 1. I- : Pe n . - E ! . D . finid'P e Cl exV'r‘C‘H 

Bern. 

I- . *2C0'23-2S . D h : Up . D . tinid‘/> C 1 -> 1 
I- . #121-302 . D I- : Hp . D . U‘I\ = C‘P 
I-. (2).*] 21-302 3, j. #200-28. D 
^ : Hp . „ f NC iml . [)‘P, = C‘P.D. = C‘P 

I- -(2). (:)) . Induct . D I- : Up . P e tinid'P . D . D‘P = C‘P 
I- . #121-322 . OhxHe finid'P . D . a‘.R C C‘P 
l-.(l).(-l).(5).#330-l .Dh.Prop 

I- : P £ n . ~ E ! B‘P . D . finid'P 6 Cm ap‘C‘P 


#35911. 

Bern. 


H . #200-28 . #121 352 . 3 I- : Hp . D . Hnid‘/^ £ Abel 

(-.#7119. 3 1- : Hp . u, V £ NC ind . a ! ; P> / . D . 4= n 

K #121-35. 31-: Hp(2).^>,..D.PJP,GP„..,. 

[#9|-0.#121-36] D . (P„ : P,)p„ C J 

Sindlarly b : Hp (2) . ^ . D . (P^ j G J 

b. (2) . (.3) . (4) . D I- : Hp . A £(finid‘P).5 . 3 . Gy 

b . ( 1 ) . (.5) . # 359 - 1 . 3 h . Prop 

#35912. b : P £ 0 , . Ai- = tinid'P . 3 . * £ fm sr init'C'P . iV= = P 
Bern 

h . #263 1414.1 , #1221 . D h : Hp . D . = C^P 

h . #26314141 . D h : Hp . D . = P . 

[#334 31.#3')9'1 1 j D . « t‘ sr 

h . ( 1 ) . (2) . (3) . #335 14. D !- . Prop 

*359 2. I- : Infin ax . « = {(^X), X €C*H' .H--{-\-,X)l . D , 


(I) 

C^) 

(3) 

(4) 

(0) 


(1) 

( 2 ) 


(3) 

(4) 

(5) 


( 1 ) 

( 2 ) 

(3) 


Bern. 


K t PM . = H' 


h .*306-54-25 . #304-49 . D H : Hp . D . « C 1 -► 1 (D 

h . *30G-2o . *304-49 . D H : Hp . 7^ e . D . <S*H = C‘i/ ' . C (2) 
h.#306 U*31 . ^i‘:Hp.i^.6'e«.D,/e,5 = £r|^ 


H .*306-52 . D h : Hp . D -sVg = if' 

^'•(l)-(2).(3)#(4).DI-.Prup 


(3) 

(4) 
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*369 21. I- : Hp 5*f359*2 . D . /c e initsrsubm . a'/ko = H* 

Devi. 

I- . *306-24 . D f- : Hp . D . ^VO, = G‘H' /i^ 

h. *306-41 .D ' 

I-;. ^^P--^6 0*//'./x,i/eNCind-i‘0.5=j+.(X x, l/*/)j f . D : 

[Indnct] D:6r*‘=(+.(X x.^i/^)) ^ C‘//' : 

[*305-51] D: 5- = (+,J)^C<^' ^2) 

^ • (-) • *351 1 . *359‘2 .DI":Hp.3./f6 FM snbin ^ 3 ) 

I- . (1) . (3) . *359-2 . *334-31 Oh. Prop 

*3B9-22. h : Infin ax . * = ((gZ ).X, C‘H' .R = {+,X)t C‘H,] . D . 

w 

K€FMBrsu\m..\*K^ = Hf, 

The proof proceeds as in *359 21, but in this case there is no origin. 

-.very member of k is a, connected point, ie. a member of conx'/c This 

results from *303-54. If, in *359 21, we substitute H for H'. the proposition 
holds except that k has no origin. 

*359 23. h : Infin ax . X = .^ ((3^) • X eC‘H . R = (x,X)l C‘H \ . D . 

xe/’iVap conx 

The proof proceeds as in *359-21. We have to take H instead of W 
I'ecause (x,0,)lG^W is not 1 -> 1. We do not get KeFMsahui, because 
not every rational has a rational vth root. 

*369'24. V : Infin ax . 

X = .R ((a Z) . X c c‘/f, - 1 ‘ 0 , . i? = ( X, X) c (C'ff, - 1 < 0 ,)| . D . 

/*il/apcoox 

The proof proceeds as in *359-23. 

*369-26. h : Infin ax . * = .R ((g^T) . (1/1) if^JT . R = (x.Z).t C‘H\ . D . 


The proof proceeds as in *359 21. 


* e FM sr . s*Kg = 


*369 31. h : Infin ax . * = R |(g;t) . ^ t (7‘«' . R = (+, /.) [ C ‘&} . D . 

* e FM sr ini t subm . *'*: 

Dem, 


h. *311-74. 3h:Hp.D.*Cl-»l 
h . *311-27 . D h ! Hp . R « * . D . Q'R = C‘B' . D‘R C C‘B' 
h . *311-43 . D h : Hp . D . t'O, t C‘B' = init'* 
h . *31112121 . D h : Hp . D . *« Abel 

h. *311-65. Dh:Hp.D.s‘*j = M' 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 

(5) 
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h 

h 

h 


(1).(2).(3).(4).(5). 
(6).s|t3U)151 .*351 ]1 
(H).(7).Dh. Pin,. 


D (- : Hp . D . « 6 /M/sr init . 
D I- : Hp . D , /f £ FAf inihni 




(ti) 

(7) 


*369-32. I- : Infin ax . ^ ^ [( 3 ^) . ^ ^ rv 0 ' . ^ . D . 

/ce^"i^/srsubrn . s*k^ = 0^ 

The proof proceeds as in #359-22. Similarly the analogues of *359-23-24-25 
can be proved for real numbers; the resulting families, in these cjises, will be 
submultipliable, but it will be necessary to omit t‘0, from their fields. 

*369-4. \-:k€C\ ex‘cr‘/? . ^ e a sm ^0 . D . e Cl ex'cr^a 

Dem. 

K *3.301. * 7 1-252. D[-:Hp.D.St‘VCl-»l (1) 

h . *15()-2I-21 1 . *330-1 . D I- : Hp . /e e S+‘ V .O.a‘R = S‘‘R .D‘RCa‘K. 


[*7303] 

I-. (1). (2). *.3.30-1. DI-. Prop 


D.a‘7J = o.D‘/7Ca 


( 2 ) 


*359-401. I- : /r f Abel . S e Cls -> 1 . .s‘a“/c CQ'S.O. Sf“K e Abel 
Dem. 


O.P\S\S^P,Q\S\S = Q. 
0.{SiP)\(SfQ) = S\R\Q\S 

= SlQ\R\S 
= (St Q) I (5t P) 


( 1 ) 


( 2 ) 


b. *72-501 .31-:. Hp.D:P,Q£K 
[*150 1] 

[*330-5] 

[(1).*150-1] 

b . (2) . *330-5 . D I- . Prop 
*359-41, b : /eefm'P.i'eaSnP. D .Sf'Vf fm‘« [*359 4401 . *33051] 

*359-411. t-:xiFM . a econxV . Sr 1 -> l . PC*'* = G'i’ . D . 6'‘a r conx'Sf"*: 
Dem. 

b . *151-1 1 . D h ; Hp . P = .S'i-s-v . D . s e P smor (sV) . 

[*lol-33] 3 . ^j*P‘S‘a’=S“I^K‘a u S“P^‘a 

[*331-1] =6’‘Va“/<: 

[*330-13.*150-211] =a‘.b';iV 

[Mp] =a*p (1) 

b.*150 -lC.Dl-: Hp(l).D.P = i.<6’f‘‘x (2) 

b.(l). (2). *331-1.31-. Prop 

*369-412. b:*:rf,nconx‘^.SrasmP.D.St“«£lmcoDX<a [*359-41-411] 
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1 ■«‘a‘v-a‘,sf.D.,s't‘Vf/’j/ap 


[*333101] 

[* 200 - 21 ] 

[*150-83] 

t--(l).(2). 
t" . *359-4 . 


*359-413. _ 

Deni. 

K *72 601. 

K(l).»i504.D(-:Hp(l).a!(S;p)|(5;^,^j 

r.i.ooo.^ /s ^ T ^ ^ 

^■SHPjQUQJ. 
^■\S’(P\Q)]^CJ (2) 

3f-:.Hp.D:.Y, Yf.J.:).(X\ ¥),.„<■ J (.3) 

3l-:Hp.D.St“*e/’,l/ 
t-. (3). (4). *,3.33-101 .Dh.Prop 

*369-414. h : * e W . S . 1 -> 1 . ,.a«* = Q'S . a = init‘* . D . S<a = 

[Proof as in #?J59 411] 

*369-416. t- : e FM snhm . 6' f 1 -» 1 . a‘S = ^<0“* . 3 . Sfv e FM subm 
Dem. 

K*.301-21. 3l-:Hp. Tfc.veNCind.D. (1) 

l■.(l).*72601 .31-: Hp.8’:K- = (5;y),_3 

b. (2). Induct. 3h:Hp(l).3.S:K' = (8’;F)' ( 3 ) 

K*351-1. 3l-:Hp..cNCind-(‘0.Xc*.3.(aK). J=r'.rc*. 

3-(aJ^)- l^f*-S;A' = (5!F)' (4) 

f- • (4) . *351 I . *359-41 .31-. Prop 


*359 42. 1- ; a 1 fm conx ap subm‘/3 . a sin ^ . 3 . a ! bn conx ap subm'a 

[*359-41-412-413-415] 

*369 43. b : P 6 i + , . 3 . jj ! FjI/ init sr subm A * (s‘k^ = P) 

[*359-42-21-414 . *274 44 . *12318 . *304 47 . *273 4] 

*369 44. I- : Nr‘P 1 = 5 . 3 . 3 I FM init sr subm a * (s'k^ = P) 

[*3.59-42-31-414 . *275 3 . *31015 . *204-47] 
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Summary of Section D. 

The theory of measurement hitherto developed has been only applicable 

to open families, But in order to be able to deal with such cases as the angles 

at a point, or the elliptic straight liue, we require a theory of measurement 

applicable to families which are not open. This theory is given briefly in the 
present Section. 

When a family is not open, two vectors which have one ratio will usually 
also have many others, i,e. we shall not have 3 ! X « A r ^ . D . A' = T. 

where X, Y are ratios. Also a ratio confined to the family will not usually 

be one-one. Under these circumstances, it is necessary, if measurement is to 

e possible, that there should be some way of distinguishing one among the 

ratios of two vectors as their “principal ratio, and of then showing that, by 

confining ourselves to principal ratios, the requisite properties of ratios re- 
appear. 

1 he case of angles will serve to illustrate our procedure. Considered 
geometrically, not kinematically, a vector which is a multiple of 'Itt is identical 
with the null-vector, and if 6 is any angle. e = 2vir + $, where i/ is any integer 
positive or negative. We are here considering an angle as a vector whose field 
IS all the rays in a given plane through a given point. Thus there will be two 
ang es which are half of the null-vector, namely tt and 'lir. and four angle.s 
w ich are a quarter of the null-vector, namely 7r/2, tt, and 'Itt , and 

so on. liie ratio of 7r/2 to tt is any number of the form (2^-|- l)/(4t/ -f- 2) ; 
thus two terms may have many different ratios. 

In order to evade this diflSculty, we first arrange angles in a series ending 
with iTT. and having no first term, but proceeding from smaller to greater 
ang es. Ihen the angles which have a given ratio pjv to a given angle will 
be finite in number, and therefore one of them will be the smallest. We take 
us as the “principal" angle having the ratio to the given angle, and 
etiue “ Ci/v)/' to mean the relation between two angles consisting in the 
^ct that the first is the “ principarVangle having the ratio to the second, 
ben of all the ratios between the two angles, the ratio p!u may be regarded 
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as the “ principal " ratio. It will be found that, with suitable hypotheses, 
(m W. has the properties required in order to make measurement possible. 

In order to make the above method feasible, certain properties must be 
assumed to hold concerning the family (These properties are all verified 
in the cases that arise m practice.) We shall therefore only speak of a family 
as cyclic when it fulfils the following conditions: 

(1) It must be connected. 

(2) It must contain a non-zero member which is identical with its 
converse. This is the property which makes the family cyclic. In the 
case of angles, the member in question is tt. 

(:i) It must be such that /r-lf/. is transitive. This is the property 

which enables us to arrange the field in a series. It will be observed that 

(/. cannot be transitive, since, if A', is the member which is its own converse, 
we have 

(I rs'Q"*) U. K. . K. U. (I t s'Q' V), 

but we do not have (/ rs‘a“«) {/. (/ ^ s-O"*), because U. is contained in 

diversity (by *3:i6'6). It is, however, possible that U. should be transitive 

so long as we do not start from and this we assume as part of the 

uehnition of cyclic families. 


(4) In order to avoid trivial exceptions, we assume that < does not have 
only two members, since otherwise it might consist only and K,. 

We are thus led to the following definition : 

FMcycl = (F M conx - 2) n ^ e trans : (^K) .K^k^.K^K] Df. 

We prove that there is only one such relation as K, and therefore put 

K^=^{iK)(K€Kq,K^K} Df. 

Also for the sake of brevity we put 

Df 

We then prove that k is a family having connexity, and satisfying the 
condition 


i e. having the domain of a member always identical with the common 
converse domain. Thus by *334-21, it. == /c w Cnv"«. 

In a cyclic family, /tuCnv'V consists of two mutually exclusive parts, 
namely and K,\**Kg. (In the case of angles, K^\]{ would be 7 r + i2. 
Thus Kg would be the angles from 0 (exclusive) to tt (inclusive), and Kg ) **Kg 
would be the angle.s from tt (exclusive) to 2ff (inclusive).) Also Kg\*‘Kg 
consists of the converses of K^i*Kg. 


We take up next (*371) the question of arranging k u Cnv“* in a series. 
l*or this purpose, in order to avoid circularity, we have to erect a barrier at 
some point; we choose as this point. By the definition of cyclic families, 
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is transitive; hence, since the family has connexity, is serial. 

This relation therefore arranges all the members of kq in a series, begintiing 
with and proceeding towards /„. In order to extend our series to 
I we only have to make K, | R precede | 5 if i? precedes .S’, where 
R and 5 are members of k^. That is, we arrange A”, in the order 

This gives a series which begins 
with and proceeds towards without 
reaching it. Thus taking the sum of the 

above two aeries (in the sense of *160), we // \\ 

get a aeries whose field is /cuCdv^a:, which / / 

begins with /*, travels through AT. j »A:g to K , , /CH /. 

and on through /cg towards without quite \ V, j j 

reaching again. This relation we call W,\ \ \ / / 

the definition is y 


- JT, I? 174 «g 4 . 174 /cg r>fi K, 1 

Taking an arbitrary origin, a vector may be indicated by the point to which 

it carries the origin. Thus in the figure, is at the origin. is opposite 

the origin; the upper semi-circle, including both ends, is at; not including 

the right-hand end, it is /cg ; the lower semi-circle, including both ends, is 

Cnv‘‘^; including K, but not /,, it is Cnv^/cg; including but not A%, 

it is K^\ /cg . Then starts Irora /„, and proceeds through the lower 

semi-circle first, and afterwards through the upper semi-circle, stopping just 
short of /,. 

If « is cyclic, is a series. Under most circumstances, if Re/c, we 
shall have 

^w.Q^:>-{P\R)W^iQ\Rl 

e investigation of the various cases in which this holds occupies a larije 
part of *371. 

In the remainder of this Section, our work becomes more full of ordinary 
arithmetic than it has been lutherto. We shall thereloro, where cardinals 
are concerned, abandon the explicit notation we have hitherto employed, and 
substitute the ordinary notation. Thus we shall write fx + u iu place of fx -f, 1 .. 
and fxu m place of fxx^p. We .shall, however, retain fx~^u for subtraction, 
in order to avoid confusion with the sign of negation of a class. 


We proceed next (*372) to consider what is in effect the class of vectors 
not greater than the i^lh part of a complete revolution {e.g. in the case of 
angles, not greater than 27r/i/). We define this by means of the relation W^. 

from the figure that if A is a non-zero vector, we shall have 
W^R^, unless R'^ belongs to the lower semi-circle and to the upper, 

The first time this happens is the first time that 
becomes greater than one complete revolution. Hence if, for every 
number a less than and not zero, W,R-, it follows that R- is not greater 
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part of a complete revolut.on. The class of such relations we call thus 


j-. = (at u Cnv“K) '^R(<r<v.<7j:0.0,. R’*' W.R’) Df. 

The main propositions to be proved in this subject are 

P^k.PW.Q.:3.P>W.Q^ 

and (what is an immediate consequence) 

^,e€v,.D:P' = Q-. = .p = Q. 

This latter proposition is the foundation of the theory of principal ratios. 
Another important property of i/, is 

so that is an upper section of ]\\. 

We proceed next (*.37!l) to consider submultiples of identity, i.e. vectors 
P such that R^ = I„ where v is a cardinal. We assume here, and almost 
always henceforth, that « is a siibmultipliable family. We first comsider 
vec ors M^ich can be reached from /. by successive bisections. We know 

a ’ P' ‘f R'-R,, then R+R,, because K,'^K.. Hence by con- 
tinuing the same process we arrive at the existence of a’vector Q such that 

g>' = /.:p<2'.p=|=0.D,.Qp + /.. 

Hence we easily anive at the result that, if v is any inductive cardinal, 
there is a non-zero vector whose vth power is (This does not follow 

because /.■• = /., so that from the definition of 
/Vl/subm we cannot know that there is any vector except I. whose vth power 

IS ,.) Theoce we prove that there are nt»n-zero vectors whose */th power is 
and which are such that no earlier power is /*, i.e. we prove 


The class of such vectors we call (/,. 4 If R is such a vector, the number 
of different vectors which are powers of R is p. Hence the powers of R have 
a maximum in the order W,; since W, proceeds from greater to smaller 
vectors, tliis will be the smallest vector, other than which is a power of R. 
Concerning this vector, we show that it is a member of i/„, i.e, it is such that, 
it <7 < p , <r 72'+* Fr,72' Finally we prove that there is only one member 
ot pg whose vth power is /,. This will be what we may call the "principal ” 
vth submultiple of /.; in the case of angles, it will be the angle 2wIp. It 
will be observed that 27rfijp always has identity for its i/th power, and has no 
lower power equal to identity if is prime to p. Thus the uniqueness of the 
" principal ’’ vth submultiple depends upon the fact that it is a member of 
so that, by what has been proved in the previous number, no other member 
of Pg has the same rth power. 
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We next, in a short number (#374), extend the last of the above results 
to any vector, proving that, if R is any member of k u Cnv'V, there is a 
unique member of r, whose i/th pow'er is R. We may call this the “principal” 
vth submultiple of R. We prove also in this number that, if S is the principal 
Hh submultiple of consists of all vectors not earlier than S in the order 
Wg, i.e. of all vectors not greater than S. 

Finally (*375) we define “principal ratios” and show that they are one- 
one and mutually exclusive. We denote the “principal ratio” corresponding 
to /i/v by This is defined as the relation holding between R and S 

when the principal //th submultiple of R is identical with the principal vt\\ 
submultiple of S; that is, we put 

(WWc = RS{(>^T).T€fi.r>v.,R=T>^,S= T-J Df. 

It is obvious that (jilv)^(l(fi/v)l /c,; and there is no difficulty in showing 
that principal ratios are one-one and mutually exclusive. 

We have not thought it necessary to carry the development of this subject 
any farther, since, from this point onwards, everything proceeds as in the case 
of open families. We have given proofs rather shortly in this Section, 
particularly in the case of purely arithmetical lemmas, of which the proofs 
are perfectly straightforward, but tedious if written out at length. 



*370. ELEMENTARV PROPERTIES OF CYCLIC FAMILIES. 


Summary of *370. 

In this number, after the definition of cyclic families already cited, we 

non-zero vector is equal to its converse 

(#370 23). This one we define as A',. Next we prove that, if 77 is a non- 
zero vector other than K,.R\K. is the converse of a non-zero vector, and 

R\K. is a non-zero vector (*370'31 311), whence it follows that 

(*370*32), 

whence further we obtain 


iy*K = G**K ,K€FMconnex (*370*33). 

Hence further, since by definition U, is transitive, it follows that 
IS a series (*370*37). The remaining propositions (*370*4— *44) are concerned 
witli the relations of the two semi-circles and figure, p. 459). 

Wc have * ^ 

(Jnv‘V==A^,|‘V (*370*4), 

* A Cnv“« = tV, u i*K, (*370*42). 

K, I “/c- = Cnv“« - (‘/r* (*370*43), 

= A (*370*44). 


*370*01. FMcyc\ = 

(7’iWconx-2)nJ 1*31 (7. e trans : (gA") . AT e *3 .‘A' = Af) Df 
•37002. K. = (iK)(R(Kg.K==K) ])f 

*37003. /, = /r»‘a“K Df 

*370*1. f- « e FM cycl . = : 

kcFM conx - 2 . € tr&m :{'^K ). K e kq . K = K [(*370*01)] 

*370*11. \-:tc€ FAf conx .0 . U.QJ [*336*6 , (*336*01 1)] 

*370*12. h : KeFMconx . k^'] etrans. R.Sck^, RU^S ,SU^T .0 . T 

[*370*11] 

*370*13. Vik^FM .K€K.K = k.:>.K'^J, [*330*31] 
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*3702. h e i^J/conx . 1 Ug€ trans , K c k^. K ^ K \ 

R€K„,R\KeK.:> .RUAR\K),{R\K)U,H 

Dem. 

h . *370 13 . D f- : Hp . D . I ( I ) 

h . *336-41 . (1) . D 1- : Hp . D . i? t/. (i? I AT) . (i? I a;) : D I- . Prop 

*370-21. h : Hp *370-2 . R € , R\ K e k , R\ K = 

Dem. 

h. #370 12. Transp. D h ; Hp . At/. (i2 1 A') . (i? | A') i/.AO . A | AT - € (I) 

V . (1) . *370 2 . D h . Prop 

*370 22. h : Hp *370-2 .A6yc^-(‘A.D.A|A-€« 

Dem. 

V . *370 21 . *330-32-5 .Oh: Hp*370 21 .O.R = K (1) 

h . (1) . Transp . D h . Prop 

#370-23. h : Hp *370-2 . R e . R^R .0 . R = K 

Dem. 

H . *331'33 . D : Hp .0 . R\K e k yj Cnv“« (1) 

1- . *330-5-52 . *34 2 . D h ; Hp . D . A | A" = Cnv‘(A \K) (2) 

1-.(1).(2). Dh: Hp.D.A|Ae/f . 

[*370-22.Transp] D , A = AT : D h . Prop 

*37024. h : /ce Ail/cycl . D . E ! AT, [*3701-23.(*370 02)] 

*370-26. h:.K€ FM cycl .D:Ae«'.A = A. = .A = A', [*37024 . (*37002)] 

*370-26. hixeFM cycl . 0 . e . K, = K, . /, [*370-24-25 13] 

*370-3. h : K€ FM cycl , RU^K^ .0 , R=^ 

Dem. 

I- . *336-41 . D h Hp . D : « e « : (gS) .Sc k,,. K = K.\s ( 1 ) 
l-.(l).*370-21-24.DI-.Pio|) 

*370-31. h : x € FM cycl . Re k^ - i‘K, .H . R\K.c Ciiv'Vj 

[*331 -33. *370-22] 

*370-311. 1- : Hp *370-31 . D . .R F.ck^ 

Dem. 

t-.*370-31 .Df-:Hp.D,ir,|AeA:3. 

[*330-6. *370*26] D . A | € kq : D 1- , Prop 
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*370^32. V:KeFM c^d - 6 * . D . D‘ie = Q'ii = V 

Vein. 

K*5(Kr52. DKD‘4 = a‘/ =6‘Wv 

J- . *370 26 . *330-52 . D f- ; Hp . D . \)*K -d^K ~~ o<a« 

[*:«0-52.*34-361 ^ J-U(^|A:,) = s‘a“*. 

^•(l).(2).(3).Dh.Prop 3.DiJ = ,.a»* (3) 

*370-33. h : . e FM cyd . D . D'>* = O'V . . e FM connex 

[*370-32 . *334-42] 

"Zm ^ Z°”' ■ ' ■ 

*37036. nHp*370-31.D./f.i/,/e.~(7J£7..Sr.) 

[*370-3 . Transp . *370-54] 

*370-36. [- : X . FM cycl . D . -| (7. e connex . 0‘v. 1 (7 = * 

Dem. 

K*33G41. :>l-:Hp.D.6X1 i/.C* Hi 

I-. *370-34. 3l-:.Hp.i7,56*j./e + S.D: 

L „„ R('‘d)V.)S.v.S(Ks^U.)R (2) 

K*336-41. =>[-:Hp.iJf*j.S = 4.D.7?(*5l(7,)S (3) 

K*336-4I. 3l-:Hp.Sf*j./J = /,.3.A’(*j'|{7.)i7 a) 

• (2). (3). (4) . D t- :. Hp. TJ.Sf* . R=|=S. 3 ; 

K,I,.,5,.3KP„p X o, IC.) s . . . ^ C a 1 C.) Ji ,5, 

*370 37. \-:k€ FM cycl .D.k^'\U,€ Sev [*370-1 1 1’36J 

*370-38. ^ I fc € FM cycl . Ji. Se /c , ,J{\S = S\R [*330-561 . *370-32] 

*370 4. h:K€ FM cycl , D , Cnv'V = | 

Dem. 

^ . *370-31 . *330 5 . D h : Hp . D . 77. | “(*5 - i‘K,) C Cnv“x 
K (1) . *370-26 . 3 I- : Hp . D . A". I “* C Cnv‘‘i( 

I-. *.370-3 11 26. Dl-:Hp.A6*.D..R|Ar.e*. 

[*370-26] :3.('3^S).S(k.R = S K,. 

l*.330-5.*37-6] O.R€K.\"k 

t- . (2) . (3) .31-. Prop 

*37041. H :. K e Wcycl . A, Ae * . 3 : (A. I A) P. (A. | A) . = . Ai7,6' 

Dem. 

I- . *.3.30-54 . *370 .33 . 3 

l-:.Hp.3:(A.iA)P.(A,,A). = .(a7’).7’e*a.A.,A = y|A.|A. 

[*330-.5.*370-26] = .(•^T) . Te k^, . Rr:. T' S . 

L*336-41] = . Ai7.A :. 3 h . Prop 


(1) 

( 2 ) 


( 3 ) 
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*370'42. f- : e FM cycl . D . /c n Cnv^V = u t'AT, 

Dem. 

h . *370*22 . D h : Hp . ^ € . D . ^ | e « . 

[*370*311. Transp] Z) . R € k^- i*K, (1) 

l-.(l). 3 I- Hp . D : 7?, ii€ «r . D . w t'A", (2) 

h , (2) . *370 26 . D h . Prop 

*370*43. 1“ : /<re T^’ilfcycl . D . TT. I ‘V; 5 =: Ciiv“# - PAT, [*370*4] 

*370*44. H : /c e/’Tl/cyci . D . n A", j A [*370*42*43] 


R. & w. III. 



*371. THE SERIES OF VECTORS. 


Summary of #371. 

In this number, we begin by defining the relation r., which takes the 

place, for cyclic families, of the relation V. defined in *336. The definition 
is 

*371-01. = Df 

Then if /t is a cyclic family, is a series (*371*12), and its field is * w Onv**K 
(*37114), which = *, since k has connexity. It will be observed that F* is 
not a series if « is a cyclic family; we have e.^r. /.F./f, . A',F,7«. The above 
relation is constructed so as to make a barrier at /*, thereby preventings 
the relation IF, from being cyclic. 

If P, Q are both members of or botli members of if, | “< 5 , 

■P^«Q- = *(a7’).Pe/c0.P=e|P (*37M5*151). 

Most of the properties of IF, depend upon the fact that f/, is transitive, 
in virtue of the definition of cyclic families. If k is any connected family, we 
have 

K^‘\ f^«€tran3. = :P,Q,Q|P,P|Q|P 6 « 3 .Pc*, (*371-2). 

This proposition is required for most of the subsequent proofs in this number. 

It leads at once to 

*371-21. VxKeFM cycl . P, Q, $ | P, P | Q | P e . P c « . 3 , P | g e *3 

Most of the propositions of this number are concerned with the circum- 
stances under which we can infer (P|P)1F, (g|P) from PlF,g. We have 

*371*31. h « e Pjlfcycl .Pc«j:P€« 5 .v.P|P/^e«g:D: 

Another useful proposition is 

*371-27. V :,K€FMcyc\ PW,Q . = . giF,P 

*37101. W. = K.\iU.tK^^U.tKs Df 

*3711. I- * e FM cyc \ . D :: P r.Q . = P, Q e AT. | ‘Vj : 

{2R.S).R.SeKs.RU.S.P = K.\Ji.Q = F.\S:v: 

P,0«*3.Pf7.0:v:Peif.|''*8.Qe»a 
[*202-55 . *370-34 . (*371 01)] 
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*371*11. f* : /c e e « . D . I) r* « e 1 — > I 

Dem. 

I- . *330*31 . D h : Hp . i2. 5 € « . a: I i? = /n S . D . i? = S : D h . Prop 

*371*12. h : « e FM cyc \ . D . If. eSer [*.370*37*44 . *371*11 . *204*21 5] 

*37113. I- : « 6 FMcyc \ . D . If. - f. C (Cnv‘ V - i^K,) ^ U, [*370*41*43] 

*37114. h : « e FM cycl . D . Tf,.= k u Cnv**x = u /f. | ‘ 

Dem. 

V . *202-55 . *370*34 . *160*14 . D H : Hp . D . If. = A". | u <3 
[*370*43] = u Cdv‘V ; D h . Prop 

*371*16. I- xeFMcycX . P, Qe *3 . D : PIf.$ . = . (gT*) . 7'€ /tg . P — Q [ T 

[*370*44. *336*41 .(*371 01)] 

*371161. l-:.A:ePjI/cycl.P.Q 6 P'.|“/C 3 .D:PIf.Q. = .(aP).re^ 5 .P=QjP 
Pm. 

I- . *370*44 . *336*41 . D I- Hp . D : 

pif.g. = .(gP,£r.P).p.5,rc/f3.p = 5|r.p=ir.|P.Q=^.|5. 
[*370-26] = . (gP) . Pe /cg . P = Q | P D h . Prop 

*371 162. h : « e Pjlf cycl . P € if. 1 “itg . $ € /cg . D . P If.Q [*371*1] 

*371*16. I- : * € P^ cycl . P € <9 . P If.Q . D . Q e *9 [*370*44 . *371 * 1 ] 

*371161 Vxk^FM cycl . Q € P. | »«g . P If .Q . D . P c P. | “/tg 

[*370*44. *37 1*1] 

*371*17. Vik^FM cycl . Q. Pc ^9 . D . (Q | P) If.Q . (Q | P) If.P 

[*371*15*152] 

*37118. VixeFM cycl . D . = P. | »«g . If.'P. = ivg - 

[*371 16*152. *370*311*22] 

*371-19. !-:.«€ Pilicycl . P + /. . D : PIf.P. . = . P. Tf.P 

[*371*18. *370*43] 

*371*2. t- :: xeFM conx , D :. *g *] £/. e trans . = : 

P,Q,Q\R,P\Q\R€k^,R€k, 

Q. R • 

Dem. 

1-. *336*41. D>-:.Hp.D:P(*g1 f 7 .) 5 .S(« 9 l U,)R, = , 

{•^P,Q)-P,Q,S,T€Kq.R^k.T^P\S,S=Q\R ( 1 ) 

!• . (1) . *13*21 . D h :: Hp . D :. Kg'] P, e trans . = : 

P,Q.Q\R,P\Q\R€Ks.ReK.O,>,^,s.{P\Q\R)U.R (2) 

l-.*330'31-5.D 

Hr.Hp.P.Q.fte*. Af£* 5 .P|Q|iJ = Jl/|iJ.D.P|Q = Jlf (3) 

H.(3).*336-41.3l-:.Hp.P,Q,iJ,P|Q|iJe*.D: 

(Ply|i2)f/,iJ. = .Pie 6«3 (4) 


I- . (2) . (4) . 3 h . Prop 
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[tart VI 


[* 37 1 - 2 . # 370-11 


*371-22. l■•■*ePJl/cycl.P,P,P|Pf«J.p^F,Q.^.Q|J^J^g 

Dem. 

1- . *371-15-16 . D h : Hp . D . (gP) . Q.Tex^ . P = Q\T 

•-•(I)- ^'■:Hp.D.(gP).Q,p,p.Q|p,Q|y|jjj*g 

3.Q|Pe*a:DKProp 

*371-23. I- : K e FM cycl . TW.S . 3 . 2'IP, (5 1 P) 

Dem. 


1- . *330-3 1 . *370-38 . 3 1- : Hp . 3 . P = P 1 (S 1 P) 

(1) 

l■.(l). *371-15-16. 

3 1- : Hp . P,S| Pe «3 . 3 . Pr. (S| P) 

(2) 

K *371-15-16 . 

3h:Hp.P€«3.3.P|Pejr3 

(3) 

I■■(2).(3). 

3l-:Hp.Pe*3.3.Plf.(P|P) 

(4) 

I-. *371-152. 

3l-:Hp.P~e*3.P|Pe«..3.yjf^(^|2T) 

(5) 

t-. *371-151-161 . 

3h:Hp.P~6,3.3.P~c*3.P|Pt«3 

(6) 

t-.(5).(6). 

3 1- : Hp . P~« . 3 . PIT. (S| P) 

(7) 

l-.(l). *371-151 . 

3 1- : Hp . P,P| P.^« «3 . Pf . 3 . j-lf. (5| y.) 

(8) 

K(5).(8). 

3 1- : Hp . P~ c «3 . P e *3 . 3 . PIT. (P| P) 

(9) 

K(4).(7).(9).3I- 

. Prop 



*371-24. ^■:*fPJ^/cycl.P,P,P|Pe*g.p^p.Q.^.(P|/^)^p^(Q|;^) 

Dem. 

l-.*371-15-16.Dh:Hp.D.(gP),P,Q,p,p|ij,Pj*g.p=g|7. 

[*371-21 .*330-5] 0 . (gP) . P| P, Q | P, Pe *j , P | P = Q | p | p. 

[*37M6] 3.(P|P)If.(Q|P)Oh.Prop 

*371241. ^■•'C€FMcyc\.P,R(Kg.P\R..,eKg.PW.Q.'^.(PlR)W.(Q\R) 

Dem. 

h. *371-152. 3 t-:Hp.e|Pe«3.D.(P|P) If. (g|P) (1) 

H. *371-15. 3 

l-:Hp.0|P~e*5.3.(gP).Pe*3.P|p,Q|p.v.«*j.P|P = Q|P|P. 
[*371-151] 3.(P|P)}f.(g|P) (2) 

t- . (1) . (2) . 3 H . Prop 

*371-26. H : * e PAf cycl . P, P « * 3 . P W.Q . 3 . (P | P) IT. (Q | P) 

[*371-24-241] 
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•371-261. \--.K(FMcyc\.R,R\QeKs. ■:> .{R\ P)W.(R\Q} 
Dem. 


h . *371-25 . Transp .*37112.3 

I- : K £ FMcycl . P. R e .(Q : R)W.(P - R) . Q W.P 


h.d) 


R\Q.R\P 

P Q 


. 3 . Prop 



•371-26. I- * c FM cyc\ : P,Q e .w . P, Q~ e 3 : 

PW.Q.^ .{K.\P)W.(K.iQ} 

Dem. 

h. *37 1-25. *370 26. 3 h : Hp . . PIP.Q . 3 . (A". ! P) If. (AT. - Q) ( 1 ) 

K *37 1 -25 1 . *370-26 . 3 I- : Hp . Q e *3 . (iT, | P) IT. ( A'. I Q) . 3 . P If.Q (2) 

31-:.Hp.P,QeK3.3:PTP.g. = .(/r.:P)ir,(7ir.:(?) (3) 

I- . (3) . *37 1 -1 4 . 3 

l-:.Hp.P,Q~£*g.3:PlK.g. = .{ii'.|-P)l^.(-K'-lQ) (4) 

H . (3) . (4) . 3 I- . Prop 


*371-27. \--..k(FM cycl . P, Q £ . 3 : P IT.Q . = . Q IF,P 

Dem. 


l-.*371-15.31-:.Hp. 3:Pir,Q. = .(aP).r£K3.P = §!P. 
[*370-33] =.(-^T).TeK-,.Q = P\T. 

[•371-1.51-19.*370-43] = .QWJP :. 3 I- . Prop 

*371-3. ^■:*ePil/cycl.P£/c3.P|P~£/c3.PTF.Q.3.(P|P)l^.(Q|P) 

Dem. 

4. *371-27. 3h:Hp.3.QTr.P. 

[*371-251] 3.(P|$)Tr.(Bi-P)- 

[*371-27] 3.(P|P)ir.(Q|P):31-.Prop 

*371-31. h :. K £ FM cycl . Re k^i P e . P\R'^( •. 

Plf.Q.3.(P|P)r.(g|P) [*371-25-3] 



*372. INTEGRAL SECTIONS OF THE SERIES OF VECTORS. 
Summary of *372. 

The subject of this number is that section of W. which consists of 
vectors not greater than the vth part of the whole circumference of the 
cycle. This is defioed by means of W., as consisting of those vectors which 
(taking W. as “ greater than ”) are such that 7?'+' is greater than R' so long 
M (7 < K. It will be .seen that so long as R’ and all earlier powers of R 
do not exceed R satisfies this condition; but if while 

ii'+'e/cj, we shall have Thus our definition selects those vectors 

which, starting from any origin, do not, by i/ repetitions, take us farther than 
once round the cycle. The definition is 

*372-01. >'. = (KwCnv“*)n.ft(<r<„,o.=)=O.D,.iJ«-'jr,iJ‘') Df 
We then have l. = *«Cnv‘‘« (*37211), 2. = *j(*37213), 

t.e. V. diminishes as v increases (*372 15) ; v > 1 . 3 . i/. C *3 (*37216). 

An alternative formula for v,, sometimes more convenient than the one 
given in the definition, is (assuming p > 1) 

= (#372*1 7): 

i.e. so long as either Pf^ comes in the upper semi-circle, or comes 

in the lower semi-circle ; that is to say, the step from to does not 

cross A. For an even number (not zero), this leads to a simpler formula, 
namely 

(2x/). = *3 P (m < 1/ . 4= 0 . . TV e ycg) (#37218). 

We have next a set of propositions leading up to 

#372 27. !■:.«€ Wcycl . c NC ind - i'O . P e , P W,Q . D : 

t • w ■ . ■ + 

whence, since W* is a senes, we obtain 

#372 28. ^■:•«€Pi^cycI.If€NCind-t‘0,P,Q^if,.D:P-=Q-, = .p«Q 

It is largely owing to this proposition that v* is important. In virtue 
of this proposition, there is in */, at most one vector which is the vth sub- 
multiple of a given vector. We shall show later that, if iv is a submultipliable 
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cyclic family, there is at least one such vector ; hence there is a unique vector 
in V* which is the vth submultiple of a given vector. This does not hold in 
general for larger classes than v,. 

A specially useful case of the above proposition is obtained by putting 
v = 2, which gives, in virtue of *372*13, 

*372*29. K € FM cyc\ . P,Q e = 0^ , ~ , P 

The remaining propositions of this number are concerned in proving that 
V* is an upper section of W^, i.e. 

*372'33. h : 6 FMcyc \ . v e NC ind , D . C v, 

*37201. V, = (/c u Cnv*‘/c) ni2((r<;i/.cr4"O.D, . Df 

*3721. R € Vg , = : R € K ^ Cnv**K : <r < . o* ^ 0 . 

[(*372*01)] 

*372*11. (-. 1. = «uCdv»/c [*3721 .*117*53] 

*37212. b : « 6 if’^cycl .ReK \ “/cg . D . W^R* 

Dem. 

I-.*371 152. Df- :Hp.Jf2»6«9. (1) 

b - *37 0*44 . D b : Hp . R^ e /cg . D . 72, 72’ *-^e«g..Re«g.72 = 72 | 72^ . 
[*371*151] D.72IF.72“ (2) 

b.(l).(2).Db,Prop 

*372*121. b iK^FMcycX . 72e«9 . D . [*371 *17] 

*372122. b uk€FM G yc \ . D : 72 6^9 . = . 72’r.72 [*372*12*121 . *371*12] 
*37213. \‘ik€FM cycl . D . 2* = <9 [*372*122] 

*372*14. b : e FM cycl . D . TT* e 3* 

Dem. b . *371*152 . D b : Hp . D . WgK^ : D b , Prop 

*37216. b:/i<i/.D.i/„C^, [*372*1] 

*372*16. }-:k€ FM cyc \ . 1/ > 1 , D . */. C -cg [*372*15*13] 

*372*17. h :k€ FM cycl . v > 1 . D . 

Vg = n P (fj. < P . . 7^+' 6 «g . . 7^ e tfg) 

Dem. 

b. *372*1*16. *371*16. D 

b : Hp 7*^+* e/cg . , 7*»*c *9) (1) 

b . *371*15 . D b : Hp . P, Pm+> e /cg . D . T^-*" (2) 

b. *371*152. Db:Hp.P.7^cA:g.PM+i^e«g.D.7V+.if^iV (3) 

b. *371*151. DbrHp.Pc^g.T^.T^+'^t^g.D.T^+ilT.T^ (4) 

b.(2).(3).(4).Db:.Hp.P€iN:g:PMe«g.v.P»*+>-eA:g:D.7^+*r.P»‘ (5) 

b. (5). *372*1. Db:Hp.D./cgnP(/i<t,.^4.0.7V+i€icg.D^.PH€*g)Ci/,(6) 
b.(l).(6).Db.Prop 
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*37218. f-:«e/'i)/cycl.i.>O.D.(2i/). = *5n.P(A»<v./i + O.D,.i^£*a) 

Dem. 

h . *.‘i72 1 .*371 12 . D : Hp . P£(2 k). . D . . 

[*372 122] D.P'£*3 (1) 

K(l). *372 17 . DI-:Hp.D.(2i/).C*5nP(/i<i/.^ + 0.D,.P^£*fl)(2) 

F. *371 15 152. D h : H p. P, P** £*-. D. Pm+' IK.P" (3) 

f- . (3) . *371’25 . D h : Hp . P. P«+' P^ex^.O. P^+p+iI^.Pm+p (4) 

^ • (‘1') • 3 Pf *3 : ^ ^ K . /i=]=0 . D, . P'e *3 : D : 

. Pm+P+I ]F^Pk+P ; 

[*117 561] 3 : <r < . D, . r.P' 

[*•■1721] D:Pe(2i.), (5) 

h , (2) , (5) . D h , Prop 


*37219. 1 K€ FM cycl , fi,v€ NC ind - t‘0 . P e (/ii;)* . D , P** e v* 

[*372 1 .*371 12] 

*372*2. h : « e FM cyc\ . r e NC ind .Pci'*./x^»/.<7 <C^.(T 4=OO.i^l^«i^ 

[*372-1 .*371*12) 


*372*21. 


Dem. 


f" : /c € FM cycl . v e NC ind , P e v, , 

P^ir,P»‘.P»*e/ff, 

h . *372 2 . D I- : Hp . D . P^lP./v . ( 1 ) 

[*372-122] (2) 

l-.(l).(2).DI-.Prop 


*372*22. V\k€FM cycl , P W^Q .P,P^€k^, P'* W^Qt . 3 . P^+* 

Dem. 

h . *371-25 . D h : Hp . D . P»*+> IT.P | (1) 

H. *371*16. Dl-:Hp.D.^e/c^. 

[#371-25] D.PIQmIT.^+i (2) 

f-.(l).(2).*37112.Dh.Prop 


*372*23. H : KeFMcycl . vc NCind . Pe . 2/i^ ^ • 

[#372*21*22 . induct] 

*372*24. 1- * c Pif cycl . o*eNCind — I'O . Pe(2<r)« . PW^Q , D : 

+ WgQ* 

Dem. 

1-. *372*21*23. Dh:Hp.f<ff.i?<(r.D.P^,Qf€ * 3 . PflT.Q^. 7^ TT.e’. 
[*37 1 -25] D . Pf+'» IT.P^ I Qf . P’ I Qf • 

[*371*12] 3 . Pf+''Tr,Qf+-» Oh. Prop 
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)K372'26. h :, « € FMcycX , o* e NC ind — t‘0 . P €(2cr + 1), . PM'*Q . D : 

/X < 2o- . + 0 . D . P** [*372-2415] 

#372 26. f- : « 6 FM . a e NC ind . P tita + 1), . PW^Q . D . P^+'TT.Q^'*'' 
Dem. 

h . #372-25 . D h Hp . D : P<'+>ir,Q^+‘ : (1 ) 

[*371-3] D : P»"+‘ -- f . D . P-’'+> j Q«'+> (2) 

1“ . *371-31 . (1) . D 1- Hp : P' I e . V . 0^+' e : D . 

(3) 

h. *372-21 . *371 15151 -152. DK:.Hp.D:P' I 
[*37116] : P^ I e^‘ e . D . 0^+' 6 ^3 (4) 

l-.(3).(4). Dh:Hp,D.P'|Q"+'fr*Q^^* (5) 

H . (2) . (5) . *371-12 . D H : Hp , P^+' - e *3 . D . P"-^' ir.Q»'+’ (6) 

h . *372-22 . D 1- : Hp . P" e -^3 . D . P*'+> (7) 

h. *371-16. *372-1 . Dr:Hp.P^-^»€A:3.D.P»'c/c3 (8) 

1“ . (6) . (7 ) . (8) . D h . Prop 

*372 27. h * 6 Pil/ cycl . veNC ind — I'O . P € v* . PIT.Q . D : 

yx^i/./x + O.D.P* W,Q^ [*372-24-25-26] 


*37228. 

Dem. 


h ACC Pif cycl . vc NC ind — 1‘0 . P, Qc v* . D : P" = Q*- . - . P = Q 


h. *371-12. D I- :.Hp.P4=Q.D:PlK.Q.v.Qir,P: 

[*372-27] 0 : P" W,Q ‘' . v . Q- ir.P- : 

[*371-12] DiP-^Q- (1) 

h , (1) . Transp . D h . Prop 

*372-29. h:.*cPifcycl.P,Qc*a.3:P* = Q“.s.P = Q [*37228-13] 

*372-3. h : KcPif cycl . o-c NC ind — 1 ‘ 0 . Pc(2o-)* . PW^Q . D . Qe(2(r), 
Dem. 

I- . *372-18-27 . D h Hp . D : ;x ^ o- . /t + 0 . . P** c icg . P* . 

[*371-16] D^.Q»‘cac3: 

[*372-18] D : Q € I/. D h . Prop 

*372-31. l-:.«cPilfcycl.<reNCmd-t‘0.P€i<3.3:PTr.^.D.P^+*e«a 
Dem. 

P. *371-16. Dl-:Hp.PTF.^.D.P^'e*3 (1) 

P. *301-23. DI-:Hp.D.P = P>'|P*'+* (2) 

h . (1) . (2) . *371-15 . D I- : Hp . PIT.^ . D . c /cg : D t . Prop 
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^t372'32. \- iK € FMcyc \ . <r € NC ind . P € (2(r + 1), .PW^Q . D . Q € (2(r + 1), 
Dem. 


h . *372-3-15-l7 . . D h Hp . D : ^ 2(r . O'* e 

I- .^it37M6 . *372-27 1 . 3 h : Hp . c/e^ . D . 




-1 



[*372'31.Transp] 


D.^lf.P. 



[*371-27] 

[Hp] 

[*372*31. Transp] 

I" . (1) . (2) . Transp . 
[*372-17] 


D.Q^'ir.p. 

O.Q^W,Q. 

( 2 ) 

D h :, Hp . : /i < 2a- + 1 . e . Q^-' e : 

D : Q€(2o- + 1)< :. D h . Prop 


*372 33. h:K€ FAfcyd . e NC ind . D . C t/. [*372-3’32] 



*373. SUBMULTIPLES OF IDENTITY. 


Summary of *373. 

The purpose of this number is to prove that, in a cyclic submultipliable 
family, there exists a unique vector which is a member of v, and satisfies 

This we cal! the “principal” Hh submultiple of It is the 
smallest vector (other than /,) which satisfies The proof of its 

existence proceeds by several stages ; the problem is analogous to that of 
the construction of a regular polygon. Suppose the cycle divided into v 
equal parts. Then a vector whicli takes \is from any one point of division 
to any other is a vth submultiple of identity. If v is prime, every such 
vector will have every power less than the i^th different from ; but if u 
has factors, say p and a, if R* = (R^y = /, ; thus R/^, which is one of the 
i/th submultiples of identity, has a power less than the »/th which is equal 
to /*. We define (/,, v) as the class of those i/th submultiples of /, which 
have no power less than the vth equal to /, ; more generally, we put 

*373 03. (5, p) = P (i^- = S : <7- < 1/ . o- 4= 0 . D, . + 5) Dft 

We then have first to prove the existence of v) when k is cyclic 

and submultipliable. For this purpose, we put 

*37301. Jlf„ = 0P(Q6/ea.Q- = P) Dft 

Le. is the relation of a i/th submultiple of P to P, when the submultiple 
of P is a member of k^. It is to be observed that although k is submultipliable, 
we do not know to begin with that /« has subraultiples which are members 
of K^, except in the case of K^, which is half of /*. Owing to this, we proceed 
first by bisection, i.e. by means of the relation Mu- We prove that the 
process of bisection can be applied endlessly to any member of and always 
gives new terms (*3731413), hence it gives a progression starting from any 
member of (*373 141), and therefore the existence of a cyclic submultipliable 
family implies the axiom of infinity (*373’142); also we prove that v bisections 
starting from a member of give a member of (2*''*'*)« (*373 15). Hence, 
taking a.s the member of to be bisected, we arrive at 

/i=2-+*.D.a!/car.(4,;i) (*373T7). 

In order to extend this result to numbers not of the form 2*'*', we have 



476 


QUANTITY 


[part VI 

fim to prove that there are ^th submultiples of identity. This we prove 
first for numbers of the form 2'' + }, then for (' 2 <r + 1 ) 2*' + 1 «nfl fK ^ r 

(#.^73-1 22 28), hence it holds generally, ie. we have 

*37325. ^■:«^-^^»/cyclsnbm.;.eNCind-i‘0-i‘10.(3(3).(2,^3.(^^4 

Next we prove that, if and R^ = R^=r^, ther . have soml 

common factor /> such that such that R, is the earliest power 

^ winch .s /. (*,37.3 3). Hence if is prime, and R^ = I„ it follows 

i'anr^r'T ^ ^hat, if 

K€{J^,p) and R/*-I,, then is a multiple of p (* 373 ' 33 ). 

*37^/- O'^ing to 

raa/'u " Also since * is submultipliable, 

^oV.u flh,. Hence if a is any inductive cardinal, /. ea'if,/ (*373*404). 

Also It IS easy to show that if v is a prime, and QM..’‘I,,Q-' is the first power 
o y winch IS /.. Hence when v is prime, *3 n (/., v‘) exists (*373'43). In 


*373 46. ^■■‘‘eFMcyc\.p?rm^.R((I„p),Se(I„a 
Hence by the help of a little elementary arithmetic 


) • 3 . i{| Se{I,,ptT) 

we arrive at 


*37346. h : * f /"Af cycl subm • p e NC ind - t'O - t‘l . D . g ! *j „ (/„ p) 

Having now proved that there are nth submultiples of 7 . which have no 

power short of the vth equal to /., we have still to show that there is one 

among them which is a member of v.. For this purpose, we take any one 

of them and consider its powers. It is obvious that it has only v different 

poweis (#373 5), since after reaching I, the previous values repeat themselves. 

It IS this fact which makes it easier to deal with submultiples of 7. than with 
submiiltiples of other vectors. 


Now let R be any vth submultiple of identity, and assume that S. Tare 

powers of R, but T is not a power of S, and TIF.S. Then S| T is a power of 

R but not of S. and TIF.fSI T) (#373-53). Hence T is not the maximum 
in the senes W., of the cla.ss Pot'TJ - Pot'S. Hence by transposition, if T is 
the maximum of Pot'TJ - Pot'S, we must have SW.T Now since Pot'S is 
a finite class, Pot'S - Pot'S must have a maximum if it exists; but since S 
has the relation W. to this maximum, S is not the maximum of Pot'A 
Hence by transposition, if S is the maximum of Pot'TI, Pot'72 - Pot'^T is 
null, and therefore Pot'TJ = Pot'S (#373-54). Hence it follows easily that, 
if i? e <3 n (7. , v), the maximum of the powers of 72 is a member of 
*5 n (7,, v) (#373-55), and further that it is a member of v. (#373-56). Since 
we have already proved (*373 46) the existence of *3 n(7,,v), we thus have 


*373 6 . y-.iceFM cycl subm . v c NC ind - I'O . D . g I v, n 5(5’ = 7.) 
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The uniqueness of = follows from *372-28, and thus the 

pnncipal .th submultiple of /. exists. Hence also it immcliately follows 
that the other eth submult.ples of I. are powers of the principal ctb sub- 
multiple, and that the total number of ^th submultiples is v (*373-63-tl4). 

*37301, 

*37302. 

*37303. 

*3731. 

*373-11. 

*373-12. 

*37313. 


= QP (<2 e «fa • Q’ = -P) Dft [*373—5] 

Prime = NC ind r> ? = o- x, t . 3, , : <r = 1 . v . <r = ,«) Df 

(S,i/) = P(/'> = ,9:a.<„.o.4 0.3,.7^''4=5) Dft [*373—5] 
b:QiH 2 .P. = .( 26 *a.Q^ = P [(* 373 - 01 )] 

V \ k^FM eyci . D . e i _> i [*372‘29] 

y i K€ FMc.yG\ [*372121] 

\-,k,FM cycl . D . {M^\^ G . {M^)^ G J [*373 1 2 . *37 1 1 2] 
*37314. h XK^FMcycX subin . . i/e NC ind - (‘0 . D . E ! 

Denx. 

I- .#372-29 .*3511 ■ ^ I- Hp . D : y g . 3 . E 
I- . (1) . Induct . D h , Prop 

*373 141. Vik^FM cycl subm • P € {M^VP e Prog 

[*37311 13 14] 

*373142. h : a I Wcycl subin . D . Infin ax [*373141] 

*37316. VikcFM cycl subm . P e . i; e NC ind . D . P e (2-+*), 

Dem. 

b . *373-1 -14 . D I- : Hp . Q = il/„-'‘P . R = if„-‘P . 3 . g. = 

b . (1) . *372-18 . D I- Hp ( 1 ) . Q e (2'). . D : 2o- ^ 2- . D . P" e *. 

b . (2) . *373 1 . D b Hp (2) . D : 2 o- < 2 ' . D . P", p= R^k- 
[*371-2] ” 

b . (2) . (3) . 3 b Hp (2) . D : ^ ^ 2 '’ . D . Pe f . 

[*372-18] D:Pe(2-^'). 

b. *372-13. Db:Hp.i- = 0.3.if„'<Pe2. 
b . (4) . (5) . Induct . D b . Prop 

*373-16. b * 6 FMcyc\ subm . v e NO ind . Q = . D : 

V'"' = 7.:p<2-.p + 0 .D,. (?. + /. 

•b.*373-l. Db:Hp.D.Q’' = p'.. 

[*371-26] 

b . *373-15 . *372-2 . (1) . D b Hp . D : p < 2'+' . p + 0 . D . Q'W.l. (2) 
b.(l).(2).DI-.Prop 


( 1 ) 


( 1 ) 

( 2 ) 

(3) 

(- 1 ) 

(5) 
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*37317. 


*37318. 

*37319. 


*373-2. 


Dem. 


QUANTITY [PAKTVI 

I- : * e^A/cycl subm . i/ e NC ind . /t = 2''+> . 3 . g ! *. n (/.,u) 

[•37316U.(»373'03)] 

b : Q e Cnv'V , . Q- = I. .0 .Q e = I, [,50'5-61] 

[*37318] 

\-t.KeFM cycl subm . v e NC ind . P = . 


t- . *301-5 . D I- : Hp . D . = P>"+* = 

h. *373-1 . DI-:Hp.D.P>'+> = A^,|P. 

[*37()'22] 3.pa’'+i^p^ 

[Hp] D . />»-+i = 1 = c«-+, _ 

[*30-37] D.P+S 

b . *30r5'23 .DP; Hp . D . y = (iS''-* ')• | S" 

[Hp] =/>.|S. ' 

[(2).*372-29] ^ 

P.(l).(3).DP.Prop 


( 1 ) 


( 2 ) 


(3) 


*373-21. P : /£ f FM c)-cl .subm .i<6NCiDd./i = 2‘'+l.D, 

(aQ)-ef*a ■$“ = /. [*373-2-19] 

*373-22. '.Ke FM cycl subm . v, o-e NC ind ./t = (2o- + 1)2' + 1 . 3 . 

(aQ) • Q t *3 ■ = /. 

[The proof proceeds as in *373-2 21] 

*373-23. \--.KeFM cycl subm . <r e NC ind . /i = 2o- . D . (gg) . Q f . Q* = /. 
Dem. 

H. *370-26. DI-:Hp.D.^e^5.;fM = /^ Oh. Prop 

*373-231. h rcNCind .D:(g<r): ff€NCind:T=«2o-.v.T«2(r + l [Induct] 
#373-24. h : p e NC ind . p ^ 0 . D , 

_ (a*', <r) . v, <T e NC iud , 2p + 1 » (2(7 + 1) 2' + 1 

Dem. 

h. *117*661. D 

h:.Hp,\ = j;((aT).TeNOind-t‘0.p = T2').D:i,e\.D.p>p (1) 

h.*116-301.Dh;Hp(l).D.p = p2'>. 

[*10-24] D.OtfX (2) 

h . (1) . (2) . *261-26 . *263-47 . D h Hp (1) . D : 

(a»'):»/eX:p> (3) 


h . *1 16*62-321 . D h : p = t2- . T = 2(7 . D . p - (72-+* 


(4) 
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H . (3) . (4) , D h Hp . D : t) : v, t e NC ind . /> = t 2'’ : /i > »/ . . 

~ (St) . p = t2 ^ : ^ (;jo-) . T = 2<r ; 

[*373*231] D ; (gi;, a) .v,(T€ NC iud , p = (2(r + 1)2*': 

[*116*52*321] D : (gi/, a) . i/, o- e NC iad . 2p + 1 = {2<t + 1) 2’'+* + 1 D h . Prop 

*373*26. h : kcFM cyc\ subm . /le NC ind — - PI . D . 

(aQ) • Q e . (?* = 7. [*373*22-24-23 14] 
*373*3. h : /f e FM cycl + = = .3. 

(a/^» ^)*p=^o,p4"i • p>= <ip * V = . R €(/,, p) 

X/gfn, 


f- . •300-23 . D h Hp . 3 : (gp) .p + 0.i?<> = /.:<7<p.<7 + 0.D,.il'=|=/, (1) 
I-. •301-2. Dl-:Hp.ifr> = /..D.p=|=l (2) 

I" . ^302-25 . D t- : Hp . p t NC ind — 1‘0 . D . 

t-. •301-23-504. D ^ = + ^ ^ W + « • ^ < P . S < p (3) 

l•:Hp(3).i^<■ = /. .p = ap + /S.>/ = 7p + S. /{<‘ = ie'- = /. . D. iJ«= = (4) 

I- . (4) . D I- Hp (4) : <r < p . <r + 0 . 3, . iJ' + /. : 


/t = ap + p.F = yp + 3:D. ^ = 0.3 = 1 

I- . (3) . (5) . D h Hp : p =1= 0 . = 7. : a- < p , (7 + 0 . D, . =1= /, O . 

. (a®» y) • u ^ do • p = yi 

f- . (1) . (2) . (6) . (*373*03) Of-. Prop ^ 


(5) 

( 6 ) 


*373*31. I- : « € FM cycl .i2€«g./i=t=0.»; + 0.fi‘‘ = i2'' = /. Prm v) 

[*373*3] 

*373*32. I- : kcFM cycl .Rckq . /a c Prime • Rf* — ,0 , R€(I^,ft) 

[*373*31 . Transp . (*373*03)] 

We assume here that a prime number is prime to all numbers less than 
itself except 1. This follows at once from the de6nition. 

*373*33. h : K € FM cycl . 72 c Kg a (/,, p) , i2»‘=/,. D.(gT)./i=pT [*373*3] 


*373*4. h ; QM,,P . = . Q e Kg . P = Q*- [(*373*01)] 

*373*401. h ; K e FM cyc\ subm . v c NC ind — 1‘0 . D . /, € (l‘M„ [*373*25] 

*373*402. h : KcP^subm . veNC ind — i‘0 . D , Kg C [*373*4] 

*373*403. h : i; e NC ind - i‘0 . D . D‘if„ C Kg [*373*4] 


*373*404. h : KeFMcyc\ subm . v, ae NC ind — 1‘0 . D . /* cGM/*,,* 

[*373*401*402*403 . Induct] 

*373*406. h : I/, a e NC ind - t'O . QM,,‘L . D - Q-* = /* [#373*4 . Induct] 
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( 1 ) 


( 2 ) 

(3) 

(4) 


*373-406. I- : */. a e NC ind - 1‘0 . Ti e DM/,/ . D . = i?-'* 

[*373*4 . Induct] 

*373'407. f- : a, 7 e NO ind - 1‘0 . . D . [*373-406] 

*373-41. I- : r, a, ^ £ NC ind - 1‘0 . . RMJI . . a < /9 . D . Q 4= 

Dem. 

h . *37:3-405-407-403 • 3 I- : Hp . D . Q«’ = /, . i2»* ^ . 3 f. . 

*373 42. l-iKf/’il/cycl.i/fPrime-l'l .afNCind. 

I- . *373-405 . *;300-23 . D 

H :■ Hp . D : (gp) :p=]=0.^ = /, ;(7<p.<74=0.D, 
t- . *373-33-405 . D 

t-:.Hp:p + O.Qp = /.;<r<p.a + O.D..Q- + /.:D.(aT).^ = p^. 

D . (a/3) . p = vO 

K*373-4O7.Dt-:Hp.0<a.D.Q^^44 
h.(2).(3). DI-:Hp(2).D.p = „- 
l■.(l).(4).Dt-.Prop 

In obtaining (2) of the above proof, we assume that if 1/ is a prime, and 
pT IS a power of v, then p is a power of v. This is easily proved. 

*373-43. I- : (cefi’iVcycIsubm .j/£ Prime- t‘l . a e NCind - t‘l . D . 

a ! *a " ( [*373-404-405-42] 

*373-44. I- : 7 Prm p . 7 Prm <£.3.7 Prm pa 
Dem. 

I- .*302 1 . D h :.7Prm^.*^(ty Pnn/3a).(7eNCind . D. 

(gT. fl,;S?).TeNC ind- 1*0 - t‘l . 7 = 07, /Iff = ^T (1) 

K*303*39. 3l-:Hp(l).r.NCind-t*0-t*1.7 = «r.^^ = ;9r.D. 

ylp^aalfi (2) 

h . (2) . *303*341 . h : Hp (2) . aa Prm ^ . D . 7 = a<r (3) 

h . (3) . *302*1 , 3 h : Hp (3) . tr ^ 1 , D , (/y Prm <7) ^4) 

H. #113621. ^ ^ NC . a = 1 . Prmpa). D . '^(yPrm p) (6) 

H . (5) . Transp . ^ H : Hp(l). D . <7 4= 1 : 

[(4)] 3 : Hp (3) . D , ~ (y Prm <t) (6) 

h . *302*36 . D I- : Hp (2) . (oa Prm 

(af.i7.0.fPrm,,.f+l.a(r = ff.y9 = ^f (7) 

h . *303*39 . D h : Hp (7) . f Prm 1; . ^4= 1 , ao- = ff . . D . = f/17 . 

[(2).*303*341] = = 

[^P] D . ap<7 =* ^7 = ctp^T . 

[*126*41] 3.47 = ^ (8) 
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f- . (7) , ( 8 ) . D h : Hp (7) . D . (^f) . 7 = qt . o- = ifr . 

[*302'l,Hp] ^.^(yPrmo') 

h.(6).(9). Dh:Hp( 2 ).D.-( 7 Prtno-) 

h . (1) . (10) . D h : 7 Prm p . (7 Prm p(T ) . cr e NC ind . D . (7 Pi m a) 

V . ( 11 ) . Transp . D H . Prop 

*373 441. V i. p Prm o- ; (gS) . p/3 = So- : D . (g^) . ^ 

Dem. 

H. *126*410 

h ; Hp , p/3 = So- . p = fw . S = »;cr . 

[*373*44] 

K(l). DI-:Hp(l). 

[*302*1] 

I- . (2) . Transp .(l).Dl-: Hp(l). 
l-.(l).(3).DI-.Prop 


(9) 

( 10 ) 

(H) 


f Prm . D . = ??o- . f Prm ?? , f Prm o- . 

3 . f/3 = ??o- . f Prm T70- (1) 

3 . ~ (f Prm 770-) (2) 

(3) 


*373*45. y\K€FMcyc\,pV:xn<j,R€{I,,p).S€{h,<T).:>,R 5e(/,,po-) 
Dem. 


( 1 ) 


(3) 


I- . *370*33 . 3 I- : Hp O . (i? I S')^ = /, 

h . (1) . *373*31 . 3 h Hp , {R \ Sy = /, . 7 ^ 0 . 3 ; ~ (7 Prm po-) : 

[*373*44] 3 : (7 Prm p) . v . (7 Prm a) (2) 

h. *370*33. *301*504. 3 

h: Hp(2).p = aT.7 = /3TO,/. = (^|5')*^' = iS'*^^ = 5p^. 

[*373*33] ^ ^ ^ 

[*373*441] 

l■.(3). 3l-:Hp(3).3.(^|5>8-=./..6^^- = /.. 

[*370*33] 3.i2^- = /,. 

[*373*33] D , (g/i) , ySr = pjOLr . 

[^p] ^ • (3/4) - 7 = /*/5 ■ + 0 

h . (3) . (4) , 3 h : Hp (3) . 3 ■ (gv) . 7 = vpa- , 1/ 4= 0 
Similarly h : Hp , (7 Prm o-) . 3 , (gv) . 7 = ppa . i; =|= 0 

l-.(2).(5).(6).3l-:Hp(2).3.(gi7).,,=|=0.7=z7pa 
H.(l). (7). *117*62.31-. Prop 


w 

(5) 

( 6 ) 
(7) 


*373 461. H p c NC ind — i*0 ! ~ (gv, 0 ) . y € Prime . p = y* : 3 . 

(SM. i') • M v.p<p,v 

h. *261*26. *263*47. 3 

l-:Hp.3.(g7,a).7ePrime.p€D‘Xe7«.p.^eD‘x„y‘+*.p4:7“. 
[*373*44-. Induct] 3 . (g7, a, y9) . 7 e Prime . p = 7“/9 . y9 Prm 7* . yS 4= 1 
R. &w. in. 


p.p-flV 


3 I- . Prop 
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[part VI 


*373462. 


*373 46. 

*3736. 

Dem. 


I- :. « € Prime . a e NC ind . D.,. . 0 (V) : Prm 1 / . . 

<l> (fiv) : D : p e NC ind - 1 ‘ 0 . 3, . <^ (/)) [*.573-451] 

I- : « € Fi/cycl subm . /) f NC ind - f'O - 1‘1 . 3 . g ! n (I,,p) 
[♦373-43-45 18-452] 

I- -.KeFMcycX . vc NC ind . €*j n (/,, t.) . D . Pot'iJfi/ 


I- . *.302-25 . *.301 504 . 3 


t-:Hp.0fNCind.3.(gf,.,).a = fv + ,.,<„./j. = ij,. 
[*120-57] 3 . Nc'Pot'iJ < ,/ 

I- . *.301-23 . 3 h ; Hp .p<v.i7<p.D.fl»'|iJi> = . 

[Hp] 3. fl'l »• + /.. 

[*330 32] 3 . JJo + J?' 

l-.(2).Transp. 3.h:Hp.p<i/.er<v.ilc = iJ'.3.p = v 
I- . (.3) . *120-57 . 3 h : Hp . 3 . Nc'Pot'TJ ^ v 
t- . (1) . (4) . 3 1- . Prop 


( 1 ) 


( 2 ) 

( 3 ) 

( 4 ) 


*373-61. I- : KtFMcyc] . Re ,0 . R/‘e(I,,v), Pot'B^ev 

Dem. 

I-. *30 1-504. 3 

h :. Hp . 3 : (J&‘)' = 7. : <r < a . o- + 0 . 3, . (7^*)' + /. :. 3 h . Prop 


•373-62. I" : * € Fli cycl , R e x^n (I,,v) . p Prm x . 3 . 


Dem. 

c (/,, v ) . Pot'/i'* = 

Pot'B 

V . *373-33 . 

D 1- : Hp . Z?** e , p) . D . (gr) ,ftp^vr. 


[*373-441] 


(1) 

h. *301 504. 

DI-:Hp(l).D.{Z^*)^ = /.. 


[Hp] 


(2) 

h.(l).(2). 

DI-:Hp.3.i^6(/..v) 

(3) 

I- . (3) . *373 51 

. D h : Hp . 3 . Nc'Pot'fl^ - Nc'Pot'ii = i/ 

(4) 

H . *91-6 . 

D h : Hp . D . Pot'i?'* C Pot‘i2 

(5) 

I- . (4) , (5) . *120*426 , Transp . D I- : Hp , D . Pot'i?'* « Pot*i2 

(6) 

h.(3).(6).DI- 

. Prop 



*373-621. h : * e /"iTcycl . 72 « (*8 u Cnv“*a) . x e NC ind . 72'-/. . 3 . .Be Pot‘72 
Dem. 


h.*301-2.*13-14.3(-:Hp.3.x + 0 
H.(l).*301-21. 3h:Hp.3..B = 72— ‘Ol-.Prop 


( 1 ) 
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*373-622, h : Hp *373-521 .S.Te fol‘R . D . A' | Pot'iJ 
Dem. 



1- . *373-521 . 3 h : Hp . 3 . Ac Pot'A . 

[*91-6] 3.AcPot'i2. 



[*91-343] 3 . A j T c Pot '72 : 3 1- . Prop 


*37363. 

(- : Hp *373-521 . A, Tc Pot'72 . T~ c Pot'A . nP.A . 3 . 


De7)i. 

riT.(A|7’).Ai7’cPot'72- 

Pot'A 


(-.*371-2.3. 3(-:Hp.3.7’lf.(Aj7’) 

(1) 


(-.*373-522. 3l-:Hp.3.Ai7’cPot'72 

(2) 


(-. *91-36 . Transp . 3 (- : Hp . 3 . A | 7’~ c Pot'A 
(-.(1).(2).(3).3(-. Prop 

(3) 


*373-631. h : Hp *373-53 . D . ~ | T = ma-x ( ir,)‘(Pot‘i? - Pot'A)) [*373 .53] 

*373-632. [- : Hp *373-521 . Ac Pot'ie . 7’= max ( lf.)‘(Pot‘i7- Pot'A) . D . 

AlP.r [*373-531 .Transp.*371-12] 

*373-633. h : Hp*373-521 .Ac Pot'iJ . E ! max ( tr.)‘(Pot‘A - Pot' A) . D . 

~ (A = max ( ir.yPot'iJ) [*373 532] 

*373-64. I- : Hp *373-521 . A = max ( IT.pPot'ft . D . Pot'J? = Pot'A 
Dem. 

\r . *373-533 . Transp . D [- : Hp . D . ~ E ! max ( lf.)‘(Pot‘7f - Pot'A) (1) 
I- . (1) . *373-3-5 . *261-26 . Transp . D h : Hp . D . Pot'il - Pot'A= A (2) 
I- . (2) . *31-6 . 3 I- . Prop 

*373 66. h ikcFM cycl . re NC ind — t'O . 72 c*j n (/., j/) . 

A= max ( TF.)'Pot'72 . 3 . A c (/., r) 


Dem. 

(-.*373-3-5. 3l-:Hp.3.(ap).pcNCind-t'0.Ac(/.,p).Pot'Acp (1) 
(■ . * 373 - 54 - 5 .31-:. Hp . 3 : Pot'A c v : 

[*100-34] 3:pcNC.Pot'Ac/>.3.p = r (2) 

I- . (1) . (2) . 3 I- . Prop 

*373-66. (-:Hp *373 55. 3. Ac I/. 

Dem. 

V . *205-21 , D h : Hp , Q e Pot‘i2 - D . Q W,S (1) 

f-.(l), *301-21. DI-:.Hp.0 6NCmd.iS‘+*=t=iS.D:<S«+»ir,S.5*+> = 5‘‘|*S': 

[*37116] D : e «rg . D . € /eg (2) 

I- . (2) . *373-55 . DH:.Hp.D:o=|=0.o<»/. e /tg . D . 5“ e ivg (3) 

h,*37l'16. DhrHp.D.fi'exg (4) 

I- . *301-2. *1314 . D h : Hp . D , V > 1 (5) 

h . (3) . (4) . (5) . *372-17 . D h . Prop 
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[part VI 


* 3736 . 


ViKcFMcyd subm . ve NC ind - 1‘0 . D , g ! v. n 5(^5" = /.) 

[* 373 ' 46 - 56-5 . *261 26 . *372 11 ] 


* 373 - 61 . h : Hp *373 6 . D . i;. n S (5'“ = h) 6 1 [*372 28 . *373*6] 

* 373 * 62 . h : Hp *373*6 . e iv . S' = /. . D . 

Se(/,, v) . Pot'S = P(P*' = J^) rv (/c u Cnv“«) 

Dem. 

b . *373*55-56*61 . h : Hp . D . S e (4, r;) (1) 

h . *373*56-54 . DI":Hp.Pe(/,,i/)n/c-,p = max ( ir,)‘Pot'P . D . 

S.Pfi/^.S'^P'.PcPot'P. 
D.S=P.PfPot'r. 

0. Re Pot'S (2) 

D h : Hp . R € (Igtfi) A , P" = /^ , ^ . (gr) ,v = fir (3) 
D h Hp . D : 1/ = /tT . D . S' e /4, . 

0. Re Pot'S' (4) 

Df-:Hp(3).D.Pe Pot'S (6) 


[*372-28] 
[*13*12] 
h. *373*33. 
1-. *372*19. 
[( 2 )] 

|-.(3).(4). 


h.(l).(2).(5).Dh.Prop 


*373*63. h : *c P.3/cyclsubm . ve NCind - i'O . D . 

^ (P- = /.) n (* u Cnv‘'«) = Pot‘(jS) (S€v..S’ = I.) [»373-61-62] 

*373*64. h : K f Pilf cycl subm . v e NC ind - t'O . D . 

Nc'|P (P' = /,) r^(K^J Cnv"«)) = [*373*63*5] 


*374. PRINCIPAL SUBMULTIPLES. 


Summary of *374. 

In this number we prove for any vector what was proved for /, in *373, 
namely that, if v is any inductive cardinal not zero, and R is any vector, 
there is just one member of v, whose vth power is R. This one we call the 
principal j^th submultiple of R. The proof of its existence is as follows. 

Assume R is a non-zero vector, and Q is a vth aubmultiple of R. {Q exists 
provided we assume that « is submultipliable.) Let T be the principal z/th 
submultiple of whose existence has been proved at the end of *373. We 
wish to prove that tliere is a vth submultiple of R which is a member of v,. 
By *372 33. Q is a member of v. if TW,Q. But if QW,T, then T must have 
a last power T-' such that QW.T^, and for this value of cr we shall therefore 
have (We cannot have = Q, because if Q were a power 

of T, we should have Q'' = whereas by hypothesis Q* = R.) Now if 

PT.Q , Qir.T' the vector T^\Q must be less than T, i.e. we shall have 
TW, {T^\Q), and therefore T'| Q will be a member of v,, by *372-33. More- 
over since we have (T‘^\Qy = Q' = R by hypothesis. Hence i Q is 

a vth submultiple of R and a member of v^. In virtue of *372*28, it is the 
only Kth submultiple of R which is a member of Vg. Thus the existence- of 
the principal vth submultiple of any vector is proved, assuming the family 
concerned to be cyclic and submultipliable. 

We prove also in this number that Vg consists of all non-zero vectors 
not greater than the principal vth submultiple of which is therefore the 
greatest member of Vg ; that is, we have 

*374-21. VikcFM cycl subm . D . v* = {Wg)^*{iR) {Revg.R''^ f) 


*374-1. H 6 cycl. i2, Qe K 0 . Q- = ii. Tev.. = 

TWgQ,-:>.Qevg [*372-33] 

The above hypothesis is not all necessary for the conclusion, but is 

adopted because it gives the construction with which we shall be con- 
cerned. 
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*374 11. I- : Hp •:>3741 . Q IT. T . D . ( 3 , 7 ) . T’-^' W^Q.QW.T’ 
Dem. 

I" . *301 *504 '3 . D 1“ : Hp , treNC ind . ^ . Q 
I-. *373 62*5. DH:Hp.3.Pot‘r6»/. 

[#261-26] D . E ! min ( r.^PotTn ^.‘Q) 

l-.(l). (2). *3721.31-, Prop 


( 1 ) 


( 2 ) 


*374-12. f- : Hp *374 1 1 . W.Q.QW.T’ . P = T’\Q.-^ . P ev. 

Dem. 

K*37l*23*16.DI-:. Hp . D : Pf : 

[*371-25] :>:PW.T.'^.P\T’W.T’*‘. 

[Hp] O.QW.T'^': 

[Tiansp.Hp] OzTW.P: 

[*372 33] 3 : P 6 j/, D h , Prop 

*37413. I- : * e FM cycl subm . i2 e kj . 3 . (gP) .Pev,.P’=R 
Dem. 

K*374-l. 3l-:Hp*374-1.7’ir.Q.3.Qe„..Q' = P (1) 

h. *374-12. 3t-:Hp*374-12.3.Pf);,.P' = P (2) 

h . (1) . (2) . *374 11 . 3 h : Hp *3741 . 3 . (gP) .Pev..P' = R (3) 
I-. *37.3-6. 3l-:Hp.3.(g7’).7’6i/..r'’ = /. (4) 

I- . (3) . (4) . 3 h . Prop 

* 374-14 t- : « e FM cycl subm . P e x u Cnv"* . 3 . (gP) . P e . P' = P 
Dem. 

h . *37'4-13 . *373-6 .3l-:Hp.Pf«3.P = P.3, 

{^ZQ).T.Qev..T’ = I..Q' = a.R = a. 

[*372-27] ^•{•aT.Q).T,Qe„..TW.Q.(Q\ Ty .= 8 = R. 

[*371-16.*372-33] 3 . (gr, Q) . y, Q t . Q | P* . (Q | P)' = P (1) 
b . (1) . *374-13 . *373-6 .3b. Prop 

* 374 - 2 . b ZKeFMcycX subm . Re k^j Cnv“* . 3 . n .P(P’ = P)e 1 

[*374-14 . *372-26] 

* 374 - 21 . b : * e FM cycl sobm . 3 . >>. = ( lK,)*‘(lP) (P e v. ■ P' = /.) 

Dem. 

b. *374-2 . 3b:H^.D.ElOP)(Pei/..P’ = /.) 

4 


b. *372-33. 3b:Hp.P4i;..P' = /..3.(lF.),‘PCv. 
b,*372-162.3b:Hp.Pe*..P' = /..Pe„..3.P'(ir.),P’ 
[*372-27] 3.P(ir.)*P 

b.(l).(2).(3).3b.Prop 


( 1 ) 

( 2 ) 

( 3 ) 



★376. PRINCIPAL RATIOS 


Summary of ★375. 


In this number we define a relation whicli is contained in 

(m/i') C 'ft*, but has the advantage of being one-one, and of excluding {pjcr)^ 
unless p.lv = pl<T. The relation {pjv^ is defined as holding between R and S 
when the principal /xth submultiple of R is identical with the principal vth 
subniultiple of S, i.e. we put 

★376 01. (njv), = M KaT) . T e /i, A i;. . = T'* . S = T-1 Df 

(Here p., a =;x, if p,'^v. and if v'^ p, by ★372T5.) 

The properties of (m/*')* result from ★374'2. We find t.iat, except when 
p^V = fi or f=:7?s=0, 


pjv = = - (p/p). - i^lv). (★375-27). 

If /4 < */, = tcKj Cnv'V (★375 141), 

and DV/»')« = ^*^iplp).^I. (★375-22). 

The principal vth submultiple of S is {l/v)/S, and its pth power is 
(pIp)^*S. Also we have 


(★375-15), 

(★375-16), 

(★375-2). 


(l/p)/(l/i;)/S = (l/pi;)/5 

W€*...D.(l/p)/W6(pp), 

{plv). = {pl\).\(\lv). 

The propositions 

(/*/*')« I (pM« = (m/v X# p/o-)* 

and [{plv)^^R\ \ ((p/ff)/i2) = (p/v +, p/o-)/i2 

do not hold without limitation. The former requires either 

p'^v , c'^ p. 

Or that the converse domain should be limited to 


i.e. to 


The latter requires either 


(ir.)*v/p)/A, 


p/v -4, pja <,. 1/1, 
R€<1^{pIv -4,p/o-)„. 


• Except in the trivial case when m = 0 . v = 0. In this case, (m/v) = A but (m/i-). = • 
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*376-01. (fi/v), = ■R'S Ka T) . r e yx. n i;, . , 5 = f-) Df 

*3761. f- ; R (fj,jp\ S. = Teflon V^.R = T>^.S=T'‘ [(*87501 )] 


*37611, 

Bern. 


h : « e FM cyc\ NC ind - i‘0 . D . (fi/v). e 1 -♦ 1 


1-.*372'28.D 

f- : Hp. ;?6«uCnv“*. r, Wefi.nv..R = T'‘=Wi^.0.r 
I- . (1) . *375 1 . 3 [- ; Hp . (,x/p). S . S' . 3 . S = S' 

Similarly I- : Hp . iJ (^,/„), S . R (/*/„). S.O.R=R 

I- . (2) . (3) . D h . Prop 


= W 


( 1 ) 

( 2 ) 

Ci) 


*37612, 

*37613. 

*37614. 


I- : K € FM cycl . ~ (/i = i/ = 0) . D . (/t/v). G (/t/i/) I «. [*370'33] 
I- . (v/fj.). = Cnv•(f^/v). 


[*375 1] 


I- : /i ^ V . * e /’if cycl Bubm . D . D‘(/i/>-). = * u Cnv“* 
[*374-2 . *37215] 


*376-141. I- 6 /"if cycl 3ubin.D.av/>'). = *uCnv“/< [*375-1314] 

*376 16. b : K « /’if cycl subm . S f * u Cnv“* . p, V e NC ind - t‘0 . D . 

(l/p).‘(lM-‘i'=(l/pW.‘S 


( 1 ) 


Bern. 

h . *375-14 . D I- : Hp . D . E ! (l/p).‘(l/v).‘S . E I (llpv).‘S 
[-.(I). *375-1 .31-:. Hp. 3: if = (l/p),‘(i/v),<S. = . 

(a^■).^■e^,.ifep..iV' = S.if<■ = J7 (2) 

b . (1) . *375-1 . 3 1- :. Hp . 3 : if = (l/pv).‘S . = . if f (p„), . ifp- = 5 . 

[*372-10] 3 . if f p. . if p c v. . (if O’ = -S . 

[(2)] 3.if = (l/p)/(]»<‘-Sf (.3) 

b.(l).(,3).3b.Prop 

*376-161. b:/ce/’ifcycl.fV'fv..3.N' = (l/v).‘f7’ [*.3751] 

»376'16. I- : kcFM cyc\ subin *N ev , . /je NCind — . D . (\ j N € {pv\ 

Bern. 

I- .#375*1.5151 . D f* : Hp . D . (l/p)/W' = (l/pi/)/iV'' . 

[*375-1] D . (IjpyNeipv), OK Prop 

*376-2. yiK€FMcyc\.fi,v€ NC ind - t'O . D . (m/*')- = (/*/!). I (!/>'). 

I 

I- . *375*1 O I- Hp . D : i2 [(jijl), \ (1/W.) = . 

(aT) . 7*e /i* A v, . 72 = r** . T’" :0 F . Prop 
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*375'21. h : « e FM cycl subui . y ! n {pja )^ . D . pjv = pfa 
Dem. 

h . *375 1 . D l- : Hp . P{pjv)^ Q . P(pMT), Q . 3 . 

{%S,T),Sep^rsv..Tep,rs<T^.P = S^ = T‘^.q = S''^T'^ (1) 

H. (1). *374-2 . *375 10. Df-:Hp(l).D.(aie, S,T) , S e p. r^ v, , 

T€p^na,.P = S^=T^.q^S''='P^ .S=R^ .R€(|La),r^{v<T)^, 

[*301-504] D . {^R, 'S, T).S€p,np,, 

T€p^na^.R€(p(7),r\ {va}^ . P = = T(‘ = R>^ . S" = T‘^ = R'''^ , 

[*372-28] :).{'^R,S,T).S€p,nv,. 

T € p^c rKT^ , R e (pa ), n (va )^ . P = = 2’'* = R/*" .T=R*, 
[*301*504] D . (gP) . R e (pa)^ r\ {vp\ . P*''' = (2) 

b . *372-2 . (2) . D h : Hp (1) . pa ^ vp . D . p^ — vp (3) 

Similarly h : Hp (1) . i;p ^ /la . D , /i<r= vp (4) 

H . (3) . (4) . D h : Hp . D . /lo- = vp : D h . Prop 


*376-22. I- : « € Pjl/ cycl subm . p < v . D . D = (^«)* 
Pern. 


I“.*375 1 ,D 

f- :. Hp . D : P € D‘(/i/v)* . = 
[*372 15.#21-2] = 

[*374-21] = 

[*372-27] = 

[Hp] 

[*375-1-11] = 


■ (a'5> T) . T’e/i* n V« . P = P** . 5= P" . 
.(ar).7’€v..p = r'*. 
-(a-s,r).S€v..5-=/,.^(if.)*r.p = 2’»‘. 

• (a-s. r).5ev,.5‘’-/,.5'‘(if,)#r'*.p = r'*. 
. (a'S) . Se v« .5- = 7, . ,S'‘( . 

■ 1W*')«‘A1 ( ^k)^R :. D I- . Prop 


*376-221. H :« ePAf cycl subm . /i ; 

r*375-22 #375131 

L P’^v J 


D . <1*(pIv\ = ( Tf.)*'{*'//*)«‘-^« 


*376-23. I- : « e PTlf cycl subm . /*, v e NC ind . ~ (/i == v = 0) . D , a I (p/v)* 

[*375-14-141] 

*376-24. h : « c T^^cycl subm . (p/v)* = (p/a), . D . p/v = p/a [*375-21-23] 

The cases when we do not have p, v, p,a e NC ind — t‘0 require separate 
treatment in obtaining *375-24, but they offer no difficulty. 
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*376'26. }-:k€ FM cycl subm . p Pnn < 7 . fijv 
Dem. 


[PABT VI 


I- . *303 39 . *302-35 . D h : Hp . D . (gr) .p = pT,v = <TT (1) 

l-.*37219.Dh:Hp./i = pT.*. = (rT.re/i,ni;..72=r**.5=7’^P = r'.D. 

P € p^r\ R = ,S^P^ (2) 
H . (1) , (2) , *375 1 . D h : Hp , D . (/i/v)* G (p/a), (3) 

H. *375-15. D 

1- : Hp (1) . ;4 = pr . 1/ = ar . Pf p, (7. . = Po . 6’= . r= (1 /tVP . D . 

T€p,r^v,.R = T^^.S^T'' (4) 
I" • (1) . (4) , *375 1 . D h : Hp . D , (p/<7)* G (p/v)« (5) 

K(3).(5).Dt-.Prop 


*376-26. \-:k€ FM cycl .subm . ~ (m = v = 0) . ~ (f = j; = 0) . p/v = f/ 17 . D . 

(W*')« = (?/»?)* 

Vein. 

h . *303-39 . *302-34 . 3 

h : Hp . /i, v, f, 7 ; € NC ind . D . (gp, < 7 ) . (p, <j) Prm (p, *;) , (p, < 7 ) Prm (f, 1 ?) . 
[*375-25.*303-2l 1] D . (gp. a) . (p/V), = (p/V)« . (p/o-), = (f/ 17 )* • 
[*13171] D.(p/i 7), = (p/<7), (1) 

h. *375-1 .*30311 14-182.D 

h : Hp . (p, i/, f, 1 ;) e NC ind . D . (p/v), = A . (p/ff), = A (2) 

h.(l).(2).Dl-.Prop 


*37B'27. h KeFMcycX subm • ^ (p = *^ = 0) « ^ (f = ’? = 0).D: 

pIv = = - W*^). = (f/7,), [*375-24-26] 

*376-3. h : Kf PAf cycl subm . p, >/p, <7 e NC ind — e‘0 . D . 

(p/v)* I (p/<7). G (pp/vff)« 

Dem. 

h . * 375-1 . D h : Hp .P(ji.lv)t Q • Q(p/o-), i? . D . 

(g5,P).5£p.nv..P = 5^.Q = 5-'.rep.A<7*.Q=r''.P = r' (1) 
h.#375-141 15.D 

l- : Hp , S € pg n . P — » Q = S” , T e <Tt • Q ^ • R ~ 0 • 

(:^M),M^O/p)/S,P^M>^.Q = M''^^T>^.R^T-,M€(pp)g- 


[*372-28] 0 . (a^/) . il/c (pp)* . P = Afw* . r = iV" . P - (2) 

I- . (2) .*3761 . D 1“ : Hp(2) . pp^ 1/(7 . D ,P{pplptr)g R (3) 

f-.(l).(3). D I- : Hp(l) .pp^ptr . D . P(pp/i/<7), P (4) 

Similarly h : Hp(l) . va ^pp . D . P(pp/v(7), P (5) 

h.(4).(5).DI-.Prop 
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*375*31. K /f e FM cycl subm , fi,v, p,<T e NC ind — i*0 : v . v . a ^ p : . 

{pp/u(j), = {plv)^ (p 

Dem. 

If Pippjvo), R, we have 

(yj/) . Meipp), A (I/O-), . . R = M''^. 

The result follows by putting J/*'**. 

Without the hypothesis p"^ v . v . p, we have 

{pp vaU^R = {p/vWpia)/R, 
if R is sufficiently small to ensure (l/i/o-),‘iy €{vp)t, i.e. if 

i.e. ii RciVip/a)^. 

*376*32. f- : « 6 cycl subm . pjv -l-« <r 1/1 . ii c « w Cnv‘V . 3 . 

[{plv)JR\ I ((p/o-)/ii) = [{pjv ^-tplaVR, 
The proof follows immediately from the definitions. 

The same result follows without the hypothesis ^/i/ +«p/<T <r 1/1 pro- 
vided R is sufficiently small to ensure 

{\lv<i)JR € {pp + J/0-), , 

R € (I'{/x/p +, p/o*), . 
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